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Abstract

The aim of this thesis is to analyze several optimal control strategies for parabolic dif-
ferential equations, specifically the heat equation. First of all, the open-loop regular-
ization from [18], its adjoint formulation, and the interpolated formulation from [23]
are compared to each other. Subsequently, the open-loop regularization from [18] is
also compared to its closed-loop regularization counterpart. For the sake of simplicity,
the optimal control problem for the heat equation will be reduced to a control problem
constrained by ordinary differential equations by means of an eigendecomposition of the
state, as it is done in [17]. Finally we present numerical results, comparing the open-loop
and closed-loop strategies derived in this work.

Kurzfassung

Das Ziel dieser Arbeit ist es verschiedene optimale Kontrollstrategien für parabolische
Differentialgleichungen, insbesondere der Wärmeleitgleichung, zu analysieren. Zuerst
wird die Open-Loop Regularisierung aus [18], dessen adjungierte Formulierung, und die
interpolierte Formulierung aus [23] miteinander verglichen. Anschließend wird die Open-
Loop Regularisierung aus [18] mit der entsprechenden Closed-Loop Regularisierung ver-
glichen. Zur Vereinfachung wird das optimale Kontrollproblem für die Wärmeleit-
gleichung mithilfe einer Eigenwertzerlegung zu einem durch eine gewöhnliche Differen-
tialgleichung beschränkten Kontrollproblem reduziert, so wie in [17]. Schließlich werden
numerische Resultate präsentiert, welche die in der vorliegenden Arbeit hergeleiteten
Open-Loop und Closed-Loop Strategien miteinander vergleichen.
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Introduction

The main goal of this thesis is to analyse and compare different approaches for the dis-
tributed optimal control of tracking-type for the heat equation. A variety of results are
known for parabolic optimal control with a square-integrable control, see for example
[20] or [6]. In comparison, in the more recent work [18], the authors have investigated the
possibility of using the weaker notion of energy regularization. Using this approach, they
demonstrated that the optimal state exhibits sharper edges in discontinuous regions of
the desired target state, compared to the usual square-integrable control approach. Their
optimal control problem is based on the primal formulation of the heat equation from
[29], but the concept of energy regularization also facilitates to use the dual formulation
or the interpolated formulation discussed in this work. Though the low regularity of the
state in the dual formulation makes it challenging to use this method in practice, the
optimal control problem based on the interpolated formulation was already investigated
in [23]. They introduced a solver on the discrete level with almost linear complexity, and
showed a preferable relation between the mesh size and the regularization parameter in
contrast to the primal formulation, with possible generalisations to non-linear problems.
Aside from those benefits, one drawback of these works on energy regularisation is that
only open-loop regularization was considered, which can be insufficient in practical ap-
plications accompanied with model uncertainties or random noise. Those uncertainties
can be particularly challenging when working with non-linear equations, see for instance
[17]. Thus, this work is dedicated to analysing theoretical aspects of all three optimal
control problems associated with the primal, the dual, and the interpolated formula-
tion of the heat equation. Further, we derive a closed-loop control based on the primal
formulation. For the control problem based on the interpolated formulation, it is unfor-
tunately not yet clear how to derive similar closed-loop controls, but we will describe
how to incorporate non-homogeneous initial values, such that at least a form of Model
Predictive Control can be realized in future works, see for example [15].

In what follows we give an overview about the contents of each chapter. Chapter 1 is
devoted to the preliminaries, focussing mainly on the relevant function spaces and related
theorems from functional analysis. In Chapter 2 we discuss the theoretical background
of open- and closed-loop regularization techniques, with a particular emphasis on the
Hamilton–Jacobi–Bellman equation and Pontryagin’s Maximum Principle. In Chapter 3,
the primal, the dual and the interpolated variational formulation of the heat equation
are introduced, as well as a decoupling into a sequence of easier problems, similar to [17].
In Chapter 4 we analyse the three optimal control problems, focussing on well-posedness
and error estimates. Further, a closed-loop regularization for the primal formulation
is derived. Finally, in Chapter 5 we discuss the relations between the regularization
parameter and the mesh size, and the results from the numerical experiments.
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1 Preliminaries

In this section we introduce all the function spaces, the related notation, as well as the
main results from functional analysis relevant for this work.

1.1 Hilbert Spaces

Recall that a real-valued Hilbert space X is a vector space over R, equipped with an
inner product 〈·, ·〉X , such that X is complete with respect to the norm ‖·‖X =

√
〈·, ·〉X .

For such a Hilbert space, there holds the Cauchy–Schwarz inequality

〈x, y〉X ≤ ‖x‖X‖y‖X (1.1)

for all x, y ∈ X, which we will frequently use throughout this work. The dual space
of X, consisting of all linear and bounded functionals f : X → R, is denoted by X∗.
The evaluation of a functional f ∈ X∗ in x ∈ X is usually denoted either by f(x) or
〈f, x〉X∗×X . Further, the dual space X∗ is equipped with the norm

‖f‖X∗ = sup
06=x∈X

〈f, x〉X∗×X
‖x‖X

.

From the Theorem of Fréchet-Riesz, see [7, Theorem 5.5], we know that every f ∈ X∗
can be identified with an unique xf ∈ X via

f(y) = 〈xf , y〉X , ∀y ∈ X,

and vice versa. The theorem also states that the mapping J : X∗ → X, f 7→ xf , which
is called the Fréchet–Riesz map, satisfies ‖Jf‖X = ‖f‖X∗ for all f ∈ X∗.

For a linear operator T : X → Y with real-valued Hilbert spaces X,Y the operator
norm is denoted by ‖T‖X→Y . The following results provide powerful tools for analyzing
the solvability of operator equations

Bx = f in Y ∗, (1.2)

where x ∈ X, f ∈ Y ∗ and B : X → Y ∗. First note that due to the Theorem of Fréchet–
Riesz every linear and bounded operator B : X → Y ∗ can be uniquely identified with a
bounded bilinear form b : X × Y → R via

b(x, y) = 〈Bx, y〉Y ∗×Y , ∀x ∈ X,∀y ∈ Y,

11



12 1. Preliminaries

and their norms agree, meaning that

‖B‖X→Y ∗ = sup
06=x∈X

sup
06=y∈Y

〈Bx, y〉Y ∗×Y
‖x‖X‖y‖Y

= sup
0 6=x∈X

sup
06=y∈Y

b(x, y)

‖x‖X‖y‖Y
. (1.3)

Thus we can always interpret the operator equation (1.2) as an equivalent variational
formulation of finding x ∈ X, such that

b(x, y) = f(y) (1.4)

holds for all y ∈ Y . The next theorem characterizes the unique solvability of this
variational formulation (1.4).

Theorem 1.1 (Banach–Nečas–Babuška, [2, Satz 4.27]). Let X,Y be real-valued Hilbert
spaces and b : X × Y → R be a bounded bilinear form. Then the following statements
are equivalent:

(i) For every f ∈ Y ∗ there exists a unique x ∈ X satisfying

b(x, y) = f(y)

for all y ∈ Y .

(ii) There exists a constant cB1 > 0 such that the so called inf-sup condition

cB1 ≤ inf
06=x∈X

sup
06=y∈Y

b(x, y)

‖x‖X‖y‖Y
(1.5)

holds. Further, for every y ∈ Y \ {0} there exists xy ∈ X such that b(xy, y) 6= 0.

Moreover, the unique solution satisfies the stability estimate

‖x‖X ≤
1
cB1
‖f‖Y ∗ .

The inf-sup condition is equivalent to B having closed range and being an injective
operator, whereas the latter condition in (ii) just translates to the adjoint operator of B
being injective. Note that the boundedness and inf-sup stability of the bilinear form b
is equivalent to the existence of constants 0 < cB1 ≤ cB2 <∞ such that

cB1 ‖x‖X ≤ ‖Bx‖Y ∗ ≤ c
B
2 ‖x‖X , ∀x ∈ X. (1.6)

In the case of finite-dimensional Hilbert spaces X,Y , the operator B can be interpreted
as a matrix. If B satisfies (ii), it is injective, and its adjoint is also injective, which is
only possible if X and Y have the same dimensions. Thus B is a square matrix, for
which it is known that B is injective if and only if it is surjective. In this case there is
also a simpler characterization of the inf-sup constant as the lowest singular value of a
matrix.
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Lemma 1.2 ([5, Proposition 3.4.5]). Let X,Y be finite-dimensional real-valued Hilbert
spaces, and A : Y → Y ∗, D : X → X∗ be linear, bounded, self-adjoint and elliptic
operators such that

‖x‖2X = 〈Dx, x〉X∗×X , ‖y‖2Y = 〈Ay, y〉Y ∗×Y

holds for all x ∈ X, y ∈ Y . Further, let B : X → Y ∗ be a linear and bounded operator,
and assume that

0 < cB1 = inf
06=x∈X

sup
06=y∈Y

〈Bx, y〉Y ∗×Y
‖x‖Y ‖y‖Y

, cB2 = sup
06=x∈X

sup
06=y∈Y

〈Bx, y〉Y ∗×Y
‖x‖X‖y‖Y

<∞.

Then cB1 and cB2 are equal to the square roots of the minimal and maximal eigenvalue
from the generalised eigenvalue problem

B>A−1Bx = µDx

respectively. If X = Rn, Y = Rm, equipped with the usual Euclidean norm, the constants
cB1 and cB2 simply represent the minimal and maximal singular value of B respectively.

Remark 1.3. Let H,V denote real-valued Hilbert spaces, with V ⊂ H being compactly
embedded. If either X = H, Y = V or X = V , Y = H, the result from Lemma 1.2
holds true without assuming finite dimensionality of X and Y . The proof works the same
way, using the spectral theory for compact operators described in [7, Chapter 6] instead
of the spectral theory for matrices. Since there are in general infinitely many eigenvalues
(µk)k∈N0 ⊂ (0,∞), the constants cB1 and cB2 are given by the infimum and the supremum
of those eigenvalues respectively, instead of the minimal and the maximal eigenvalue in
the matrix case. In particular we note that the respective eigenvalues are bounded from
below and from above if the operator B : X → Y ∗ is bijective.

So assuming that the bilinear form b : X × Y → R related to a linear operator
B : X → Y ∗ satisfies condition (ii) from Theorem 1.1, we know that B is invertible, and
that the respective operator norm can be bounded by

‖x‖X = ‖B−1f‖X ≤
1
cB1
‖f‖Y ∗ .

Throughout this work we will also encounter operator equations Ax = f involving an
operator A : X → X∗, such that the related bilinear form a : X ×X → R has a domain
depending only on a single Hilbert space. The following results characterize solvability
of operator equations involving such mappings A, and generalize the Cauchy–Schwarz
inequality for inner products induced by such operators.

Theorem 1.4 (Lax–Milgram, [2, Satz 4.23]). Let X be a real-valued Hilbert space and
a : X × X → R be a bounded bilinear form. Further, assume that a(·, ·) is elliptic,
meaning there exists some cA1 > 0 such that

a(x, x) ≥ cA1 ‖x‖
2
X
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holds for all x ∈ X. Then for every f ∈ X∗ there exists a unique x ∈ X, such that

a(x, y) = f(y)

holds for all y ∈ X.

Corollary 1.5 (Generalised Cauchy–Schwarz Inequality). Let A : X → X∗ be a linear,
bounded, self-adjoint and elliptic operator. Then 〈·, ·〉A = 〈A·, ·〉X defines an inner
product, and ‖·‖A =

√
〈·, ·〉A defines a norm. Therefore it holds that

〈x1, x2〉A ≤ ‖x1‖A‖x2‖A, ∀x1, x2 ∈ X.

1.2 Sobolev Spaces

For a given T > 0, we denote by L2(0, T ) the space of square-integrable functions on
the interval (0, T ). For a detailed introduction into Lp-spaces consider [7, Chapter 4].
Following [31], we denote by Hs(0, T ) ⊂ L2(0, T ) the Sobolev space of fractional order
s ∈ [0,∞). For s = 1 we define the subspaces

H1
0,(0, T ) = {v ∈ H1(0, T ) | v(0) = 0},

H1
,0(0, T ) = {w ∈ H1(0, T ) | w(T ) = 0}

and equip them with the norm ‖v‖H1
0,(0,T ) = ‖v̇‖L2(0,T ) and ‖w‖H1

,0(0,T ) = ‖ẇ‖L2(0,T ).

Then we introduce the two interpolation spaces Hs
0,(0, T ) = [L2(0, T ), H1

0,(0, T )]s and

Hs
,0(0, T ) = [L2(0, T ), H1

,0(0, T )]s for s ∈ [0, 1]. For a detailed introduction to interpo-
lation theory see [21], but throughout this work we will only use a characterization of
those spaces via Fourier series as it is done in [31]. Denoting by µk = π

2 + kπ, every
function v ∈ Hs

0,(0, T ) and w ∈ Hs
,0(0, T ) with s ∈ [0, 1] can be written as

v(t) =
∞∑
k=0

vk sin
(
µk

t
T

)
, w(t) =

∞∑
k=0

wk cos
(
µk

t
T

)
. (1.7)

In particular, every function q ∈ L2(0, T ) can be written in both the sine and the cosine
basis. Based on (1.7), the norms in Hs

0,(0, T ) and Hs
,0(0, T ) are defined by

‖v‖2Hs
0,(0,T ) =

1

2T 2s−1

∞∑
k=0

µ2s
k v

2
k, ‖w‖2Hs

,0(0,T ) =
1

2T 2s−1

∞∑
k=0

µ2s
k w

2
k.

The respective dual spaces are denoted by [Hs
0,(0, T )]∗ and [Hs

,0(0, T )]∗, and the duality
product is denoted by 〈·, ·〉(0,T ).

In the context of fractional order Sobolev spaces we also introduce the modified Hilbert
Transformation HT : Hs

0,(0, T )→ Hs
,0(0, T ) as in [31, §3.4.2] and [24]. For v ∈ Hs

0,(0, T )
and w ∈ Hs

,0(0, T ) as in Equation (1.7), the modified Hilbert transformation and its
inverse are defined by

(HT v) (t) =
∞∑
k=0

vk cos(µk
t
T ),

(
H−1
T w

)
(t) =

∞∑
k=0

wk sin(µk
t
T ). (1.8)
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Note that HT : Hs
0,(0, T ) → Hs

,0(0, T ) is an isometric isomorphism for all s ∈ [0, 1].

For s = 1
2 , the modified Hilbert transformation also allows to write the inner products

associated with H
1/2
0, (0, T ) and H

1/2
,0 (0, T ) via

〈u, v〉
H

1/2
0, (0,T )

= 〈u̇,HT v〉(0,T ), 〈w, z〉
H

1/2
,0 (0,T )

= −
〈
ẇ,H−1

T z
〉

(0,T )
.

Next, we introduce the relevant Sobolev spaces for spatial problems. Let Ω ⊂ Rd be
an open subset with d ≥ 1. Then as defined in [28], we denote by H1(Ω) the space of
all functions v ∈ L2(Ω) with weak partial derivatives ∂xjv ∈ L2(Ω) for all j ∈ {1, ..., d},
equipped with the norm

‖v‖H1(Ω) =
√
‖v‖2L2(Ω) + ‖∇xv‖2L2(Ω).

Then H1
0 (Ω) is the closure of the smooth functions with compact support, with respect

to the norm ‖·‖H1(Ω). Note that instead of the standard norm, we will equip H1
0 (Ω) with

the equivalent norm

‖v‖H1
0 (Ω) = ‖∇xv‖L2(Ω).

The dual space of H1
0 (Ω) will be denoted by H−1(Ω), and the related duality product by

〈·, ·〉Ω. As shown in [28, Chapter 4], the Laplace operator −∆x defines an isomorphism
−∆x : H1

0 (Ω) → H−1(Ω). Further, it is well known that there exists an orthonormal
basis {φk}k∈N ⊂ H1

0 (Ω) of L2(Ω) consisting of eigenfunctions of −∆x, which is also an
orthogonal basis with respect to the inner product 〈·, ·〉H1

0 (Ω). We denote by λk the

respective eigenvalues, with 0 ≤ λ1 ≤ λ2 ≤ ... ≤ λk
k→∞−→ ∞.

Lemma 1.6 ([25, Chapter 2] and [10, §5.7]). Let v ∈ H1
0 (Ω), and write

v(x) =

∞∑
k=1

vkφk(x),

then it holds that

‖v‖2L2(Ω) =
∞∑
k=1

v2
k, ‖v‖2H1

0 (Ω) =
∞∑
k=1

λkv
2
k.

Further, every f ∈ H−1(Ω) can be formally written as

f(x) =

∞∑
k=1

fkφk(x),

where fk = 〈f, φk〉Ω. Then it follows that

〈f, v〉Ω =

∞∑
k=1

fkvk, ‖f‖H−1(Ω) =

∞∑
k=1

1
λk
f2
k .
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1.3 Bochner Spaces

We denote by Q = Ω× (0, T ) the space-time cylinder associated to a domain Ω and an
interval (0, T ), and by L2(Q) all functions which are square-integrable with respect to the
domain Q. In this section, we will only cover the relevant results about Bochner spaces,
which will be required throughout this work, for a more detailed introduction consider
[10, §5.9.2] or [26, Chapter 10.1]. In later sections of this work we will frequently deal with
functions y ∈ L2(0, T ;H1

0 (Ω)) with a weak derivative ∂ty ∈ L2(0, T ;H−1(Ω)). Using the
results from Lemma 1.6, and interpreting A = −∆x as a map from L2(0, T ;H1

0 (Ω)) to
L2(0, T ;H−1(Ω)), the norms in those spaces are given as

‖y‖L2(0,T ;H1
0 (Ω)) = ‖∇xy‖L2(Q) =

√
〈Ay, y〉Q ∀y ∈ L2(0, T ;H1

0 (Ω)),

‖f‖L2(0,T ;H−1(Ω)) =
√
〈f,A−1f〉Q ∀f ∈ L2(0, T ;H−1(Ω)).

According to [26, Proposition 10.5], we know [L2(0, T ;H1
0 (Ω))]∗ = L2(0, T ;H−1(Ω)).

The next result states that such functions y ∈ L2(0, T ;H1
0 (Ω)) with weak derivatives in

the dual space are continuous in a certain sense, and admit a well-defined trace at t = 0
and t = T .

Lemma 1.7 ([10, §5.9.2, Theorem 3]). Let y ∈ L2(0, T ;H1
0 (Ω)) be given, and assume

that ∂ty ∈ L2(0, T ;H−1(Ω)). Then it holds that y ∈ C([0, T ];L2(Ω)), and that the map
t 7→ ‖y(t)‖2L2(Ω) is absolutely continuous with

d
dt‖y(t)‖2L2(Ω) = 2〈∂ty(t), y(t)〉Ω. (1.9)

Due to this Lemma, we know that the spaces

L2(0, T ;H1
0 (Ω)) ∩H1

0,(0, T ;H−1(Ω))

= {v ∈ L2(0, T ;H1
0 (Ω)) | ∂tv ∈ L2(0, T ;H−1(Ω)), v(0) = 0 in L2(Ω)},

L2(0, T ;H1
0 (Ω)) ∩H1

,0(0, T ;H−1(Ω))

= {w ∈ L2(0, T ;H1
0 (Ω)) | ∂tw ∈ L2(0, T ;H−1(Ω)), w(T ) = 0 in L2(Ω)}

are well-defined. Another consequence of this Lemma are the following two inequalities.

Corollary 1.8. Given the two functions y ∈ L2(0, T ;H1
0 (Ω)) ∩ H1

0,(0, T ;H−1(Ω)) and

z ∈ L2(0, T ;H1
0 (Ω)) ∩H1

,0(0, T ;H−1(Ω)), it holds that

〈∂ty, y〉Q ≥ 0, 〈∂tz, z〉Q ≤ 0.

Proof: Integrating over the Equation (1.9) we obtain

〈∂ty, y〉Q =

∫ T

0
〈ẏ(t), y(t)〉Ω dt = 1

2

(
‖y(T )‖2L2(Ω) − ‖y(0)‖2L2(Ω)

)
.
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Using the initial conditions immediately implies the first estimate. The second estimate
follows analogously using the respective terminal condition.

As in [31], we also introduce H
1/2
0, (0, T ;L2(Ω)) as the interpolation space between

L2(0, T ;L2(Ω)) and H1
0,(0, T ;L2(Ω)), and similarly define H

1/2
,0 (0, T ;L2(Ω)). Then for

u ∈ H1/2
0, (0, T ;L2(Ω)) and v ∈ H1/2

,0 (0, T ;L2(Ω)) we know that ∂tu ∈ [H
1/2
,0 (0, T ;L2(Ω))]∗

and ∂tv ∈ [H
1/2
0, (0, T ;L2(Ω))]∗. Based on those spaces we further define the anisotropic

Sobolev spaces

H
1,1/2
0;0, (Q) = L2(0, T ;H1

0 (Ω)) ∩H1/2
0, (0, T ;L2(Ω)),

H
1,1/2
0;,0 (Q) = L2(0, T ;H1

0 (Ω)) ∩H1/2
,0 (0, T ;L2(Ω)),

which are equipped with the norms

‖v‖2
H

1,1/2
0;0, (Q)

= 〈∂tv,HT v〉Q+‖∇xv‖2L2(Q), ‖w‖2
H

1,1/2
0;0, (Q)

= −
〈
∂tw,H−1

T w
〉
Q

+‖∇xw‖2L2(Q).

Next we state a quite general result about isomorphic operators between Bochner-spaces.
Let Y ⊂ L2(0, T ;H1

0 (Ω)) be a Hilbert space, with an inner product induced by an

operator D : Y → Y ∗ in the sense that ‖·‖Y = 〈D·, ·〉1/2Q . Denoting by {φk}∞k=1 ⊂ H1
0 (Ω)

the orthonormal basis of L2(Ω) from Section 1.2, we know that every y ∈ Y can be
written in the form

y(x, t) =
∞∑
k=1

yk(t)φk(x),

with suitable coefficients yk ∈ L2(0, T ). At this point we assume that

〈D(vφk), wφ`〉Q = 0

holds for all k, ` ∈ N with k 6= ` and v, w ∈ L2(0, T ) such that vφk, wφ` ∈ Y . Then we
define the spaces

Yk = {v ∈ L2(0, T ) | 〈D(vφk), vφk〉Q <∞},
and equip those with the norm

‖v‖Yk =
√
〈D(vφk), vφk〉Q.

Then by definition of the norm, and our assumptions on D, it immediately follows that

‖y‖2Y =
∞∑
k=1

‖yk‖2Yk ⇒ ‖y‖Y ≥ ‖yk‖Yk .

Defining Dk : Yk → Y ∗k via 〈Dky, z〉(0,T ) = 〈D(yφk), zφk〉Q, the operator Dk induces the

norm ‖·‖Yk . Let us now also assume that we have another space P ⊂ L2(0, T ;H1
0 (Ω)),

with its norm being induced by an operator A : P → P ∗, and let Pk and Ak : Pk → Pk
be constructed the same way as for the space Y . The following Lemma states that every
isomorphism B : Y → P ∗ induces a sequence of operators Bk : Yk → Pk, which are also
isomorphisms.
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Lemma 1.9. Let B : Y → P be an isomorphism, and let 0 < cB1 ≤ cB2 <∞ denote the
constants from Equation (1.6), related to the inf-sup stability and the boundedness of B
respectively. Further, assume that

〈B(yφk), pφ`〉Q = 0

holds for all k, ` ∈ N with k 6= ` and y, p ∈ L2(0, T ) such that yφk ∈ Y and pφ` ∈ P .
Then for all k ∈ N the operator Bk : Yk → P ∗k defined by

〈Bky, p〉(0,T ) = 〈B(yφk), (pφk)〉Q, ∀y ∈ Yk∀p ∈ Pk,

is isomorphic as well, and the constants cBk1 and cBk2 related to the inf-sup stability and

the boundedness of Bk satisfy cB1 ≤ c
Bk
1 and cBk2 ≤ cB2 .

Proof: If B is injective, Bk has to be injective as well, so it only remains to show the
boundedness and inf-sup stability. For the boundedness simply note that for all y ∈ Yk
and p ∈ Pk we have

〈Bky, p〉(0,T ) = 〈B(yφk), (pφk)〉Q ≤ c
B
2 ‖yφk‖Y ‖pφk‖P = cB2 ‖y‖Yk‖p‖Pk .

For the inf-sup stability we obtain

sup
06=p∈Pk

〈Bky, p〉(0,T )

‖p‖Pk
= sup

06=p∈Pk

〈B(yφk), (pφk)〉Q
‖p‖Pk

= sup
06=p∈P

∞∑
`=1

〈B(yφk), (p`φ`)〉Q
‖pk‖Pk

≥ sup
06=p∈P

〈B(yφk), p〉Q
‖p‖P

≥ cB1 ‖yφk‖Y = cB1 ‖y‖Yk

When deriving estimates involving Bochner-spaces in later sections of this work, the
following simple inequalities will also be helpful.

Lemma 1.10. Let a, b, c, d ∈ R, then it holds that

(a+ b)2 ≤ 2(a2 + b2), (1.10)

as well as
ac+ αbd ≤

√
a2 + αb2

√
c2 + αd2 (1.11)

Proof: The first inequality directly follows from

0 ≤ (a− b)2 = a2 − 2ab+ b2 ⇒ 2ab ≤ a2 + b2.

For the second inequality we first observe that

(ac+ αbd)2 = a2c2 + 2α(ad)(bc) + α2b2d2

≤ a2c2 + α
(
(ad)2 + (bc)2

)
+ α2b2d2 = (a2 + αb2)(c2 + αd2).

Taking the square root of this inequality proves the desired claim.



2 Optimal Control Theory

In this work we will consider optimal control problems of tracking type, for which we
aim to drive some state y of a dynamical system close towards a desired state yd using
an optimal control u which minimizes some related cost functional. When computing
optimal control policies there is an important distinction between so called closed-loop
control policies u(y, t), which depend on both the current state and the current time,
and open-loop control policies u(t), which only depend on time. In general it is easier to
to compute an open-loop control u(t) for a given initial state of the system, that drives
the system towards the optimal state y(t). But in case that the actual state is disrupted
by random perturbations not incorporated by the model, for example due to random
temperature fluctuations or wind, the control u(t) will yield suboptimal results at best.
In cases where the desired state is not stable, like it is the case for the upright position
of a pendulum for instance, the control u(t) might fail to regulate the system at all. In
those cases it is necessary to derive a suitable closed-loop control u(y, t), which captures
the optimal control response if the state is y at the time t, for all possible pairs (y, t).

In this chapter we aim to introduce the Hamilton–Jacobi–Bellman equation (HJB),
which gives rise to a closed-loop control, and the Pontryagin Maximum Principle (PMP),
which provides a way to compute an open-loop control. First, some fundamental prin-
ciples of classical mechanics are discussed, before the relationship between Hamilton’s
equations and the Hamilton–Jacobi equation is established, closely following the text-
books [9, Chapter 6 and 9] and [8, Chapter 1-2]. After establishing a similar relation
for the HJB equation and the PMP, we consider the prominent special case of a Linear
Quadratic Regulator (LQR) as in [22]. Finally, the chapter concludes with an extension
of the usual LQR setting to Hilbert spaces, following [19].

2.1 Principles of Classical Mechanics

The main purpose of this section is to introduce Hamilton’s equations of motion and
the Hamilton–Jacobi equation, since the solutions associated to those formalisms have a
similar relation as closed-loop to open-loop controls. While solving Hamilton’s equations
with a fixed initial position and initial impulse provides the trajectory x(t) and the
related impulse p(t) of a point mass as a function of time, the solution of the Hamilton–
Jacobi equation for a fixed initial or terminal position yields a relation p(x, t), and thus
characterizes the impulse of all possible trajectories.

In order to illustrate the difference between these two formalisms, we will consider the
simple model problem of a point mass m within a gravitational field. Throughout this
section, we denote by x : [0, T ] → R2, t 7→ (x(t), z(t))> its time-dependent trajectory,
where we have restricted ourselves to two spatial dimensions for the sake of simplicity.

19
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2.1.1 Lagrange and Hamilton Formalism

Assume that we are given an initial position x(0) = x0 = (x0, z0)> ∈ R2 and an initial
velocity ẋ(0) = v0 = (v0, w0)> ∈ R2. Then, in the Newtonian point of view, the particle’s
trajectory is solely determined by the initial conditions and Newton’s equation, see for
instance [8, Chapter 1.1] or [3, Chapter 1], which states that

mẍ(t) = F , t ∈ (0, T ]. (2.1)

As a simplified model of a gravitational field we choose the constant force F = (0,−mg)>

with g > 0, but in general this force may also depend on the time, the particle’s position,
its velocity or acceleration. Plugging this force into Newton’s equation results in the
system

mẍ(t) = 0, x(0) = x0, ẋ(0) = v0,

mz̈(t) = −mg, z(0) = z0, ż(0) = w0.
(2.2)

Solving this system of differential equations then yields the general solution

x(t) =

(
x(t)
z(t)

)
=

(
x0 + v0t

z0 + w0t− g
2 t

2

)
.

This constant force F is part of a special class of position dependent forces F (x) called
conservative forces, for which there exists a potential function V : R2 → R such that
F (x) = −∇V (x). This potential function V (x) is often referred to as the potential
energy of the system. For our specific choice of F = (0,−mg)> the potential energy
is given by V (x) = V (x, z) = mgz. A related quantity is the kinetic energy associated

with the mass m, which is defined by T (v) = T (v, w) = m(v2+w2)
2 . Then the total energy

associated with the mass m at position x and with velocity v is defined as the sum

E(x, v) = T (v) + V (x).

For conservative forces, it is well known that Equation (2.1) in combination with the
chain rule implies conservation of this total energy. So in our specific example, we have

E(x(t), ẋ(t)) = E0 = E(x0, v0) =
m(v20+w2

0)
2 +mgz0, ∀t ∈ [0, T ].

Instead of solving Newton’s equation, one can also use the Lagrangian formalism to
derive the same trajectory of the point mass. A formal introduction to the Lagrangian
formalism from a physicist’s perspective is given in [8, Chapter 1.4] or [13, Chapter 2]
for example, while books like [9, Chapter 6] or [12, Chapter 1, §4] also focus on the
mathematical aspects and technical details. In contrast to Newton’s description of a
dynamical system using forces, the Lagrangian formalism is purely based on the concept
of energy. The central object of this formalism is the Lagrangian L(x, v) of the system,
which is defined as the difference between the kinetic and the potential energy. In our
specific example of a mass within a gravitational field we have

L(x, v) = L(x, z, v, w) = m(v2+w2)
2 −mgz. (2.3)
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Then the so-called action functional, acting on a trajectory, is defined as

S[x] =

T∫
0

L(x(t), ẋ(t)) dt

Based on this action functional, the principle of least action states that the physically
meaningful trajectory of the particle has to be a (local) minimizer of this action func-
tional1. As shown in [8, Chapter 1.5] using standard techniques from calculus of varia-
tions, the trajectory leading to a stationary action functional has to satisfy the Euler-
Lagrange equations given by

d
dt

(
∇vL(x(t), ẋ(t))

)
= ∇xL(x(t), ẋ(t)). (2.4)

This system of differential equations can be solved in combination with initial conditions,
in order to determine the future behaviour of a system. For our specific example we
have already derived the specific form of the Lagrangian in Equation (2.3). For this
Lagrangian the partial derivatives are given by

∂L
∂x = 0, ∂L

∂z = −mg,
∂L
∂v = mv, ∂L

∂w = mw.

Therefore the Euler–Lagrange equations reduce to

mẍ(t) = d
dt

(
∂L
∂v (x(t), z(t), ẋ(t), ż(t))

)
= ∂L

∂x (x(t), z(t), ẋ(t), ż(t)) = 0,

mz̈(t) = d
dt

(
∂L
∂w (x(t), z(t), ẋ(t), ż(t))

)
= ∂L

∂z (x(t), z(t), ẋ(t), ż(t)) = −mg,

which is exactly the same system (2.2) that resulted from Newton’s equation.
A third possibility to treat the same problem is given by the so-called Hamilton for-

malism, which is also based on the principle of least action. Instead of the velocity v, the
Hamilton formalism is formulated in terms of the the impulse p(x, v) = ∇vL(x, v). As-
suming that this equation defining p(x, v) can be explicitly solved for a relation v(x, p),
the so-called Hamiltonian of the system is defined by

H(x, p) = 〈p, v(x, p)〉 − L(x, v(x, p)). (2.5)

As shown in [9, Chapter 6.5], this Hamiltonian can be used to rewrite the Lagrange
equations (2.4), which are in general N second order differential equations, into 2N first
order differential equations of the form

ẋ(t) = ∇pH(x(t), p(t)),

ṗ(t) = −∇xH(x(t), p(t)).
(2.6)

1Note that in parts of the literature, the principle is nowadays called the principle of stationary action,
since there are scenarios in which the particle’s trajectory is only a saddle-point of the functional,
see for instance [14]. But for the purely motivational purpose of this work, it is sufficient to think of
the physically meaningful trajectory as the minimizer of the action functional
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These are called Hamilton’s equations of motion, and they are once again another equiv-
alent reformulation of Newton’s second law. In our specific example of a mass within a
gravitational field the impulse relation p = (p, q)> = ∇vL just translates to p = mv and
q = mw. Therefore the Hamiltonian H is given by

H(x, z, p, q) = pv + qw − L(x, z, v, w)

= p( pm) + q( qm)−
(
m
2

(
( pm)2 + ( qm)2

)
−mgz

)
= p2+q2

2m +mgz.

Therefore Hamilton’s equations of motion (2.6) reduce to the system

ṗ(t) = ∂H
∂x (x(t), p(t)) = 0,

q̇(t) = ∂H
∂z (x(t), p(t)) = mg,

ẋ(t) = −∂H
∂p (x(t), p(t)) = −p(t)

m ,

ż(t) = −∂H
∂p (x(t), p(t)) = − q(t)

m .

Differentiating the third and fourth equation, and plugging the first and second equation
into the third and fourth equation respectively again results in the same second order
system as originally obtained by Newton’s equation.

2.1.2 Hamilton–Jacobi Equation

In Section 2.1.1 the principle of least action was introduced as an alternative, but equiv-
alent formalism to Newton’s second law. According to this principle of least action,
we assign an action to all theoretically possible trajectories, and then try to find the
trajectory with the lowest action, which consequently has to be a solution of Hamilton’s
equations (2.6). Let us fix a starting point x(0) = x0 and a terminal point x(T ) = xT ,
and let us assume that regardless of the specific choice for x0, xT ∈ R2 and T > 0,
there exists a unique trajectory satisfying those boundary conditions and Hamilton’s
equations (2.6). Then we can define

S(xT , T ) = S[x] =

T∫
0

L(x(t), ẋ(t)) dt

as the minimal value of action that can be achieved when travelling from x0 to xT
within the time T . Since the terminal condition xT and the associated time T were
chosen arbitrarily, they can be varied to obtain a function S : R2 × [0,∞) → R. From
now on we will write S(x, t) instead of S(xT , T ). It turns out that this action function
S(x, t) can also be characterized via the partial differential equation

∂S
∂t +H(x,∇xS) = 0, (2.7)

as it is shown in [9, Chapter 9.3] for example. This partial differential equation is called
the Hamilton–Jacobi equation, and its use is not just restricted to physics. As we will
see in Section 2.2, this equation also plays a major role in optimal control theory. The
following Lemma relates the Hamilton–Jacobi equation to Hamilton’s equations.
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Lemma 2.1 ([10, §3.2.5 Example 6 and §3.3.1 Theorem 2]). Applying the method of
characteristics to the Hamilton–Jacobi Equation (2.7) yields Hamilton’s equations of mo-
tion (2.6). Further, the Hamiltonian H is conserved along trajectories solving Hamilton’s
equations of motion.

As discussed in [10] and [13], once the solution S(x, t) of the Hamilton–Jacobi equation
is known, the impulse p can be computed as p(x, t) = ∇xS(x, t). To illustrate this
impulse relation, we will again focus on our specific example of a mass m within a
gravitational field, and solve the related Hamilton–Jacobi equation. Recall that we have
derived the Hamiltonian

H(q, p) = H(x, z, p, q) = p2+q2

2m +mgz.

Further, we have already shown that trajectories satisfying Hamilton’s equations of
motion are given by (

x(t)
z(t)

)
=

(
x0 + p0

m t

z0 + q0
m −

gt2

2

)
,

where the initial velocities were replaced by the initial momenta p0 and q0. Now assume
we want to know the action it takes to travel from (x0, z0)> to some point (x′, z′)> within
the time t′ > 0. First of all we note that(

x(t′)
z(t′)

)
=

(
x′

z′

)
⇔

(
p0

q0

)
=

(
mx′−x

t′

m
(
z′−z0
t′ + gt′

2

) ) .
Then, using that the Hamiltonian is conserved along trajectories solving Hamilton’s
equations of motions, we obtain

∂S
∂t (x′, z′, t′) =

(
∂S
∂t

)
(x(t′), z(t′), t′) = −H(x(t′), z(t′), p(t′), q(t′)) = −H(x0, z0, p0, q0)

= −p20+q20
2m −mgz0 = −m

2

(
x′−x0
t′

)2
− m

2

(
z′−z0
t̃

+ gt̃
2

)2
−mgz0

= −m
2

((
x′−x0
t

)2
+
(
z′−z0
t

)2
)
− m(gt′)2

8 − mg(z′+z0)
2

We integrate this equation with respect to t′ and omit the prime when writing the
coordinates in order to obtain the action function

S(x, z, t) = m
2t

(
(x− x0)2 + (z − z0)2

)
− m(z+z0)gt

2 − mg2t3

24 .

Taking the gradient of this function with respect to x and z then yields the impulse
relation

p(x, z, t) =

(
∂S
∂x
∂S
∂z

)
=

(
m(x−x0)

t
m(z−z0)

t − mgt
2

)
.

In Figure 2.1, the trajectory (x(t), z(t))> is computed for m = 1 kg, x0 = 0 m,
z0 = 50 m, p0 = 15 m·kg

s , q0 = 0 m·kg
s , and plotted together with the level lines

S(x, z, ti) = S(x(ti), z(ti), ti)
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Figure 2.1: Left side: Plot of a specific trajectory together with different level lines of
the action function. Right side: Plot of the same trajectory together with
the impulse p(x, z, t) = ∇xS(x, z, t) for a fixed time.

for different times ti ∈ {
√

2H
g · 0.8

j | j ∈ {0, ..., 20}}. The graph shows that the level

lines are perpendicular to the trajectory. This is in alignment with the theory, since the
impulse p(t) is always tangential to the curve, but also orthogonal to the level lines of
S(x, z, t) due to p = ∇xS. The second graph in Figure 2.1 shows the same trajectory,
together with the impulse p(x, z, t) = ∇xS(x, z, t) on a grid of points in the plane for

a fixed time t = 1
10

√
2H
g . The impulse p(x, z, t) describes the impulse the mass would

have at the point (x, z)>, if it has moved from (0, 50)> to (x, z)> within the time t.

To conclude this quick revision of concepts from classical mechanics, we want to high-
light once more the difference between solving Hamilton’s equations of motion and the
Hamilton–Jacobi equation. As shown in the right graph in Figure 2.1, solving Hamil-
ton’s equations provides the trajectory x(t) for every point in time, as well as the change
of the trajectory at every point in time in form of the impulse p(t). In contrast, solving
the Hamilton–Jacobi equation yields an impulse relation p(x, t), containing information
about the impulse of all possible trajectories the system could take beginning from our
initial condition, but does not provide a single trajectory without having to additionally
solve another ordinary differential equation.
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2.2 Hamilton–Jacobi–Bellman Equation

Let T > 0 be given. The abstract optimal control problem considered in this section is
given by

min
y∈Y,u∈U

J(y, u) =

T∫
0

L(y(s), u(s), s) ds+ g(y(T ))

subject to ẏ(t) = f(y(t), u(t), t), t ∈ (0, T ]

y(0) = y
0
.

(2.8)

Here y : [0, T ] → Rn represents the state of the system we would like to control, with
y

0
∈ Rn constituting the initial state of the system, and Y denoting the state space.

The function u : [0, T ] → Rm allows to influence the system, with the set U denoting
the set of all admissible controls. This set of admissible controls allows to incorporate
constraints, for example to keep the control u(t) bounded. For this section we will simply
assume that

U = {u : [0, T ]→ Rm | u is measurable},

following the setting used in [10, Chapter 10.3]. The dynamics are governed by the
function f : Rn × Rm × [0, T ] → Rn, and the cost of using a specific control strategy
u ∈ U is described by the functional J . This cost functional consists of two parts, with
the first part involving the integral over the function L : Rn×Rm× [0, T ]→ R, which we
will call the Lagrangian associated to the control problem, and the function g : Rn → R,
penalizing only the terminal state.

In what follows we will describe how to use the HJB equation to derive closed-loop and
PMP to derive open-loop controls for the control problem (2.8). First of all we define the
value function V (y, t), which is the central object of the HJB equation, analogously to the
role of the action function S(x, t) within the Hamilton–Jacobi equation in Section 2.1.2.

Definition 2.2. Let y
0
∈ Rn, t0 ∈ [0, T ) and u ∈ U be given. Further, denote by y(t)

the unique trajectory solving the initial value problem

ẏ(t) = f(y(t), u(t), t), t ∈ (t0, T ],

y(t0) = y
0
.

Then we define the cost associated to a given control u as

Cy
0
,t0 [u] =

T∫
t0

L(y(s), u(s), s) ds+ g(y(T )).

The value function V (y
0
, t0) is then defined as the minimal cost that can be achieved,

meaning that
V (y

0
, t0) = min

u∈U
Cy

0
,t0 [u].

We will usually write V (y, t) instead of V (y
0
, t0).
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This value function V (y, t) represents the cost-to-go, if one does start at y(t) = y
instead of the fixed initial position y(0) = y

0
. The following Lemma plays a key role in

the derivation of the HJB equation. Roughly speaking it states that the optimal cost
V (y, t), when beginning at the time t with the state y, is the same as the sum of the
running costs when following the optimal trajectory for a small time τ > 0 to the point
y(t+ τ), and the optimal cost V (y(t+ τ), t+ τ) for the remaining time interval (t+ τ, T ].

Lemma 2.3 (Bellman’s Optimality Principle, [10, Chapter 10.3.2]). Let V (y, t) denote
the value function, and let t ∈ [0, T ], τ > 0 be given such that t + τ ≤ T . Then it holds
that

V (y, t) = min
u∈U

 t+τ∫
t

L(y
u
(s), u(s), s) ds+ V (y

u
(t+ τ), t+ τ)

 , (2.9)

with y
u
(s) denoting the solution of the initial boundary value problem

ẏ
u
(s) = f(y

u
(s), u(s), s), s ∈ [t, t+ τ ],

y
u
(t) = y.

In order to characterize V (y, t) via a partial differential equation, we will assume that
V is at least continuously differentiable twice. This is only done for the sake of simplicity,
note that [10, Chapter 10.3.2] also provides a proof using the weaker notion of viscosity
solutions. Now following [1, Chapter 2.2], we take the optimality principle from Equation
(2.9), subtract V (y, t) = V (y

u
(t), t) on both sides, and subsequently divide the equation

by τ > 0, resulting in

0 = min
u∈U

1

τ

t+τ∫
t

L(y
u
(s), u(s), s) ds+

V (y
u
(t+ τ), t+ τ)− V (y

u
(t), t)

τ

 .

Now assuming that the map t 7→ V (y
u
(t), t) is sufficiently smooth, one can take the limit

τ → 0 to arrive at

0 = min
u∈U

(
L(y

u
(t), u(t), t) +

〈
∇yV (y

u
(t), t), f(y

u
(t), u(t), t)

〉
+ ∂V

∂t (y
u
(t), t)

)
.

Note that the minimization is formally still over all trajectories u ∈ U , but only the
function value u(t) matters, such that the minimization can be reduced to finding the
minimizing u = u(t) ∈ Rm. Next we use y

u
(t) = y and the fact that ∂V

∂t (y, t) does not

depend on u at all to conclude

∂V
∂t (y, t) + min

u∈Rm

(
L(y, u, t) +

〈
∇yV (y, t), f(y, u, t)

〉)
= 0. (2.10)

This is the so-called Hamilton–Jacobi–Bellman equation, in short HJB equation, and
it allows to characterize the value function V (y, t) by a partial differential equation,
similarly to the Hamilton–Jacobi equation (2.7) and the action function S(x, t). Ad-
ditionally to the Equation (2.10), the value function satisfies the terminal boundary
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condition V (y, T ) = g(y). It is common in the literature to define a Hamiltonian
H : Rn × Rn × [0, T ]→ R associated to the control problem via

H(y, p, t) = min
u∈Rm

(
L(y, u, t) +

〈
p, f(y, u, t)

〉)
.

which allows to rewrite the Hamilton–Jacobi–Bellman equation into the form

∂V
∂t +H(y,∇yV (y, t), t) = 0.

Note that this equation exactly resembles the Hamilton–Jacobi equation (2.7) from clas-
sical mechanics. Now in order to construct an optimal control from a solution V (y, t) of
the HJB equation, we choose u(y, t) for all y ∈ Rn and t ∈ [0, T ] such that

u(y, t) ∈ arg min
w∈Rm

(
L(y, w, t) +

〈
∇yV (y, t), f(y, w, t)

〉)
.

Note that the right-hand side constitutes a set, since the minimum, and therefore also
the optimal control u(y, t), is not necessarily assumed to be unique.

As we have seen, the HJB equation can formally be written in the same form as the
Hamilton–Jacobi equation. Therefore, according to Lemma 2.1, the method of charac-
teristics imply

ẏ(t) = ∇pH(y(t), p(t), t),

ṗ(t) = −∇yH(y(t), p(t), t),

u(t) ∈ arg min
w∈Rm

(
L(y(t), w, t) +

〈
p(t), f(y(t), w, t)

〉)
,

where we have introduced the adjoint state variable p(t). Note that due to the explicit
time dependence of H, the quantity H(y(t), p(t), t) is in general not time-invariant. This
optimality condition is called the Pontryagin’s Maximum Principle, in short PMP. Solv-
ing this system leads to an open-loop control u(t), in comparison to the closed-loop
control u(y, t) obtained from solving the HJB equation. Recall that the right plot in
Figure 2.1 showed that when solving Hamilton’s equation of motions, we obtain a single
trajectory for every point within the time interval, whereas solving the Hamilton–Jacobi
equation provided the direction in which the particle will move for any point in space and
time, but does not produce a trajectory without having to solve another system of dif-
ferential equations. Similarly, the open-loop control u(t) provides the optimal response
and the related trajectory for every point in time, but only along this specific trajectory,
and the closed-loop control u(y, t) provides the optimal response at every point in space
and time, but not the related optimal trajectory without having to additionally solve a
system of differential equations in a post-processing step.
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2.3 Linear Quadratic Regulator

This section closely follows [22, Chapter 3]. We will consider the special case of the
optimal control problem (2.8), given by

min
u∈U

J(y, u) =

T∫
0

1
2(y(s)− y

d
(s))>Q(s)(y(s)− y

d
(s)) + 1

2u(s)>R(s)u(s) ds

subject to ẏ(t) = A(t)y(t) +B(t)u(t), t ∈ (0, T ]

y(0) = y
0
.

(2.11)

Here y(t) ∈ Rn and u(t) ∈ Rm again represent the state and the control like before, and
y
d
(t) represents a desired target trajectory. The dynamics are now governed by a linear

system of differential equations, involving the matrix-valued maps A : [0, T ]→ Rn×n and
B : [0, T ] → Rn×m. The cost functional J is based on the maps Q : [0, T ] → Rn×n and
R : [0, T ]→ Rm×m, for which it is assumed that both R(t) and Q(t) are symmetric and
positive definite for all times t ∈ [0, T ]. Therefore this specific optimal control problem
corresponds to the abstract control problem (2.8) with the Lagrangian

L(y, u, t) = 1
2(y − y

d
(t))>Q(t)(y − y

d
(t)) + 1

2u
>R(t)u

and
f(y, u, t) = A(t)y +B(t)u.

We will use the theory from the previous section to investigate how an optimal closed-
loop control strategy for the control problem (2.11) can be derived. First note that the
associated Lagrange function L(y, u, t, p) of this constrained minimization problem is
given by

L(y, u, t, p) = L(y, u, t) + p>f(y, u, t)

= 1
2(y − y

d
(t))>Q(t)(y − y

d
(t)) + 1

2u
>R(t)u+ p>(A(t)y +B(t)u)

and recall that the Hamiltonian associated to such a control problem is defined by

H(y, p, t) = min
u∈Rm

L(y, u, t, p).

Further, note that the Lagrange function L(y, u, t, p) is differentiable and strictly convex
with respect to u, such that we can find the global minimum by means of differentiation.
We just solve ∇uL = 0, which yields

0 = R(t)u+B(t)>p ⇒ u = −R(t)−1B(t)>p.

Using this result, the Hamiltonian can be written as

H(y, p, t) = L(y, (−R(t)−1B>p), t, p)

= 1
2(y − y

d
(t))>Q(t)(y − y

d
(t)) + p>A(t)y − 1

2p
>B(t)R(t)−1B(t)>p.
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To derive a closed-loop control u(y, t) we solve the related Hamilton–Jacobi equation

−∂V
∂t = 1

2(y − y
d
)>Q(y − y

d
) + (∇yV )>Ay − 1

2(∇yV )>BR−1B>(∇yV ),

together with the terminal boundary condition V (y, T ) = 0. As in [22, Remark 3.6] we
use an ansatz of the form

V (y, t) = 1
2y
>P (t)y + y>η(t) + ζ(t),

where P (t) = P (t)> ∈ Rn×n. Inserting this ansatz into the HJB equation yields

0 = 1
2y
>Ṗ (t)y + y>η̇(t) + ζ̇(t) + 1

2y
>Q(t)y − y

d
(t)>Q(t)y + 1

2yd(t)
>Q(t)y

d
(t)

+ y>P (t)A(t)y + η(t)>A(t)y − 1
2y
>P (t)B(t)R(t)−1B(t)>P (t)y

− y>P (t)B(t)R(t)−1B(t)>η(t)− 1

2
η(t)>B(t)R(t)−1B(t)>η(t).

Then we can use

y>P (t)A(t)y = 1
2y
>P (t)A(t)y + 1

2

(
y>P (t)A(t)y

)>
= 1

2y
>
(
P (t)A(t) +A(t)>P (t)

)
y,

such that comparison of the coefficients leads to the coupled system

0
!

= Ṗ (t) +Q(t) + P (t)A(t) +A(t)>P (t)− P (t)B(t)R(t)−1B(t)>P (t),

0
!

= η̇(t)−Q(t)y
d
(t) +A(t)>η(t)− P (t)B(t)R(t)−1B(t)>η(t),

0
!

= ζ̇(t) + 1
2yd(t)

>Q(t)y
d
(t)− 1

2
η(t)>B(t)R(t)−1B(t)>η(t).

To fully describe the value function, all three equations from above have to be solved.
But in practical applications we are not interested in the value function V (y, t), but
rather in the optimal control u(y, t), which is related to the value function via

u(t) = −R(t)−1B(t)>∇yV (y, t) = −R(t)−1B(t)>
(
P (t)y + η(t)

)
.

Therefore the function ζ(t) is irrelevant if only u(y, t) is of interest, and the third differ-
ential equation can be neglected. Then it only remains to solve the coupled system

Ṗ (t)
!

= P (t)B(t)R(t)−1B(t)>P (t)−Q(t)− P (t)A(t)−A(t)>P (t), P (T ) = 0,

η̇(t)
!

=
(
B(t)R(t)−1B(t)>P (t)−A(t)

)>
η(t) +Q(t)y

d
(t), η(T ) = 0,

(2.12)

which will be done numerically in practice or even analytically if the target function is
known and has a simple form. The first of these two equations is a differential equation
of Riccati type, while the second is just a linear differential equation.
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2.4 Tikhonov Regularization in Hilbert Spaces

In this section we follow [19], and introduce a more abstract setting for the optimal
control problem (2.11) with Q(s) = I, R(s) = %I for % > 0 and g(y) = 0, based
on Hilbert spaces. Let H be a real-valued Hilbert space, and Y, P be continuously
embedded subspaces such that Y ⊂ H ⊂ Y ∗ and P ⊂ H ⊂ P ∗ form Gelfand triples.
Further, let A : P → P ∗ and B : Y → P ∗ be linear and bounded operators with

‖Ap‖P ∗ ≤ c
A
2 ‖p‖P , ∀y ∈ Y, ‖By‖P ∗ ≤ c

B
2 ‖y‖Y , ∀x ∈ X.

Additionally we assume that A is self-adjoint and elliptic, with its ellipticity constant
being denoted by cA1 > 0. Then the Lemma of Lax–Milgram implies that A : P → P ∗

defines an isomorphism. Further,
√
〈Ap, p〉P ∗×P and

√
〈f,A−1f〉P ∗×P define equivalent

norms to ‖·‖P and ‖·‖P ∗ , due to

cA1 ‖p‖
2
P ≤ 〈Ap, p〉P ∗×P ≤ c

A
2 ‖p‖

2
P ,

1

cA2
‖f‖2P ∗ ≤

〈
f,A−1f

〉
P ∗×P ≤

1

cA1
‖f‖2P ∗

for all p ∈ P and f ∈ P ∗. For B let us further assume that the adjoint operator
B> : P → Y ∗ is injective, and that the inf-sup condition

inf
06=y∈Y

sup
06=p∈P

〈By, p〉P ∗×P
‖y‖Y ‖p‖P

≥ cB1 > 0

holds. Then the Banach–Nečas–Babuška theorem implies that B defines an isomorphism
as well.

Now in order to generalize the optimal control problem (2.11) for a given desired
target yd ∈ H to Hilbert spaces, we replace the differential equation representing the
system dynamics by the operator equation Byopt = u, with yopt denoting the optimal
state. Instead of choosing Y directly as the state space, we will write the optimal state
as yopt = y + ye, where ye defines a suitably chosen extension of the initial value, and
y ∈ Y is the new state variable with homogeneous initial conditions that we aim to
compute. Thus the state equation can be written as By = u+ f , with u ∈ P ∗ and some
f ∈ P ∗ depending on yd. Since the control u does not necessarily have to be an element
of H in this setting, we will use the dual norm ‖u‖2P ∗ for the regularization. Thus, for
% > 0 the resulting optimal control problem reads

min
y∈Y,u∈P ∗

1
2‖y + ye − yd‖2H + %

2

〈
u,A−1u

〉
P ∗×P ,

subject to By = u+ f in P ∗.
(2.13)

Substituting u by By−f within the cost functional, this constrained optimization prob-
lem is equivalent to the unconstrained optimization problem

min
y∈Y

J(y) = 1
2‖y + ye − yd‖2H + %

2

〈
By − f,A−1(By − f)

〉
P ∗×P . (2.14)
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Using that A−1 is self-adjoint, this functional can be rewritten as

J(y) = 1
2‖y + ye − yd‖2H+ %

2〈B
>A−1By, y〉Y ∗×Y −%〈B>A−1f, y〉Y ∗×Y + %

2

〈
f,A−1f

〉
P ∗×P .

Now the optimality condition δJ(y;h) = 0 for all h ∈ Y implies

y + ye − yd + %B>A−1By − %B>A−1f = 0 in Y ∗.

At this point we define the modified target ỹd = yd − ye + %B>A−1f , as well as another
linear and bounded operator S : Y → Y ∗ by S = B>A−1B. Then the last equation can
be rewritten into the more compact form

y + %Sy = ỹd in Y ∗, (2.15)

which is equivalent to the variational formulation of finding y ∈ Y such that

〈y, v〉H + %〈Sy, v〉Y ∗×Y = 〈ỹd, v〉H , ∀v ∈ Y. (2.16)

Alternatively, we can also introduce the adjoint state p = A−1By ∈ P , and write the
operator equation as the equivalent system

(P) By = u+ f, in P ∗,

(D) B>p = y + ye − yd, in Y ∗,

(G) p+ %A−1u = 0, in P,

(2.17)

consisting of the primal, the dual, and the gradient equation. Note that the three equa-
tions closely resemble the optimality conditions from Pontryagin’s Maximum Principle.

Lemma 2.4 ([19, Lemma 1]). The operator S : Y → Y ∗ is a linear, bounded, self-adjoint
and elliptic operator satisfying

cS1 ‖y‖
2
Y ≤ 〈Sy, y〉Y ∗×Y , ∀y ∈ Y

and
〈Sy, z〉Y ∗×Y ≤ c

S
2 ‖y‖Y ‖z‖Y ∀y, z ∈ Y,

with cS1 = cA1

(
cB1
cA2

)2
and cS2 =

(cB2 )
2

cA1
.

These properties of S and the Lemma of Lax–Milgram immediately implies S is iso-

morphic, and that ‖·‖S =
√
〈S·, ·〉Y ∗×Y is equivalent to ‖·‖Y . Thus the operator equa-

tion (2.15), the variational formulation (2.16) and the system (2.17) are all uniquely
solvable. Further, it is possible to derive error and stability estimates for this unique
solution y ∈ Y of the optimal control problem.

Lemma 2.5. Assume that ỹd ∈ H, and let y ∈ Y denote the unique solution of the
operator equation (2.15). Then there hold the stability estimates

‖y‖H ≤ ‖ỹd‖H , ‖y‖S ≤ %
−1/2‖ỹd‖H .

If we further assume ỹd ∈ Y ⊂ H, it holds that

‖y‖S ≤ ‖ỹd‖S .
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Proof: The first two estimates are shown in [19, Lemma 2]. For the last estimate note
that

‖ỹd‖2S = ‖%Sy + y‖2S = %2‖Sy‖2S + 2%〈Sy, Sy〉Y ∗×Y + ‖y‖2S
= %2‖Sy‖2S + 2%〈Sy, Sy〉H + ‖y‖2S = %2‖Sy‖2S + 2%‖Sy‖2H + ‖y‖2S ≥ ‖y‖

2
S .

Lemma 2.6 ([19, Lemma 3]). Assume that ỹd ∈ H and let y ∈ Y denote the unique
solution of the operator equation (2.15). Then there holds the error estimate

‖y − ỹd‖H ≤ ‖ỹd‖H .

If we further assume that ỹd ∈ Y it holds that

‖y − ỹd‖H ≤ %
1/2‖ỹd‖S , ‖y − ỹd‖S ≤ ‖ỹd‖S .

If the target satisfies the even stronger condition Sỹd ∈ H it holds that

‖y − ỹd‖H ≤ %‖Sỹd‖H , ‖y − ỹd‖S ≤ %
1/2‖Sỹd‖H .

Note that when solving the abstract optimal control problem (2.8), we are actu-
ally rather interested in estimates for ‖y + ye − yd‖H and ‖u‖Y ∗ , than in estimates for
‖y − ỹd‖H and ‖y‖H , ‖y‖S . The following corollary relates those estimates to each other.

Corollary 2.7. Assuming that yd, ye and B>A−1f are in H, the optimal control prob-
lem (2.13) is uniquely solvable, and y ∈ Y is the unique minimizer if and only if y
satisfies the operator equation (2.15). Further, the following statements hold:

(i) The discrepancy error can be estimated by

‖y + ye − yd‖H ≤ ‖yd‖H + ‖ye‖H + 2%‖BTA−1f‖H ,

and the optimal control cost can be estimated by

‖u‖P ∗ ≤ ‖f‖P ∗ + %−1/2
(
‖yd‖H + ‖ye‖H + ‖BTA−1f‖H

)
.

(ii) If further ỹd ∈ Y the discrepancy error can be estimated by

‖y + ye − yd‖H ≤ %
1/2‖ỹd‖S + %‖BTA−1f‖H ,

and the optimal control cost can be estimated by

‖u‖P ∗ ≤ ‖f‖P ∗ + ‖ỹd‖S

(iii) If Sỹd ∈ H the discrepancy error can be estimated by

‖y + ye − yd‖H ≤ %
(
‖Sỹd‖H + ‖B>A−1f‖H

)
,

and the optimal control costs stay bounded with the same estimate as in (ii).



2.4. Tikhonov Regularization in Hilbert Spaces 33

Proof: The constrained optimization problem (2.13) is equivalent to the unconstrained
optimization problem (2.14). Since the quadratic functional J(y) satisfies

δ2J(y;h) = 〈Sh, h〉Y ∗×Y ≥ c
S
1 ‖h‖

2
Y

it is strictly convex. Thus the functional J(y) does admit a unique minimizer, and the
first order equation

δJ(y;h) = 0 ∀h ∈ Y

is both necessary and sufficient for a minimizer. But as we have seen, this equation is
equivalent to the operator equation (2.15), which concludes the first part of the state-
ment.

All the error estimates for ‖y + ye − yd‖H are a direct consequence of the fact that

y − ỹd = y − (yd − ye + %B>A−1f) = (y + ye − yd)− %B>A−1f,

the triangle inequality, the inverse triangle inequality, as well as the respective error
estimates from Lemma 2.6. The control cost estimates are a consequences of Lemma 2.5
in combination with

‖u‖P ∗ = ‖By − f‖P ∗ ≤ ‖f‖P ∗ + ‖By‖P ∗

= ‖f‖P ∗ +
√
〈By,A−1By〉P ∗×P = ‖f‖P ∗ + ‖y‖S ,

which completes the proof.

In practice, for many interesting optimal control problems the operator equation
(I + %S)y = ỹd will not be analytically solvable. Instead we have to rely on suitable
numerical approximation schemes, for which we utilize the equivalent characterization
as the variational formulation (2.16). To approximate the solution of this variational
formulation, let Yh ⊂ Y be a finite dimensional subspace, and consider the discrete
variational formulation of finding yh ∈ Yh such that

〈yh, vh〉H + 〈Syh, vh〉Y ∗×Y = 〈ỹd, vh〉H (2.18)

holds for all vh ∈ Yh. Since this is a Galerkin-Bubnov type variational formulation with a
conformal ansatz space, the unique solvability of the continuous problem already implies
well-posedness of this discrete problem. Further, by subtracting Equation (2.18) from
Equation (2.16), we obtain the Galerkin-orthogonality

〈y − yh, vh〉H + 〈S(y − yh), vh〉Y ∗×Y = 0, ∀vh ∈ Yh.

This Galerkin Orthogonality allows to derive a Cea-type estimate for the error ‖y − yh‖H .

Lemma 2.8 (Cea’s Lemma). Let y and yh denote the unique solutions of the variational
formulations (2.16) and (2.15) respectively. Then we have

‖y − yh‖H ≤ inf
vh∈Yh

√
‖y − vh‖2H + %‖y − vh‖2S
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Proof: Using the Galerkin-orthogonality, the generalized Cauchy-inequality from Corol-
lary 1.5 and inequality (1.11), we conclude that

‖y − yh‖2H + %‖y − yh‖2S = 〈y − yh, y − yh〉H + 〈S(y − yh), y − yh〉Y ∗×Y
= 〈y − yh, y − vh〉H + 〈S(y − yh), y − vh〉Y ∗×Y
≤ ‖y − yh‖H‖y − vh‖H + %‖y − yh‖S‖y − vh‖S

≤
√
‖y − yh‖2H + %‖y − yh‖2S

√
‖y − vh‖2H + %‖y − vh‖2S

⇔
√
‖y − yh‖2H + %‖y − yh‖2S ≤

√
‖y − vh‖2H + %‖y − vh‖2S

holds for any vh ∈ Yh. Therefore taking the infimum over vh ∈ Yh completes the
proof.

Remark 2.9. Note that this form of Cea’s Lemma allows us to estimate the norm
‖yh + ye − yd‖H , since the triangle inequality implies

‖yh + ye − yd‖H ≤ ‖y + ye − yd‖H + ‖y − yh‖H

≤ ‖y + ye − yd‖H + inf
vh∈Yh

√
‖y − vh‖2H + %‖y − vh‖2S

The first term on the right-hand side of this equation does only depend on the regularity
of the target, whereas the second error depends only on the approximation properties of
the discrete ansatz space Yh.



3 Optimal Control of the Heat Equation

Let T > 0 and Ω ⊂ Rd be a bounded domain with d ∈ {1, 2, 3}, and further denote by
Q = Ω × (0, T ) ⊂ R(d+1) the space-time cylinder. In this chapter we will consider the
model problem in which the system dynamics are described by the the heat equation

∂ty(x, t)−∆xy(x, t) = u(x, t), (x, t) ∈ Q,
y(x, 0) = 0, x ∈ Σ0 = Ω× {0},
y(x, t) = 0, (x, t) ∈ Σ = ∂Ω× (0, T ),

(3.1)

with u(x, t) denoting the control, which allows to influence the state y(x, t). The goal is
to derive a suitable control u(x, t), such that the associated solution of the heat equation
is close to a desired target state yd ∈ L2(0, T ), which can in general not be realized
exactly due to insufficient regularity. How close a given state is to a target will be
measured by means of an appropriate cost functional.

One popular strategy to solve this problem is to discretize the space first, in order to
rewrite the heat equation into a system of first order linear differential equations of the
form

Mhẏ(t)−Ahy(t) = u(t), for t ∈ (0, T ),

y(0) = 0.

Here Mh and Ah denote the mass and the stiffness matrix respectively, resulting from
the spatial discretization. Then, utilizing for example a L2-Penalty for the control, one
can use the LQR-Theory described in Section 2.3 to derive suitable open-loop or closed-
loop control policies. While the simplicity of this approach is appealing, one major
drawback is the large size of the involved system matrices, especially for problems in
three spatial dimensions with geometries requiring a fine mesh. As a remedy, there are
several techniques to reduce the dimensionality of the problem while maintaining an
acceptable accuracy, see for example [4] or [16], which are out of the scope of this work.

In order to simplify the analysis within this chapter, we will use the strategy described
in [17] instead, and decompose the state y(x, t) based on the eigenfunctions of the Laplace
operator −∆−1

x : L2(Ω)→ L2(Ω), such that the considered optimal control problems can
be decoupled into a sequence of independent optimal control problems, each only involv-
ing one ordinary differential equation as a constraint, instead of a partial differential
equation. Note that even though this approach can also be realized numerically for do-
mains with a very simple structure, see for instance [17], it is in general not desirable
to use this decoupling for controlling the heat equation, since one would have to first
numerically compute all relevant eigenfunctions of the Laplace operator −∆x related to
the domain.

35
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3.1 Space-Time Variational Formulations

Multiplying the heat equation (3.1) with a test function p(x, t), integrating over the
space-time domain Q and using integration by parts yields the weak form∫

Q

(∂ty)p+ 〈∇xy,∇xp〉 dxdt =

∫
Q

up dxdt (3.2)

Following [18] we define the state space Y1 and the adjoint state space P1 via

Y1 = L2(0, T ;H1
0 (Ω)) ∩H1

0,(0, T ;H−1(Ω)), P1 = L2(0, T ;H1
0 (Ω)),

which are equipped with the norms

‖y‖Y1 =
√
‖∂ty‖2L2(0,T ;H−1(Ω)) + ‖∇xy‖2L2(Q), ‖p‖P1

= ‖∇xp‖L2(Q).

Writing A = −∆x : L2(0, T ;H1
0 (Ω)) → L2(0, T ;H−1(Ω)), we know ‖p‖2P1

= 〈Ap, p〉Q
holds for all p ∈ P1, and similarly ‖f‖2P ∗1 =

〈
f,A−1f

〉
Q

holds for all f ∈ P ∗1 . Therefore
we can define the linear, bounded, self-adjoint and elliptic operators D1 : Y1 → Y ∗1 and
A1 : P1 → P ∗1 via

〈D1y, z〉Q =
〈
∂ty,A

−1∂tz
〉
Q

+ 〈Ay, z〉Q, 〈A1p, q〉Q = 〈Ap, q〉Q,

in order to obtain ‖y‖2Y1 = 〈D1y, y〉Q and ‖p‖2P1
= 〈A1p, p〉Q. Now we assume that

u ∈ P ∗1 and further define the operator B1 : Y1 → P ∗1 via

〈B1y, p〉Q = 〈∂ty, p〉Q + 〈∇xy,∇xp〉L2(Q),

then the heat equation can be rewritten into the operator equation

B1y = u in P ∗1 . (3.3)

We call this formulation the primal formulation of the heat equation. The next lemma
establishes unique solvability of this primal formulation.

Lemma 3.1 ([11, §3.2.1]). The operator B1 : Y1 → P ∗1 defines an isomorphism satisfying

sup
0 6=y∈Y1

sup
06=p∈P1

〈B1y, p〉Q
‖y‖Y1‖p‖P1

≤ cB1
2 and inf

06=y∈Y1
sup

06=p∈P1

〈B1y, p〉Q
‖y‖Y1‖p‖P1

≥ cB1
1

with cB1
1 = 1 and cB1

2 =
√

2.

Alternatively, we can also take the integral formulation (3.2) and integrate by parts
with respect to time, resulting in the adjoint formulation, in which we aim to find y ∈ Y0

such that
−〈∂tp, y〉Q + 〈∇xy,∇xp〉L2(Q) = 〈u, p〉Q
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holds for all p ∈ P0, where the spaces Y0 and P0 are now defined as

Y0 = L2(0, T ;H1
0 (Ω)), P0 = L2(0, T ;H1

0 (Ω)) ∩H1
,0(0, T ;H−1(Ω)).

Similar to the primal formulation, we introduce linear, bounded, self-adjoint and elliptic
operators D0 : Y0 → Y ∗0 and A0 : P0 → P ∗0 , inducing the norms in Y0 and P0 via

〈D0y, z〉Q = 〈Ay, z〉Q, 〈A0p, q〉Q =
〈
∂tp,A

−1∂tq
〉
Q

+ 〈Ap, q〉Q.

Then we can again define an operator B0 : Y0 → P0 by

〈B0y, p〉Q = −〈∂tp, y〉Q + 〈∇xy,∇xp〉L2(Q),

such that the heat equation corresponds to the operator equation

B0y = u in P ∗0 , (3.4)

which we refer to as the adjoint formulation. Similar to the primal formulation, we can
establish well-posedness of this operator equation. The following lemma is an immediate
consequence of Lemma 3.1 and the fact that B0 = R>TB

>
1 RT , where RT denotes the time

flipping operator, which is an isometric isomorphism from Y0 to P1 and from Y1 to P0.

Lemma 3.2. The operator B0 : Y0 → P ∗0 defines an isomorphism satisfying

sup
06=y∈Y0

sup
06=p∈P0

〈B0y, p〉Q
‖y‖Y0‖p‖P0

≤ cB0
2 and inf

06=y∈Y0
sup

06=p∈P0

〈B0y, p〉Q
‖y‖Y0‖p‖P0

≥ cB0
1

with cB0
1 = 1 and cB0

2 =
√

2.

Note that in the primal formulation, the state space admits a higher regularity than
the adjoint state space, while in the adjoint formulation the regularities are reversed.
Following [23], we will also consider an interpolated formulation, in which the regularities
of the state space and the adjoint state space agree. For that purpose we define Y1/2

and P1/2 as

Y1/2 = H
1,1/2
0;0, (Q), P1/2 = H

1,1/2
0;,0 (Q),

with the corresponding norms

‖y‖Y1/2 =
√
〈∂ty,HT y〉Q + ‖∇xy‖2L2(Q), ‖p‖P1/2

=
√
−
〈
∂tp,H−1

T p
〉
Q

+ ‖∇xp‖2L2(Q).

These norms are induced by the linear, bounded, self-adjoint and elliptic operators
D1/2 : Y1/2 → Y ∗1/2 and A1/2 : P1/2 → P ∗1/2 respectively, with〈

D1/2y, z
〉
Q

= 〈∂ty,HT z〉Q + 〈∇xy,∇xz〉L2(Q),〈
A1/2p, q

〉
Q

= −
〈
∂tp,H−1

T q
〉
Q

+ 〈∇xp,∇xq〉L2(Q).
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Now let us also introduce the operator B1/2 : Y1/2 → P ∗1/2 via

〈
B1/2y, p

〉
Q

= 〈∂ty, p〉Q + 〈∇xy,∇xp〉L2(Q), ∀y ∈ Y1/2∀p ∈ P1/2,

such that the heat equation takes the form of the operator equation

B1/2y = u in P ∗1/2. (3.5)

We call this formulation the interpolated formulation, and similarly to the previous
formulations we can prove well-posedness.

Lemma 3.3 ([31, Theorem 3.4.19]). The operator B1/2 : Y1/2 → P ∗1/2 defines an iso-
morphism satisfying

sup
06=y∈Y1/2

sup
0 6=p∈P1/2

〈
B1/2y, p

〉
Q

‖y‖Y1/2‖p‖P1/2

≤ cB1/2

2 and inf
06=y∈Y1/2

sup
06=p∈P1/2

〈
B1/2y, p

〉
Q

‖y‖Y1/2‖p‖P1/2

≥ cB1/2

1

with c
B1/2

1 = 1
2 and c

B1/2

2 = 1.

3.2 Optimal Control Frameworks

Based on the three different weak formulations (3.3), (3.4) and (3.5) of the heat equation,
we will establish three different optimal control problems for tracking a desired target
yd ∈ L2(Q). For each of those control problems, we will also utilize a decoupling as
described in [17], based on the eigenfunctions (φk)k∈N ⊂ H1

0 (Ω) and the eigenvalues
(λk)k∈N of the Laplace operator as described in Section 1.2. Specifically, we decompose
the state y, the adjoint state p, the desired state yd and the control u into

y(x, t) =

∞∑
k=1

yk(t)φk(x), yd(x, t) =

∞∑
k=1

ydk(t)φk(x),

u(x, t) =
∞∑
k=1

uk(t)φk(x), p(x, t) =
∞∑
k=1

pk(t)φk(x),

in order to obtain a sequence of decoupled problems for each of the three formulations.
Note that yd ∈ L2(Q) implies ydk ∈ L2(0, T ) for all k ∈ N.

First we consider the optimal control related to the primal formulation. To quantify
what it means for y to be close to yd ∈ L2(Q) we introduce the related cost functional
J : Y1 × P1 → [0,∞) and the constrained minimization problem

min
y∈Y1,u∈P ∗1

J1(y, u) = 1
2‖y − yd‖

2
L2(Q) + %

2‖u‖
2
P ∗1
,

subject to B1y = u in P ∗1 .
(3.6)
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Here we have Y1 = L2(0, T ;H1
0 (Ω)) ∩ H1

0,(0, T ;H−1(Ω)) and P1 = L2(0, T ;H1
0 (Ω)),

therefore we introduce the related spaces Y k
1 and P k1 for the coefficients yk and pk via

Y k
1 = H1

0,(0, T ), ‖yk‖Y k1 =
√

1
λk
‖ẏk‖2L2(0,T ) + λk‖yk‖2L2(0,T ),

P k1 = L2(0, T ), ‖pk‖Pk1 =
√
λk‖pk‖L2(0,T ).

(3.7)

Then by means of the spectral decomposition, the optimal control problem (3.6) is
equivalent to the sequence of pairwise independent optimal control problems

min
yk∈Y k1 ,uk∈[Pk1 ]∗

J1,k(yk, uk) = 1
2‖yk − y

d
k‖

2

L2(0,T ) + %
2‖uk‖

2
[Pk1 ]∗ ,

subject to 〈ẏk, qk〉L2(0,T ) + λk〈yk, qk〉L2(0,T ) = 〈uk, qk〉(0,T ) ∀qk ∈ P k1 .
(3.8)

Instead of the primal formulation, we can also state an optimal control problem based
on the adjoint formulation. Then we aim to solve the minimization problem

min
y∈Y0,u∈[P0]∗

J0(y, u) = 1
2‖y − yd‖

2
L2(Q) + %

2‖u‖
2
P ∗0
,

subject to B0y = u in P ∗0 .
(3.9)

In order to obtain a sequence of decoupled control problems we introduce the spaces

Y k
0 = L2(0, T ), ‖yk‖Y k0 =

√
λk‖yk‖L2(0,T ),

P k0 = H1
,0(0, T ) ‖pk‖Pk0 =

√
1
λk
‖ṗk‖2L2(0,T ) + λk‖pk‖2L2(0,T ).

(3.10)

Then the decoupled problems take the form

min
yk∈Y k0 ,uk∈[Pk0 ]∗

J0,k(yk, uk) = 1
2‖yk − y

d
k‖

2

L2(0,T ) + %
2‖uk‖

2
[Pk0 ]∗ ,

subject to − 〈yk, q̇k〉L2(0,T ) + λk〈yk, qk〉L2(0,T ) = 〈uk, qk〉(0,T ) ∀qk ∈ P k0 .
(3.11)

Finally, we can also establish a third optimal control framework, utilizing the inter-
polated formulation. We aim to minimize J1/2 : Y1/2 × P1/2 → [0,∞) given by

min
y∈Y1/2,u∈P ∗1/2

J1/2(y, u) = 1
2‖y − yd‖

2
L2(Q) + %

2‖u‖
2
P ∗
1/2
,

subject to B1/2y = u in P ∗1/2.
(3.12)

When using the interpolated formulation, we choose the decoupled state and adjoint
state spaces Y k

1/2 and P k1/2 as

Y k
1/2 = H

1/2
0, (0, T ), ‖yk‖Y k

1/2
=
√
〈ẏk,HT yk〉(0,T ) + λk‖yk‖2L2(0,T ),

P k1/2 = H
1/2
,0 (0, T ), ‖pk‖Pk

1/2
=
√
−
〈
ṗk,H−1

T pk
〉

(0,T )
+ λk‖pk‖2L2(0,T ),

(3.13)

in order to obtain the sequence of decoupled problems

min
yk∈Y k1/2,uk∈[Pk

1/2
]∗
J1/2,k(yk, uk) = 1

2‖yk − y
d
k‖

2

L2(0,T ) + %
2‖uk‖

2
[Pk

1/2
]∗ ,

subject to 〈ẏk, qk〉(0,T ) + λk〈yk, qk〉L2(0,T ) = 〈uk, qk〉(0,T ) ∀qk ∈ P k1/2.
(3.14)





4 Optimal Control of a Single Mode

As shown in the last chapter, when working with a suitable decomposition of the state
variable into eigenfunctions of the Laplace operator, it is sufficient to solve a sequence of
decoupled optimal control problems. Instead of the heat equation, the state constraint
is then reduced to a weak form of the initial value problem

ẏs(t) + λys(t) = u(t), t ∈ (0, T ),

ys(0) = y0,
(4.1)

with λ representing the spatial eigenvalue associated to the considered mode. In this
chapter we will analyze these decoupled problems in detail, and derive both closed loop
and open loop control policies u(t) in order to drive the state ys(t) towards a desired
target yd(t). Since it is not obvious how to derive closed-loop policies when working
with the interpolated and the adjoint formulation, we will, in contrast to the derivation
within the last chapter, assume a non-vanishing initial value y0 ∈ R. By incorporating
this initial value, the derived open-loop policies can at least be transformed to a closed-
loop policy by means of Model Predictive Control (MPC). The basic idea of MPC is to
repeatedly compute an optimal control, apply it for a short time interval, measure the
new state, and then use this measured state as the initial condition to recompute the
new optimal control for the next time interval, for more details see for example [15].

4.1 Primal Formulation

When working with the primal formulation, we call ys ∈ H1(0, T ) a weak solution of the
initial value problem (4.1) if ys(0) = y0 and

〈ẏs, q〉L2(0,T ) + λ〈ys, q〉L2(0,T ) = 〈u, q〉(0,T ), ∀q ∈ L2(0, T ).

Let ye ∈ H1(0, T ) be some extension of the initial value, meaning that ye(0) = y0, then
we can also write the state as ys = y + ye with y ∈ H1

0,(0, T ). With this representation
of the state, we can establish another equivalent variational formulation for finding
y ∈ H1

0,(0, T ) such that

〈ẏ, q〉L2(0,T ) + λ〈y, q〉L2(0,T ) = 〈u, q〉(0,T ) −
(
〈ẏe, q〉L2(0,T ) + λ〈ye, q〉L2(0,T )

)
(4.2)

holds for all q ∈ L2(0, T ). At this point we introduce we introduce the state space
Y1 = H1

0,(0, T ) and the adjoint state space P1 = L2(0, T ) and equip them with the
norms

‖y‖Y1 =
√

1
λ‖ẏ‖

2
L2(0,T ) + λ‖y‖2L2(0,T ), ‖p‖P1

=
√
λ‖p‖L2(0,T ),

41
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which we have already defined in (3.7). These norms are induced by the linear operators
D1 : Y1 → Y ∗1 and A1 : P1 → P ∗1 defined by

〈D1y, z〉(0,T ) = 1
λ〈ẏ, ż〉L2(0,T ) + λ〈y, z〉L2(0,T ),

A1p = λp,

in the sense that ‖y‖Y1 = 〈D1y, y〉1/2(0,T ) and ‖p‖P1
= 〈A1p, p〉1/2(0,T ). Note that due to

the Theorem of Fréchet–Riesz, we can identify both P1 and P ∗1 with L2(0, T ), but the
respective norms differ, since ‖p‖P1

=
√
λ‖p‖L2(0,T ) and ‖u‖P ∗1 = 1√

λ
‖u‖L2(0,T ).

Based on the variational formulation (4.2) we define B1 : Y1 → P ∗1 and f1 ∈ P ∗1 by

B1y = ẏ + λy, ∀y ∈ H1
0,(0, T ),

f1 = − (ẏe + λye) .

Then the variational formulation (4.2) is equivalent to the operator equation

B1y = u+ f1 ∈ P ∗1 . (4.3)

The following Lemma states well-posedness of this operator equation, and is a direct
consequence of Lemma 3.1, Lemma 1.9 and Theorem 1.1.

Lemma 4.1. The operator B1 : Y1 → P ∗1 is an isomorphism that satisfies

cB1
1 ‖y‖Y1 ≤ ‖B1y‖P ∗1 ≤ c

B1
2 ‖y‖Y1 , ∀y ∈ Y1,

with cB1
1 = 1 and cB1

2 =
√

2. In particular, the operator equation (4.3) is uniquely
solvable for every given u ∈ P ∗1 .

Based on the operator equation (4.3) we can now introduce an optimal control problem
similar to (3.8), which is able to incorporate a non-vanishing initial value y0 ∈ R. This
new control problem takes the form

min
y∈Y1,u∈P ∗1

J1(y, u) = 1
2‖y + ye − yd‖2L2(0,T ) + %

2‖u‖
2
P ∗1
,

subject to B1y = u+ f1 in P ∗1 .
(4.4)

Following the theory from Section 2.4, we know that the optimal state ys is given as the
pointwise sum of the extension ye and the unique solution y ∈ Y1 of

y + %S1y = ỹd, (4.5)

where S1 = B>1 A
−1
1 B1 : Y1 → Y ∗1 and ỹd = yd − ye + %B>1 A

−1
1 f1 ∈ Y ∗1 . Note

that Lemma 2.4 and Lemma 4.1 already imply that S1 is elliptic and bounded, with
cS1

1 = (cB1
1 )2 = 1 and cS1

2 = (cB1
2 )2 = 2 respectively. Thus S is an isomorphism, and

Equation (4.5) admits a unique solution y ∈ Y1. As the next Lemma demonstrates, the
ellipticity constant cS1

1 = 1 is sharp, while cS1
2 = 2 is not.
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Lemma 4.2. The operator S1 : Y1 → Y ∗1 is elliptic with cS1
1 = 1 and bounded with

cS1
2 = 1 + tanh(λT ) ≤ 2.

Proof: According to Lemma 1.2 and Lemma 2.4, the minimal and maximal eigenvalue
of the generalized eigenvalue problem

S1y = B>1 A
−1
1 B1y

!
= µD1y, (4.6)

is equal to cS1
1 and cS1

2 respectively. Note that (4.6) is equivalent to〈
ẏ + λy, 1

λ v̇ + v
〉
L2(0,T )

= µ
λ〈ẏ, v̇〉L2(0,T ) + µλ〈y, v〉L2(0,T ), ∀v ∈ L2(0, T ).

Rearranging this equation leads to〈
1
λ (1− µ) ẏ + y, v̇

〉
L2(0,T )

= 〈λ(µ− 1)y − ẏ, v〉L2(0,T ). (4.7)

Hence we conclude 1
λ (1− µ) ẏ + y ∈ H1(0, T ), further implying y ∈ H2(0, T ). By

definition of Y1 we also know y(0) = 0, and using partial integration in Equation (4.7),
and testing with a sequence of test functions with v(T ) = 1 and a support that vanishes
in the limit yields the terminal condition

(1− µ)ẏ(T ) + λy(T ) = 0.

What remains from Equation (4.7) after partial integration is

−
〈

1
λ(1− µ)ÿ + ẏ, v

〉
L2(0,T )

= 〈λ(µ− 1)y − ẏ, v〉L2(0,T ), ∀v ∈ L2(0, T )

Note that the term −〈ẏ, v〉L2(0,T ) appears on both sides, thus it can be eliminated.
Rearranging the rest of the equation and multiplying it with λ we conclude that y has
to satisfy

(1− µ)
(
ÿ(t)− λ2y(t)

)
= 0

for almost all t ∈ [0, T ]. For µ = 1 this equation is automatically satisfied, and the
terminal condition reduces to y(T ) = 0, hence every y ∈ H2(0, T ) with y(0) = y(T ) = 0
is a solution to this eigenvalue problem with µ = 1. If µ 6= 1 we deduce that y is a
solution of the boundary value problem

ÿ(t) = λ2y(t), t ∈ (0, T ),

y(0) = 0,

(1− µ)ẏ(T ) + λy(T ) = 0.

The differential equation together with the initial condition y(0) = 0 immediately imply
that y is of the form y(t) = C · sinh(λt) with C 6= 0. Then the terminal condition implies

0 = (1− µ)ẏ(T ) + λy(T ) = C ((1− µ)λ cosh(λT ) + λ sinh(λT )) ,

thus division by cosh(λT ) shows that µ = 1 + tanh(λT ) ≤ 2 is the only other eigenvalue
besides 1.

In the rest of this subsection we will prove error and control cost estimates related to
this optimal state y ∈ Y1, which are summarized in the following theorem.
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Theorem 4.3. For a given target yd ∈ L2(0, T ) and y0 ∈ R we denote by ye(t) = y0e
−λt

the homogeneous extension of the initial value, and by y ∈ Y1 the associated solution of
the operator equation (4.5). Then it holds that

‖y + ye − yd‖L2(0,T ) ≤ ‖yd‖L2(0,T ) + y0

√
1−e−2λT

2λ

‖u‖Y ∗1 = 1√
λ
‖u‖L2(0,T ) ≤ %

−1/2

(
‖yd‖L2(0,T ) + y0

√
1−e−2λT

2λ

)
If we further assume yd ∈ H1(0, T ) together with the initial condition yd(0) = y0 it holds
that

‖y + ye − yd‖L2(0,T ) ≤ %
1/2 1√

λ
‖ẏd + λyd‖L2(0,T )

‖u‖Y ∗1 = 1√
λ
‖u‖L2(0,T ) ≤

1√
λ
‖ẏd + λyd‖L2(0,T ).

If the target satisfies the stronger condition yd ∈ H2(0, T ) together with the initial con-
dition yd(0) = y0 and the terminal condition ẏd(T ) + λyd(T ) = 0, then it holds that

‖y + ye − yd‖L2(0,T ) ≤ %‖λyd −
1
λ ÿd‖L2(0,T )

.

We will postpone the proof of this Lemma, and instead begin by introducing some
necessary auxiliary results. The proof of Theorem 4.3 will be based on the abstract error
and control cost estimates from Corollary 2.7, therefore we begin by finding suitable
representations of ‖y‖S1

and ‖S1y‖L2(0,T ) for a given y ∈ Y1. The norm ‖·‖S1
is given by

‖y‖S1
=
√
〈S1y, y〉(0,T ) =

(〈
ẏ + λy, 1

λ ẏ + y
〉
L2(0,T )

)1/2
= 1√

λ
‖ẏ + λy‖L2(0,T ),

and it is equivalent to the standard norm ‖·‖Y1 due to Lemma 4.2. Next, let y ∈ Y1 and
assume that S1y ∈ L2(0, T ), then there exists a q ∈ L2(0, T ) such that

〈S1y, v〉(0,T ) =
〈

1
λ ẏ + y, v̇ + λv

〉
L2(0,T )

= 〈q, v〉L2(0,T )

holds for all v ∈ Y1. Rearranging this equation yields〈
1
λ ẏ + y, v̇

〉
L2(0,T )

= 〈q − ẏ − λy, v〉L2(0,T ). (4.8)

We conclude that 1
λ ẏ + y ∈ H1(0, T ), which further implies y ∈ H2(0, T ), together with

1
λ ÿ = λy − q.

Hence, partial integration in Equation (4.8) and testing with suitable test functions,
similar to the proof in Lemma 4.2, shows that additionally to y(0) = 0 a terminal
condition of the form ẏ(T ) + λy(T ) = 0 has to hold. Thus S1y ∈ L2(0, T ) if and only if
y ∈ H2(0, T ) with y(0) = 0 and ẏ(T ) + λy(T ) = 0, and further

‖S1y‖L2(0,T ) = ‖q‖L2(0,T ) = ‖λy − 1
λ ÿ‖L2(0,T )

.
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Now we are in a position to prove appropriate error and control cost estimates.

Proof of Theorem 4.3: We know that ye(t) = y0e
−λt is in L2(0, T ), and that

f1 = −(ẏe + λye) = 0 ∈ L2(0, T ). Assuming yd ∈ L2(0, T ), the estimates from (i)
of Corollary 2.7 reduce to

‖y + ye − yd‖L2(0,T ) ≤ ‖yd‖L2(0,T ) + ‖ye‖L2(0,T ),

‖u‖P ∗1 ≤ %
−1/2

(
‖yd‖L2(0,T ) + ‖ye‖L2(0,T )

)
.

Then the first two estimates claimed in the theorem follow from

‖ye‖L2(0,T ) =

√√√√√ T∫
0

(y0e−λt)2 dt = y0

√
1− e−2λT

2λ
.

Now assume that yd ∈ H1(0, T ) with yd(0) = y0, then ỹd = yd − ye ∈ H1
0,(0, T ) = Y1,

such that the estimates from (ii) of Corollary 2.7 reduce to

‖y + ye − yd‖L2(0,T ) ≤ %
1/2‖ỹd‖S1

,

‖u‖P ∗1 ≤ ‖ỹd‖S1
.

Thus the third and the fourth estimate claimed in the theorem follow from

‖ỹd‖S1
= 1√

λ
‖ẏd + λyd − (ẏe + λye)‖L2(0,T ) = 1√

λ
‖ẏd + λyd‖L2(0,T ).

Finally assume that the target satisfies yd ∈ H2(0, T ) together with yd(0) = y0 and
ẏd(T ) +λyd(T ) = 0. Since ye ∈ H2(0, T ), we conclude that ỹd = yd−ye ∈ H2(0, T ) with
ỹd(0) = 0 and ˙̃y(T ) + λỹd(T ) = 0. Thus S1ỹd ∈ L2(0, T ), and the estimate from (iii) of
Corollary 2.7 reduces to

‖y + ye − yd‖L2(0,T ) ≤ %‖S1ỹd‖L2(0,T ).

To compute the norm on the right hand side, note that

λye − 1
λ ÿe = − 1

λ

(
ÿe − λ2ye

)
= − 1

λ

(
d
dt − λ

)
(ẏe + λye)︸ ︷︷ ︸

=0

= 0,

thus the last estimate claimed in the theorem follows from

‖S1ỹd‖L2(0,T ) = ‖λyd − 1
λ ÿd −

(
λye − 1

λ ÿe
)
‖
L2(0,T )

= ‖λyd − 1
λ ÿd‖L2(0,T )

.

Remark 4.4. As Theorem 4.3 shows, the rate at which the state error converges to 0
as %→ 0 depends on the regularity of the desired target yd. The higher the regularity of
the target, the higher the convergence rate, which is linear at best if yd is in H2(0, T )
and satisfies an appropriate initial and terminal condition. Further, if the target yd is at
least in H1(0, T ), the control costs stay bounded as %→ 0, but they tend to infinity if yd
admits a regularity lower than that. The rate at which the control costs tend to infinity
increases as the regularity of the target decreases. Finally note that even though all error
estimates are proven using the specific extension ye(t) = y0e

−λt, similar error estimates
can be derived for any other chosen extension, provided the resulting modified target ỹd
remains sufficiently regular.
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4.2 Adjoint Formulation

If we use the adjoint formulation instead of the primal formulation, we call y ∈ L2(0, T )
a weak solution of the initial value problem (4.1) if

− 〈y, q̇〉L2(0,T ) + λ〈y, q〉L2(0,T ) = 〈u, q〉(0,T ) + y0q(0), ∀q ∈ H1
,0(0, T ), (4.9)

where the term y0q(0) on the right-hand side stems from the partial integration step. We
define the respective state space Y0 = L2(0, T ) and the adjoint state space P0 = H1

,0(0, T )
and equip them with the norms

‖y‖Y0 =
√
λ‖y‖L2(0,T ), ‖p‖P0

=
√

1
λ‖ṗ‖

2
L2(0,T ) + λ‖p‖2L2(0,T ),

which are induced by the operators D0 : Y0 → Y ∗0 and A0 : P0 → P ∗0 defined by

D0y = λy,

〈A0p, q〉(0,T ) = 1
λ〈ṗ, q̇〉L2(0,T ) + λ〈p, q〉L2(0,T ).

Based on the variational formulation (4.9) we define B0 : Y0 → P ∗0 and f0 ∈ P ∗0 by

〈B0y, q〉(0,T ) = −〈y, q̇〉L2(0,T ) + λ〈y, q〉L2(0,T ), ∀y ∈ Y0,∀p ∈ P0,

f0(q) = y0q(0), ∀q ∈ P0.

Then the variational formulation (4.9) is equivalent to the operator equation

B0y = u+ f0 ∈ P ∗0 . (4.10)

The following Lemma is a direct consequence of Lemma 3.2, Lemma 1.9 and Theorem 1.1.

Lemma 4.5. The operator B0 : Y0 → P ∗0 is an isomorphism that satisfies

cB0
1 ‖y‖Y0 ≤ ‖B0y‖P ∗0 ≤ c

B0
2 ‖y‖Y0 , ∀y ∈ Y0,

with cB0
1 = 1 and cB0

2 =
√

2. In particular, the operator equation (4.10) is uniquely
solvable for every given u ∈ P ∗0 .

Based on the operator equation (4.10) and the control problem (3.8) we now consider
the optimal control problem

min
y∈Y0,u∈P ∗0

J0(y, u) =
1

2
‖y − yd‖2L2(0,T ) +

%

2
‖u‖2P ∗0 ,

subject to B0y = u+ f0 in P ∗0 .

(4.11)

Following the theory from Section 2.4 we define S0 = B>0 A
−1
0 B0 : Y0 → Y ∗0 , then the

optimal state y ∈ Y0 is defined as the solution of

y + %S0y = ỹd in Y ∗0 , (4.12)

with ỹd = yd + %B>0 A
−1
0 f0. The next Lemma states that S0 is an isomorphism, thus the

operator equation (4.12) is uniquely solvable.
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Lemma 4.6. The operator S0 : Y0 → Y ∗0 is elliptic with cS0
1 = 1 and bounded with

cS0
2 = 1 + tanh(λT ) ≤ 2.

Proof: Denoting by RT the time flipping operator, we have B0 = R>TB
>
1 R
>, thus

cS0
1 = (cB0

1 )2 = (cB1
1 )2 = cS1

1 = 1,

cS0
2 = (cB0

2 )2 = (cB1
2 )2 = cS1

2 = 1 + tanh(λT ).

The rest of the subsection we will prove the following theorem which provides an estimate
for the state error and the control cost.

Theorem 4.7. Let yd ∈ L2(0, T ) and denote by y ∈ Y0 the associated solution of (4.12),
then it holds that

‖y − yd‖L2(0,T ) ≤ %
(
‖S0yd‖L2(0,T ) + y0(1 + 2λ)(1 + tanh(λT ))

√
λ(1−e−2λT )

2

)
‖u‖P ∗0 ≤ y0

√
tanh(λT ) + ‖yd‖S0

.

We will postpone the proof and state some auxiliary results first. In comparison to
the primal formulation, it is more intricate to find a simple representation of S0 due to
the operator inversion of A0 being non-trivial in comparison to A1. Still, it is possible
to find a very compact representation. For this purpose we choose y ∈ Y0 and define
p = A−1

0 B0y, then S0y = B>0 p and

〈A0p, q〉(0,T ) = 〈B0y, q〉(0,T ) (4.13)

holds for all q ∈ P0. Further, note that using the Fréchet–Riesz isomorphism, we can
interpret B>0 : P0 → Y ∗0 as the mapping p→ λp− ṗ, therefore〈

B>0 p,B
>
0 q
〉
L2(0,T )

= 〈λp− ṗ, λq − q̇〉L2(0,T )

= λ2〈p, q〉L2(0,T ) + 〈ṗ, q̇〉L2(0,T ) − λ
(
〈ṗ, q〉L2(0,T ) + 〈p, q̇〉L2(0,T )

)
= λ〈A0p, q〉(0,T ) + λp(0)q(0).

In particular we conclude

〈A0p, q〉(0,T ) =
1

λ

〈
B>0 p,B

>
0 q
〉
L2(0,T )

− p(0)q(0). (4.14)

Further, note that for ve(t) = e−λt we have ve ∈ L2(0, T ) and

〈B>0 p, ve〉L2(0,T ) = 〈λp− ṗ, ve〉L2(0,T ) = 〈p, λve + v̇e〉L2(0,T )−p(T )︸︷︷︸
=0

ve(T )+p(0) ve(0)︸ ︷︷ ︸
=1

= p(0).

(4.15)
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Combining Equations (4.13), (4.14) and (4.15) we conclude that〈
y,B>0 q

〉
L2(0,T )

= 〈B0y, q〉L2(0,T ) = 〈A0p, q〉(0,T ) =
1

λ

〈
B>0 p,B

>
0 q
〉
L2(0,T )

− p(0)q(0)

=
1

λ

〈
B>0 p,B

>
0 q
〉
L2(0,T )

−
〈
B>0 p, ve

〉
L2(0,T )

〈
B>0 q, ve

〉
L2(0,T )

holds for all q ∈ P0. Since B>0 can be interpreted as an isomorphism between the spaces
P0 = H1

,0(0, T ) and Y0 = L2(0, T ), we can write v = B>0 q ∈ L2(0, T ) and rewrite the last
variational formulation to

〈y, v〉L2(0,T ) =
1

λ

〈
B>0 p, v

〉
L2(0,T )

−
〈
B>0 p, ve

〉
L2(0,T )

〈v, ve〉L2(0,T ), ∀v ∈ L2(0, T ).

But since S0y = B>0 p this means that

〈S0y, v〉(0,T ) = λ〈y, v〉L2(0,T ) + λ〈S0y, ve〉L2(0,T )〈v, ve〉L2(0,T ) (4.16)

holds for all y, v ∈ Y0, so it only remains to compute 〈S0y, ve〉L2(0,T ). For this purpose
we just plug v = ve into Equation (4.16) to obtain

〈y, ve〉L2(0,T ) = 〈S0y, ve〉(0,T )

(
1
λ − ‖ve‖

2
L2(0,T )

)
.

Note that ‖ve‖2L2(0,T ) =
∫ T

0 e−2λtdt = 1−e−2λT

2λ , hence

〈S0y, ve〉(0,T ) = 〈y, ve〉L2(0,T )

(
1
λ −

1−e−2λT

2λ

)−1

= 〈y, ve〉L2(0,T )

2λ

1 + e−2λT
= 〈y, ve〉L2(0,T )

λeλT

cosh(λT )
.

Thus, defining g(t) =
√

λeλT

cosh(λT )ve(t) we can finally conclude that

〈S0y, v〉(0,T ) = λ〈y, v〉L2(0,T ) + λ2eλT

cosh(λT )〈y, ve〉L2(0,T )〈v, ve〉L2(0,T )

= λ
(
〈y, v〉L2(0,T ) + 〈y, g〉L2(0,T )〈v, g〉L2(0,T )

)
.

In particular, if we again use the Fréchet–Riesz isomorphism to interpret S0 as a map
S0 : L2(0, T )→ L2(0, T ), we have found that

(S0y)(t) = λ
(
y(t) + 〈y, g〉L2(0,T )g(t)

)
. (4.17)

In order to prove the estimates from Theorem 4.7 using Corollary 2.7 we will need to
compute ‖y‖S0

and ‖S0y‖L2(0,T ) for a given y ∈ L2(0, T ). Due to the representation
from Equation (4.17) we already know that

‖y‖S0
=
√
〈S0y, y〉(0,T ) =

√
λ
√
‖y‖2L2(0,T ) + 〈y, g〉2L2(0,T )
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and

‖S0y‖2L2(0,T ) = 〈S0y, S0y〉L2(0,T ) = λ2
〈(
y + 〈y, g〉L2(0,T )g

)
,
(
y + 〈y, g〉L2(0,T )g

)〉
L2(0,T )

= λ2
(
‖y‖2L2(0,T ) + 2〈y, g〉2L2(0,T ) + 〈y, g〉2L2(0,T )‖g‖

2
L2(0,T )

)
= λ2

(
‖y‖2L2(0,T ) + 〈y, g〉2L2(0,T )

(
2 + ‖g‖2L2(0,T )

))
.

So using that

‖g‖2L2(0,T ) =
λeλT

cosh(λT )

T∫
0

e−2λt dt =
λeλT

cosh(λT )

1− e−2λT

λ
= 2 tanh(λT ),

we obtain the norm representation

‖S0y‖L2(0,T ) = λ
√
‖y‖2L2(0,T ) + 2〈y, g〉2L2(0,T ) (1 + tanh(λT ))

= λ
√
‖y‖2L2(0,T ) + 2λ〈y, e−λt〉2L2(0,T ) (1 + tanh(λT ))2,

where have expanded g using its definition and used the formula ex

cosh(x) = (1 + tanh(x))
in the last step. Now we have stated all necessary auxiliary results for the proof of
Theorem 4.7.

Proof of Theorem 4.7: Let as assume that yd ∈ L2(0, T ) and denote by y ∈ Y0 the
solution of Equation (4.12). Then Corollary 2.7 and the triangle inequality already imply

‖y − yd‖L2(0,T ) ≤ %
(
‖S0yd‖L2(0,T ) + ‖S0B

>
0 A
−1
0 f0‖L2(0,T ) + ‖B>0 A−1

0 f0‖L2(0,T )

)
‖u‖P ∗0 ≤ ‖f0‖P ∗0 + ‖yd‖S0

.

We know the explicit form of ‖yd‖S0
and ‖S0yd‖L2(0,T ), so it only remains to compute

all the terms involving f0. First of all let us define p = A−1
0 f0, then A0p = f0, which is

equivalent to
1
λ〈ṗ, q̇〉L2(0,T ) + λ〈p, q〉L2(0,T ) = y0q(0) ∀q ∈ P0.

We conclude that p ∈ H2(0, T ) with p(T ) = 0 and ṗ(0) = −λy0, and that

p̈(t) = λ2p(t).

Then the standard arguments for linear differential equations imply

p(t) = y0 (cosh(λt) tanh(λT )− sinh(λt)) .

Hence

‖f0‖P ∗0 =
√〈

f0, A
−1
0 f0

〉
(0,T )

=
√
y0p(0) = y0

√
tanh(λT ).
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Further, we can interpret φ = B>0 A
−1
0 f0 as an element of L2(0, T ), with

φ(t) = (B>0 A
−1
0 f0)(t) = (B>0 p)(t) = λp(t)− ṗ(t)

= λy0 (cosh(λt) tanh(λT )− sinh(λt)− sinh(λt) tanh(λT ) + cosh(λt))

= λy0 (cosh(λt)− sinh(λt)) (1 + tanh(λT )) = y0λe
−λt(1 + tanh(λT )).

Computing the L2(0, T )-Norm of this function results in

‖B>0 A−1
0 f0‖L2(0,T ) = y0λ(1 + tanh(λT ))‖e−λt‖L2(0,T ) = y0(1 + tanh(λT ))

√
λ(1−e−2λT )

2 .

Finally note that S0B
>
0 A
−1
0 f0 = S0φ and

‖S0φ‖2L2(0,T ) = 〈S0φ, S0φ〉L2(0,T ) =
〈
S0

(
S

1/2
0 φ

)
, S

1/2
0 φ

〉
(0,T )

= ‖S1/2
0 φ‖

2

S0

≤ cS0
2 ‖S

1/2
0 φ‖

2

Y0
≤ 2λ‖S1/2

0 φ‖
2

L2(0,T )

= 2λ
〈
S

1/2
0 φ, S

1/2
0 φ

〉
L2(0,T )

= 2λ〈S0φ, φ〉(0,T ) = 2λ‖φ‖2S0
≤ 4λ2‖φ‖2L2(0,T ),

which completes the proof.

Remark 4.8. If we compare Theorem 4.7 to Theorem 4.3, the most striking difference
is that when using the adjoint formulation, it is sufficient to assume yd ∈ L2(0, T ) in
order to get bounded control costs and a state error that converges to 0 with a linear
convergence rate as %→ 0. Moreover, using the adjoint formulation allows to set % = 0
and still obtain a well-posed problem.

4.3 Interpolated Formulation

Finally, when we work with the interpolated formulation, we call ys ∈ H1/2(0, T ) a
weak solution of the initial value problem (4.1) if it can be written as ys = y + ye with

ye ∈ H1(0, T ) satisfying ye(0) = y0 and y ∈ H1/2
0, (0, T ) such that

〈ẏ, q〉(0,T ) + λ〈y, q〉L2(0,T ) = 〈u, q〉(0,T ) −
(
〈ẏe, q〉L2(0,T ) + λ〈ye, q〉L2(0,T )

)
(4.18)

holds for all q ∈ H1/2
,0 (0, T ). We define the associated state space Y1/2 = H

1/2
0, (0, T ) and

the adjoint state space P1/2 = H
1/2
,0 (0, T ) and equip them with the norms

‖y‖Y1/2 =
√
〈ẏ,HT y〉(0,T ) + λ‖y‖2L2(0,T ), ‖p‖P1/2

=
√
−
〈
ṗ,H−1

T p
〉

(0,T )
+ λ‖p‖2L2(0,T ),

which are itself induced by the operators A1/2 : P1/2 → P ∗1/2 and D1/2 : Y1/2 → Y ∗1/2
defined by 〈

A1/2p, q
〉

(0,T )
= −

〈
ṗ,H−1

T q
〉

(0,T )
+ λ〈p, q〉L2(0,T ), (4.19)〈

D1/2y, z
〉

(0,T )
= 〈ẏ,HT z〉(0,T ) + λ〈y, z〉L2(0,T ). (4.20)
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Then, based on the variational formulation (4.18), we define B1/2 : Y1/2 → P ∗1/2 and
f1/2 ∈ P ∗1/2 by〈

B1/2y, q
〉

(0,T )
= 〈ẏ, q〉(0,T ) + λ〈y, q〉L2(0,T ), ∀y ∈ Y1/2,∀p ∈ P1/2, (4.21)

f1/2(q) = −〈ẏe, q〉L2(0,T ) − λ〈ye, q〉L2(0,T ), ∀q ∈ P1/2,

such that the variational formulation can be rewritten as equivalent operator equation
of the form

B1/2y = u+ f1/2 ∈ P ∗1/2. (4.22)

The following Lemma is a consequence of Lemma 3.3, Lemma 1.9 and Theorem 1.1.

Lemma 4.9. The operator B1/2 : Y1/2 → P ∗1/2 is an isomorphism that satisfies

c
B1/2

1 ‖y‖Y1/2 ≤ ‖B1/2y‖P ∗
1/2

≤ cB1/2

2 ‖y‖Y1/2

with c
B1/2

1 = 1/2 and c
B1/2

2 = 1. In particular, the operator equation (4.22) is uniquely
solvable for every given u ∈ P ∗1/2.

The optimal control problem associated to this variational formulation is given by

min
y∈Y1/2,u∈P ∗1/2

J1/2(y, u) =
1

2
‖y + ye − yd‖2L2(0,T ) +

%

2
‖u‖2P ∗

1/2
,

subject to B1/2y = u+ f1/2 in P ∗1/2.

(4.23)

Then the optimal state is given as the sum of the extension ye and the unique solution
of the operator equation

y + %S1/2y = ỹd in Y ∗1/2, (4.24)

where S1/2 = B>1/2A
−1
1/2B1/2 : Y1/2 → Y ∗1/2 and ỹd = yd − ye + %B>1/2A

−1
1/2f1/2. The

following Lemma is an immediate consequence of Lemma 4.9 and Lemma 2.4.

Lemma 4.10. The operator S1/2 : Y1/2 → Y ∗1/2 is elliptic with c
S1/2

1 = 1
4 and bounded

with c
S1/2

2 = 1.

In the remainder of this section we will prove the state error and control cost estimates,
which are summarized in the next theorem.

Theorem 4.11. For a given yd ∈ L2(0, T ) and y0 ∈ R we denote by ye(t) = y0e
−λt the

homogeneous extension of the initial value, and by y ∈ Y1/2 the associated solution of
the operator equation (4.24). Then it holds that

‖y + ye − yd‖L2(0,T ) ≤ ‖yd‖L2(0,T ) + y0

√
1−e−2λT

2λ

‖u‖Y ∗
1/2
≤ %−1/2

(
‖yd‖L2(0,T ) + y0

√
1−e−2λT

2λ

)
.
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If we further assume (yd − ye) ∈ H
1/2
0, (0, T ) we obtain

‖y + ye − yd‖L2(0,T ) ≤ %
1/2‖yd − ye‖Y1/2

‖u‖Y ∗
1/2
≤ ‖yd − ye‖Y1/2 .

If the target satisfies the stronger condition yd ∈ H1(0, T ) with yd(0) = y0, then

‖y + ye − yd‖L2(0,T ) ≤ %‖S1/2(yd − ye)‖L2(0,T )

Before we actually prove this theorem, let us state some auxiliary results, like we did
in the previous sections. In order to use Corollary 2.7 we have to compute the norms
‖y‖S1/2

and ‖S1/2y‖L2(0,T )
. First note that we can formally write

S1/2 = B>1/2A
−1
1/2B1/2 =

(
λ+ d

dt

)> (
λ−HT d

dt

)−1 (
λ+ d

dt

)
,

but due to the inversion of λ − HT d
dt involved in this definition, it is not obvious how

to find a suitable explicit representation of this operator. Therefore we will only present
formulas based on infinite sums, which after truncation can be used in the numerical part
to approximate the system matrix with high accuracy. Firstly we can write y, z ∈ Y1/2

as

y(t) =

∞∑
k=0

y
(s)
k sin(µk

t
T ) =

∞∑
k=0

y
(c)
k cos(µk

t
T ),

z(t) =
∞∑
k=0

z
(s)
k sin(µk

t
T ) =

∞∑
k=0

z
(c)
k cos(µk

t
T ),

where the infinite sums involving sine functions converge with respect to ‖·‖
H

1/2
0,

, and

the sums involving involving cosine functions merely converge with respect to ‖·‖L2(0,T ).

Next, we denote by ck,` = 2
T

〈
sin(µ`

t
T ), cos(µk

t
T )
〉
L2(0,T )

, then

(B1/2y)(t) =
∞∑
k=0

y
(s)
k

(µk
T cos(µk

t
T ) + λ sin(µk

t
T )
)

=
∞∑
k=0

(
y

(s)
k

µk
T + λ

∞∑
`=0

ck,`y
(s)
`

)
cos(µk

t
T )

Note that
(
λ−HT d

dt

)
cos(µk

t
T ) =

(
λ+ µk

T

)
cos(µk

t
T ) holds for all k ∈ N0, therefore we

conclude

(A−1
1/2B1/2y)(t) =

∞∑
k=0

(
y

(s)
k

µk
T + λ

∞∑̀
=0

ck,`y
(s)
`

)
λ+ µk

T

cos(µk
t
T ).
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Then the orthogonality of the cosine basis further implies〈
S1/2y, z

〉
(0,T )

=
〈
B1/2z,A

−1
1/2B1/2y

〉
(0,T )

=

〈 ∞∑
k=0

(
z

(s)
k

µk
T + λ

∞∑
`=0

ck,`z
(s)
`

)
cos(µk

t
T ),

∞∑
k=0

(
y

(s)
k

µk
T + λ

∞∑̀
=0

ck,`y
(s)
`

)
λ+ µk

T

cos(µk
t
T )

〉
(0,T )

=
T

2

∞∑
k=0

((
y

(s)
k

µk
T + λ

∞∑̀
=0

ck,`y
(s)
`

))((
z

(s)
k

µk
T + λ

∞∑̀
=0

ck,`z
(s)
`

))
λ+ µk

T

=
T

2

∞∑
k=0

((
y

(s)
k

µk
T + λy

(c)
k

))((
z

(s)
k

µk
T + λz

(c)
k

))
λ+ µk

T

. (4.25)

Even though this representation is useful for the numerical part, it is neither obvious

how to use it to find the sharp constants c
S1/2

1 and c
S1/2

2 depending on λ > 0, nor how
to derive a compact representation of ‖y‖S1/2

or ‖S1/2y‖L2(0,T )
like it was done for the

primal and the adjoint formulation. We can still use Corollary 2.7, but it remains to
characterize what it means for y ∈ Y1/2 that S1/2y ∈ L2(0, T ). For this purpose we first
note that B1/2

∣∣
H1

0,(0,T )
= B1, where B1 : H1

0,(0, T ) → L2(0, T ) denotes the respective

operator from the primal formulation. Since B1 is an isomorphism, we know that the
restricted map B1/2

∣∣
H1

0,(0,T )
: H1

0,(0, T ) → L2(0, T ) is also isomorphic. Next note that

A1/2 = (λ−HT d
dt) can be represented as

(A1/2p)(t) = A1/2

( ∞∑
k=0

pk cos(µk
t
T )

)
=

∞∑
k=0

pk
(
λ+ µk

T

)
cos(µk

t
T ),

thus using the inequality (1.10) yields

‖A1/2p‖L2(0,T )
=
T

2

∞∑
k=0

p2
k

(
λ+

µk
T

)2
≤ Tλ2

∞∑
k=0

p2
k +

1

T

∞∑
k=0

µ2
kp

2
k

= Tλ2
∞∑
k=0

µ2k
µ2k
p2
k +

1

T

∞∑
k=0

µ2
kp

2
k ≤ 2

(
T 2λ2

µ2
0

+ 1

)
1

2T

( ∞∑
k=0

µ2
kp

2
k

)
≤ C‖p‖H1

,0(0,T ).

We conclude that A1/2

∣∣
H1
,0(0,T )

: H1
,0(0, T ) → L2(0, T ) is linear and bounded. Now let

w ∈ L2(0, T ) be given, then we can write

w(t) =

∞∑
k=0

wk cos(µk
t
T )
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and subsequently define

p(t) =
∞∑
k=0

wk
(
λ+ µk

T

)−1
cos(µk

t
T ),

then

‖p‖2H1
,0(0,T ) =

1

2T

∞∑
k=0

µ2
k

(λ+ µk
T )2

w2
k =

T

2

∞∑
k=0

(µk
T

)2
(λ+ µk

T )2
w2
k

≤ T

2

∞∑
k=0

(
λ+ µk

T

)2
(λ+ µk

T )2
w2
k =

T

2

∞∑
k=0

w2
k = ‖w‖2L2(0,T ).

But this means that the map A1/2

∣∣
H1
,0(0,T )

: H1
,0(0, T ) → L2(0, T ) admits a bounded

inverse. Thus we have shown that A−1
1/2B1/2

∣∣∣
H1

0,(0,T )
: H1

0,(0, T ) → H1
,0(0, T ) is an iso-

morphism.

Finally, consider B>1/2 : H
1/2
,0 (0, T ) → [H

1/2
0, (0, T )]∗ and p ∈ H1

,0(0, T ) ⊂ H
1/2
,0 (0, T ),

then for all y ∈ H1/2
0, (0, T ) it holds that〈

B>1/2p, y
〉

= 〈ẏ, p〉(0,T ) + λ〈y, p〉L2(0,T ) = 〈λp− ṗ, y〉L2(0,T ).

Thus B>1/2

∣∣∣
H1
,0(0,T )

p = λp − ṗ ∈ L2(0, T ), and we know that B>1/2

∣∣∣
H1
,0(0,T )

can be in-

terpreted as a map from H1
,0(0, T ) to L2(0, T ). To see that it is invertible, note that

B>1/2

∣∣∣
H1
,0(0,T )

= RTB1RT , where RT denotes the time reversal operator. Since both the

time reversal operator and the operator B1 : H1
0,(0, T )→ L2(0, T ) are isomorphisms, we

know that B>1/2

∣∣∣
H1
,0(0,T )

is an isomorphism as well. Therefore we finally conclude that

S1/2

∣∣
H1

0,(0,T )
=
(

(B1/2)>(A1/2)−1B1/2

)∣∣∣
H1

0,(0,T )
: H1

0,(0, T )→ L2(0, T )

is also isomorphic. Therefore S1/2y ∈ L2(0, T ) if and only if y ∈ H1
0,(0, T ). Now we can

finally prove Theorem 4.11.

Proof of Theorem 4.11: The proof is based on Corollary 2.7, and the first two
estimates can be shown exactly the same way as the first two estimates in Theorem 4.3.

For the next two estimates assume yd−ye ∈ H
1/2
0, (0, T ), which is equivalent to ỹd ∈ Y1/2,

then Corollary 2.7 implies

‖y + ye − yd‖L2(0,T ) ≤ %
1/2‖ỹd‖S1/2

, ‖u‖Y ∗
1/2
≤ ‖ỹd‖S1/2

. (4.26)

Thus the third and fourth estimate claimed in the theorem follow from (4.26) and the
norm inequality ‖ỹd‖S1/2

≤ ‖ỹd‖Y1/2 . Finally, if yd ∈ H1(0, T ) with yd(0) = y0, then
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ỹd = yd−ye ∈ H1
0,(0, T ), which is equivalent to S1/2ỹd ∈ L2(0, T ), therefore Corollary 2.7

implies
‖y + ye − yd‖L2(0,T ) ≤ %‖S1/2ỹd‖L2(0,T )

= ‖S1/2(yd − ye)‖L2(0,T )
.

Remark 4.12. Note that even though the last estimate

‖y + ye − yd‖L2(0,T ) ≤ %‖S1/2(yd − ye)‖L2(0,T )

is useful to understand the asymptotic behaviour of the state error as % → 0, it is nei-
ther easy to numerically evaluate the norm ‖S1/2(yd − ye)‖L2(0,T )

due to the complicated

structure of S1/2, nor to find an estimate from above which is easier to compute. Nev-
ertheless those estimates reveal a similar behaviour for the control cost and state error
estimates as for the primal formulation. The state error converges to 0 with a conver-
gence rate that increases as the regularity increases, the control costs tend to infinity if
the target is not sufficiently regular, and the rate at which they diverge increases as the
regularity of the target decreases. But in contrast to the primal formulation, the target
only has to satisfy yd ∈ H1

0,(0, T ) in order to achieve a linear convergence rate, and

the control costs already stay bounded if yd ∈ H
1/2
0, (0, T ). So by interpolating between

the primal and the adjoint formulation, the regularities required to obtain the optimal
estimates are also obtained by interpolation of the respective regularities required for the
primal and the adjoint formulation.

4.4 Closed-Loop Regularization

As we have seen, the optimal control problem related to the primal formulation is

min
y,u

J(y, u) =

T∫
0

1
2(y(t)− yd(t))2 + %

2λu(t)2 dt

subject to ẏ(t) = u(t)− λy(t), t ∈ (0, T ]

y(0) = y0,

(4.27)

where we have assumed y ∈ H1(0, T ) and u, yd ∈ L2(0, T ). Following the definitions of
Section 2.3, we have

Q(t) = 1, R(t) = %
λ ,

A(t) = −λ, B(t) = 1.
(4.28)

Now in order to compute a closed-loop control policy, we plug the matrices from Equa-
tion (4.28) into the Equation (2.12) and obtain the coupled system

Ṗ (t) = λ
%P (t)2 − 1 + 2λP (t), P (T ) = 0,

η̇(t) = λ
(

1
%P (t) + 1

)
η(t) + yd(t), η(T ) = 0.

(4.29)

After solving this system for P (t) and η(t), the optimal closed-loop control u(y, t) is
given by

u(y, t) = −λ
% (P (t)y + η(t)) .
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Theorem 4.13. The optimal closed-loop control u(y, t) related to (4.27) has the form

u(y, t) = λ

(
1− γ

(
γ+1
γ−1

)
e2γλ(T−t)−1(

γ+1
γ−1

)
e2γλ(T−t)+1

)
y + λ

%

T∫
t

(
γ+1
γ−1

)
+e2γλ(s−T )(

γ+1
γ−1

)
+e2γλ(t−T )

eγλ(t−s)yd(s) ds,

where γ =
√

1 + 1
λ% > 1.

Proof: Since the first equation of Riccati type in (4.29) does not depend on the second
differential equation, we begin by solving the Riccati equation first. For that purpose
we first find a particular solution Pp(t) to reduce it to a Bernoulli equation, for which
there are well known transformations to obtain equivalent linear equations. Since all
the coefficients are constant we make the ansatz Pp(t) = p̂ ∈ R, which results in the
quadratic equation

0 = λ
% p̂

2 − 1 + 2λp̂.

The two solutions to this equation are given by

p̂ = −%±
√
%2 + %

λ = % (±γ − 1) ,

with γ =
√

1 + 1
λ% . Without loss of generality we choose p̂ = %(γ − 1), since we only

need one particular solution. Next we plug the ansatz

P (t) = p̂+H(t),

into the first differential equation in (4.29), which yields

Ḣ(t) = Ṗ (t) = λ
% (p̂+H(t))2 − 1 + 2λ (p̂+H(t))

= λ
%

(
p̂2 + 2%p̂− %

λ

)
+ λ

%H(t)2 + 2λH(t) + 2λ
% p̂H(t)

= λ
%H(t)2 + 2λ

(
1 + p̂

%

)
H(t)

= λ
%H(t)2 + 2γλH(t).

This is a Bernoulli equation, together with the terminal condition H(T ) = −p̂, which
can be transformed to a linear equation using the ansatz

H(t) = 1
h(t) ,

resulting in

− 1
h(t)2

ḣ(t) = λ
%

1
h(t)2

+ 2γλ 1
h(t) .

After multiplication of this equation with h(t)2 we obtain

ḣ(t) + 2γλh(t) = −λ
% , h(T ) = −1

p̂
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Using separation of variables we can show that the solution of this differential equation
is given by

h(t) =
(

1
2γ% −

1
p̂

)
e2γλ(T−t) − 1

2γ% .

Therefore we have found that

P (t) = p̂+H(t) = p̂+ 1
h(t)

= % (γ − 1) +
1(

1
2γ% −

1
p̂

)
e2γλ(T−t) − 1

2γ%

= %

γ − 1 +
1(

1
2γ −

1
γ−1

)
e2γλ(T−t) − 1

2γ


= %

γ
1 +

2(
1+γ
1−γ

)
e2γλ(T−t) − 1

− 1

 .

Next we aim to solve the second differential equation in (4.29) for η(t). Let us first
define the auxiliary function f(t) = λ(1

%P (t) + 1), then the terminal value problem has
the simple form

η̇(t) = f(t)η(t) + yd(t), η(T ) = 0.

Using variation of constants one can show that

η(t) = −
T∫
t

ηh(t)

ηh(s)
yd(s) ds,

is the unique solution of the terminal value problem, where ηh(t) is any non-trivial homo-
geneous solution. Since yd(t) is not further specified, we cannot perform the integration,
and everything that remains to be done is to compute the homogeneous solution ηh(t)
given as

ηh(t) = e
∫
f(t)dt.

In order to perform the integration of f(t) we first note that

f(t) = λ
(

1
%P (t) + 1

)
= λγ

1 +
2(

1+γ
1−γ

)
e2γλ(T−t) − 1


= λγ

1− 2(
γ+1
γ−1

)
e2γλ(T−t) + 1

 = λγ − 2λγe2γλ(t−T )(
γ+1
γ−1

)
+ e2γλ(t−T )

=
d

dt

(
λγt− ln

((
γ+1
γ−1

)
+ e2γλ(t−T )

))
.
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Therefore we conclude that

ηh(t) = e

(
λγt−ln

((
γ+1
γ−1

)
+e2γλ(t−T )

))
=

eλγt(
γ+1
γ−1

)
+ e2γλ(t−T )

.

Thus the solution η(t) to the inhomogeneous problem takes the form

η(t) = −
T∫
t

(
γ+1
γ−1

)
+ e2γλ(s−T )(

γ+1
γ−1

)
+ e2γλ(t−T )

eγλ(t−s)yd(s) ds,

and that the optimal control is given by

u(y, t) = −λ
% (P (t)y + η(t))

= λ

(
1− γ

(
γ+1
γ−1

)
e2γλ(T−t)−1(

γ+1
γ−1

)
e2γλ(T−t)+1

)
y + λ

%

T∫
t

(
γ+1
γ−1

)
+e2γλ(s−T )(

γ+1
γ−1

)
+e2γλ(t−T )

eγλ(t−s)yd(s) ds,

which was exactly the desired claim to prove.



5 Numerical Analysis

Throughout this chapter we will always work with a uniform discretization of (0, T ) into
N ∈ N non-overlapping intervals Ik = (tk−1, tk), with tk = kh and mesh size h = T

N .
Further we will denote by S0

h(0, T ) the space of piecewise constant and discontinuous
functions, and by S1

h(0, T ) the space of piecewise linear and globally continuous functions
associated to the uniform mesh. The respective basis functions are defined by

ψi(t) =

{
1, if t ∈ Ii,
0, else.

∈ S0
h(0, T )

for all i ∈ {1, 2, ..., N} and

ϕj(t) =


t−tj−1

h , if t ∈ (tj − 1, tj ],
tj+1−t
h , if t ∈ (tj , tj+1),

0, else.

∈ S1
h(0, T )

for all j ∈ {0, 1, ..., N}. All numerical experiments were conducted in Octave 5.1.0.

5.1 Discretization

In this section we discuss the discretizations of all relevant operators related to the
primal, the adjoint and the interpolated formulation.

Primal Formulation

In order to discretize the operators D1, A1, B1 and S1 from the primal formulation, the
discrete ansatz spaces are chosen conformal as Y1,h = S1

h(0, T ) ∩H1
0,(0, T ) ⊂ Y1 for the

state space and P1,h = S0
h(0, T ) ⊂ P1 for the adjoint state space. Then by definition of

D1, the matrix D1 = (〈D1ϕj , ϕi〉(0,T ))1≤i,j≤N is given by

D1 =
(

1
λ〈ϕ̇j , ϕ̇i〉L2(0,T ) + λ〈ϕj , ϕi〉L2(0,T )

)
1≤i,j≤N

= 1
λA11

0,;0, + λM11
0,;0,,

59
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where A11
0,;0,, M11

0,;0, are just the matrices one obtains when eliminating the first row and
column of the stiffness matrix

A11
h =

1

h



1 −1
−1 2 −1

−1
. . .

. . .

. . .
. . . −1
−1 2 −1

−1 1


∈ R(N+1)×(N+1)

and the mass matrix

M11
h =

h

6



2 1
1 4 1

1
. . .

. . .

. . .
. . . 1
1 4 1

1 2


∈ R(N+1)×(N+1)

respectively, as derived in [27]. We will frequently make use of this notation, where we
write for example C0,;,0 to denote the matrix resulting from eliminating the first column
and the last row of the matrix C. In this notation, the part before the semicolon is
referring to the columns and the part after the semicolon is referring to the rows, and
we write the zero before / after the comma if we eliminate the first / last row or column
respectively. Next, defining M00 as the mass matrix for the piecewise constant functions,
it is well known that M00 = h · I. Therefore the discretized version of A1 is given by

A1 =
(
λ〈ψj , ψi〉L2(0,T )

)
1≤i,j≤N

= λM00 = λhI ∈ RN×N . (5.1)

In order to approximate B1 we also introduce the matrices

K01 =
(
〈ϕ̇j , ψi〉L2(0,T )

)
1≤i,j≤N

=


−1 1

−1 1
. . .

. . .

−1 1

 ∈ RN×(N+1)

and

M01 =
(
〈ϕj , ψi〉L2(0,T )

)
1≤i,j≤N

=
h

2


1 1

1 1
. . .

. . .

1 1

 ∈ RN×(N+1).
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If instead of B1 : H1
0,(0, T ) → L2(0, T ) we would enlarge the domain of the operator to

H1(0, T ), the associated matrix approximation would have the form

B̃1 =
(
〈B1ϕj , ψi〉(0,T )

)
1≤i≤N, 0≤j≤N

= K01 + λM01

=


(−1 + λh

2 ) (1 + λh
2 )

(−1 + λh
2 ) (1 + λh

2 )
. . .

. . .

(−1 + λh
2 ) (1 + λh

2 )

 ∈ RN×(N+1).

Therefore the matrix approximation B1 ∈ RN×N is given by B̃1 without its first column,
resulting in a lower triangular matrix. Next, in order to discretize S1, first note that in
Section 4.3 we have found the representation

〈S1y, z〉(0,T ) = 1
λ〈ẏ, ż〉 +

(
〈ẏ, z〉L2(0,T ) + 〈y, ż〉L2(0,T )

)
+ λ〈y, z〉L2(0,T ).

Denoting by K11 the matrix

K11 =
(
〈ϕ̇j , ϕi〉L2(0,T )

)
0≤i,j≤N

=
1

2



−1 1
−1 0 1

−1
. . .

. . .

. . .
. . . 1
−1 0 1

−1 1


∈ R(N+1)×(N+1),

and by K11
0,;0, the same matrix, but without its first row and its first column, we find

that

S1 =
(
〈S1ϕj , ϕi〉(0,T )

)
1≤i,j≤N

= 1
λA11

0,;0, +
(
K11

0,;0, +
(
K11

0,;0,

)>)
+ λM11

0,;0, ∈ RN×N .

In this setting, where we have only looked at an optimal control problem involving an
ordinary differential equation as a constraint, it was possible to determine S1 exactly.
But if the constraint is in the form of a partial differential equation in which space and
time are appearing as independent variables, this exact assembly is often not realizable.
Instead, the matrix S1 is approximated by

S̃1 = B>1 A−1
1 B1.

Since A1 is just the identity matrix multiplied by the scalar λh, its inversion is trivial.
Due to the simple and sparse structure of B1, one can verify that

S̃1 = 1
λhB>1 B1 = 1

λA11
0,;0, +

(
K11

0,;0, +
(
K11

0,;0,

)>)
+ λM̃11

0,;0, ∈ RN×N ,
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with M̃0,;0, being the matrix that results from eliminating the first row and column of

M̃11 =
h

4



1 1
1 2 1

1
. . .

. . .

. . .
. . . 1
1 2 1

1 1


∈ RN×N . (5.2)

Adjoint Formulation

Similar to the primal formulation, we will discretize the operators D0, A0, B0 and S0

involved in the adjoint formulation to obtain matrices D0,A0,B0,S0 and S̃0. For that
purpose we choose the conformal ansatz spaces Y0,h = S0

h(0, T ) for the state space and
P0,h = S1

h(0, T ) ∩H1
,0(0, T ) for the adjoint state space. Then from the definition of the

operators it follows that

D0 = λM00 = λhI,

and

A0 = 1
λA11

,0;,0 + λM,0;,0,

where A11
,0;,0 and M11

,0;,0 now denote the matrices obtained from eliminating the last

row and column of A11 and M11 respectively. Further, the matrix B0 is now obtained
by taking B̃0 = (−K01 + λM01)> and eliminating the last row. Then, similar to S̃1,
we define S̃0 = B>0 A−1

0 B0, but this time A0 is not a diagonal matrix, but a tridiagonal
matrix. Therefore it is not obvious how to find a simpler representation of this matrix. In
contrast, the matrix S0 admits a very simple representation as a rank one perturbation of
a diagonal matrix. Note that using the representation from Section 4.2, Equation (4.17),
we know that

〈S0y, v〉L2(0,T ) = λ
(
〈y, v〉L2(0,T ) + 〈y, g〉L2(0,T )〈g, v〉L2(0,T )

)
.

Now denoting by g = (g1, ..., gN )> the vector with elements

gi =
1√
h
〈g, ψi〉L2(0,T ) =

√
λeλT

h cosh(λT )

ti∫
ti−1

e−λt dt =

√
eλT

λh cosh(λT )

(
e−λti−1 − e−λti

)
,

the matrix S0 takes the form

S0 = λ
(
〈ψj , ψi〉L2(0,T ) + 〈ψj , g〉L2(0,T )〈g, ψi〉L2(0,T )

)
1≤i,j≤N

= λh
(
I + gg>

)
.
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Interpolated Formulation

Finally, we discuss the operator discretizations related to the interpolated formulation.
In order to compute S1/2, we use an approach based on Fourier series, and write the
basis functions ϕj(t) in the form

ϕj(t) =
∞∑
k=0

α
(j)
k sin

(
µk

t
T

)
=
∞∑
k=0

β
(j)
k cos

(
µk

t
T

)
.

Then we know from Equation (4.25), that the system matrix admits the following rep-
resentation

S1/2 =

(
T
2

∞∑
k=0

(
λTβ

(i)
k +µkα

(i)
k

)(
λTβ

(j)
k +µkα

(j)
k

)
λT+µk

)
1≤i,j≤N

as an infinite sum. To realize this matrix numerically, we will truncate this sum at a

sufficiently large index, so it only remains to compute those coefficients. For α
(j)
k and

j ∈ {1, ..., N − 1} we get

α
(j)
k =

2

T

T∫
0

ϕj(t) sin
(
µk

t
T

)
dt

=
2

T

 tj∫
tj−1

(
t−tj−1

h

)
sin
(
µk

t
T

)
dt+

tj+1∫
tj

(
tj+1−t
h

)
sin
(
µk

t
T

)
dt


=

2

T

( t− tj−1

h

) (− cos
(
µk

t
T

))
µk
T

∣∣∣∣∣
tj

tj−1

−
tj∫

tj−1

1

h

(
− cos

(
µk

t
T

))
µk
T

dt

+

(
tj+1 − tj

h

) (− cos
(
µk

t
T

))
µk
T

∣∣∣∣∣
tj+1

tj

−
tj+1∫
tj

(
−1

h

) (− cos
(
µk

t
T

))
µk
T

dt


=

2

µk

− cos
(
µk

tj
T

)
+

1

h

tj∫
tj−1

cos
(
µk

t
T

)
dt+ cos

(
µk

tj
T

)
− 1

h

tj+1∫
tj

cos
(
µk

t
T

)
dt


=

2T

hµ2
k

(
sin
(
µk

t
T

)∣∣tj
tj−1
− sin

(
µk

t
T

)∣∣tj+1

tj

)
=

2N

µ2
k

(
2 sin

(
µk

tj
T

)
− sin

(
µk

tj−1

T

)
− sin

(
µk

tj+1

T

))
.

If j = 0 or j = N , the computation of the respective value α
(j)
k only involves one integral,

instead of the two we solved earlier. Taking this changed behaviour at the boundary
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into account we arrive at

α
(j)
k =


2N
µ2k

(
sin
(
µk

t0
T

)
− sin

(
µk

t1
T

)
+ 1

N

)
, if j = 0,

2N
µ2k

(
2 sin

(
µk

tj
T

)
− sin

(
µk

tj−1

T

)
− sin

(
µk

tj+1

T

))
, if j ∈ {1, ..., N − 1},

2N
µ2k

(
sin
(
µk

tN
T

)
− sin

(
µk

tN−1

T

))
, if j = N.

Similarly, to compute β
(j)
k , a similar integral has to be solved, where sin

(
µk

t
T

)
is replaced

by cos
(
µk

t
T

)
. We skip the computation, and only state the resulting formula

β
(j)
k =


2N
µ2k

(
cos
(
µk

t0
T

)
− cos

(
µk

t1
T

))
, if j = 0,

2N
µ2k

(
2 cos

(
µk

tj
T

)
− cos

(
µk

tj−1

T

)
− cos

(
µk

tj+1

T

))
, if j ∈ {1, ..., N − 1},

2N
µ2k

(
cos
(
µk

tN
T

)
− cos

(
µk

tN−1

T

)
+ (−1)k

N

)
, if j = N.

Next, we discuss how to discretize A1/2, B1/2, D1/2. Naively, we could choose as discrete

spaces Y1/2,h = S1
h(0, T ) ∩ H1/2

0, (0, T ) and P1/2,h = S1
h(0, T ) ∩ H1/2

,0 (0, T ). If we then
define

KHT =
(
〈ϕ̇j ,HTϕj〉L2(0,T )

)
0≤i,j≤N

, KH
−1
T =

(〈
ϕ̇j ,H−1

T ϕi
〉

(0,T )

)
0≤i,j≤N

,

the Equations (4.19), (4.20) and (4.21) from Section 4.3 result in the matrix approxima-
tions

A1/2 = −K
H−1
T

,0;,0 + λM11
,0;,0,

D1/2 = KHT0,;0, + λM11
0,;0,,

B1/2 = K11
0,;,0 + λM11

0,;,0.

But it is important to note that as discussed in [31, §3.3], this naive approach for
approximating B1/2 yields an unstable numerical scheme, regardless of the specific choice

of λ > 0 and the mesh size h > 0. Thus, we do not expect S̃1/2 = B>1/2A
−1
1/2B1/2 to

remain elliptic as h→ 0. As a remedy we can enrich the approximation space P1/2,h by

replacing it with P1/2,h/2 = S1
h/2(0, T ) ∩H1/2

,0 (0, T ). We denote the related matrices by

A
h/2
1/2 ∈ R2N×2N , B

h/2
1/2 ∈ R2N×N and define

S̃
h/2
1/2 =

(
B
h/2
1/2

)> (
A
h/2
1/2

)−1
B
h/2
1/2 .

In order to assemble B
h/2
1/2 ∈ R2N×N , we can just assemble B1/2 ∈ R2N×2N similar to

the naive approach, but on the finer mesh, and multiply B1/2 from the right-hand side
with the matrix representation of the interpolation

I
h/2
h : S1

h(0, T ) ∩H1/2
0, (0, T )→ S1

h/2(0, T ) ∩H1/2
0, (0, T ),

(I
h/2
h yh)(kh2 ) =

{
yh(kh2 ), if k is even,
1
2

(
yh( (k+1)h

2 ) + yh( (k−1)h
2 )

)
, if k is odd.

,
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This matrix representation is given by

I
h/2
h =



0.5
1

0.5 0.5
1

0.5 0.5
. . .

. . .

0.5 0.5
1


∈ R2N×N .

Another approach ensuring stability is based on the modified Hilbert Transformation,
which acts as an isomorphism HT : Y1/2 → P1/2 in the continuous setting. Thus it makes
sense to consider the discrete ansatz spaces

Y1/2,h = span{ϕ1, ..., ϕN} ⊂ Y1/2, PHT1/2,h = span{HTϕ1, ...,HTϕN} ⊂ P1/2.

Using elementary properties of the modified Hilbert-transformation, it further follows
that

AHT1/2 =
(〈
A1/2(HTϕj), (HTϕi)

〉
(0,T )

)
1≤i,j≤N

=
(
−
〈

d
dt(HTϕj),H

−1
T (HTϕi)

〉
(0,T )

+ 〈HTϕj ,HTϕi〉L2(0,T )

)
1≤i,j≤N

=
(
〈ϕ̇j ,HTϕi〉(0,T ) + 〈ϕj , ϕi〉L2(0,T )

)
1≤i,j≤N

= KHT0,;0, + λM11
0,;0, = D1/2.

Next, let us denote by MHT ∈ RN×N the matrix

MHT =
(
〈ϕj ,HTϕi〉L2(0,T )

)
0≤i,j≤N

,

then BHT1/2 takes the form

BHT1/2 =
(
〈ϕ̇j ,HTϕi〉(0,T ) + 〈ϕj ,HTϕi〉L2(0,T )

)
1≤i,j≤N

= KHT0,;0, + λMHT
0,;0,.

Finally, we denote by S̃HT1/2 the matrix

S̃HT1/2 =
(
BHT1/2

)> (
AHT1/2

)−1
BHT1/2 =

(
BHT1/2

)>
D−1

1/2B
HT
1/2

5.2 Matrix Properties

The numerical realization of the matrices S and S̃ can be challenging, especially in the
space-time setting, regardless of the specific formulation. Thus one can also replace the
S matrix with the spectrally equivalent D matrix, as proposed in [23]. For the model
problem we are considering, all matrices can be realized efficiently, therefore the aim of
this section is to actually analyze the spectral equivalence between the S matrices and
the D matrices, which is usually not possible in the space-time setting.
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Primal and Adjoint Formulation

We will analyze the following four generalized eigenvalue problems:

S1y = µD1y, (5.3)

S0y = µD0y, (5.4)

S̃1y = µD1y, (5.5)

S̃0y = µD0y. (5.6)

Before we analyze the first eigenvalue problem, we state an useful auxiliary result.

Lemma 5.1. Let S,D ∈ RN×N be symmetric matrices, and assume D is invertible.
Further, assume that there exists some w ∈ RN such that S = D + ww>. Then there
are N linearly independent solutions to the generalized eigenvalue problem

Sy = µDy, (5.7)

with (N−1) of those eigenvectors being orthogonal to w, and corresponding to the eigen-
value µ = 1. The remaining eigenvector can be chosen as y = D−1w and corresponds to
the eigenvalue

µ = 1 +
〈
D−1w,w

〉
2
.

Proof: Using S = D + ww>, Equation (5.7) is equivalent to

(D + ww>)y = µDy

⇔ (µ− 1)Dy =
〈
y, w

〉
2
w.

Therefore, all eigenvectors orthogonal to w correspond to µ = 1, and the geometric mul-
tiplicity is (N − 1). If y is not orthogonal to w, Dy and w have to be collinear. Without

loss of generality, y = D−1w. Then it immediately follows that µ = 1+
〈
D−1w,w

〉
2
.

In Section 4.1 it was shown that the operator S1 : Y1 → Y ∗1 is elliptic and bounded
with cS1 = 1 and cS1

2 = 1+tanh(λT ). Since S1 was the matrix resulting from a conformal
discretization, we know that the eigenvalues corresponding to the generalized eigenvalue
problem (5.3) are also bounded by 1 and 1+tanh(λT ). To compute the exact eigenvalues
note that

S1 −D1 =
(

1
λA11

0,;0, +
(
K11

0,;0, +
(
K11

0,;0,

)>)
+ λM11

0,;0,

)
−
(
A11

0,;0, + λM11
0,;0,

)
=
(
K11

0,;0, +
(
K11

0,;0,

)>)
= eNe

>
N ,

where eN = (0, ..., 0, 1)> ∈ RN . Therefore Lemma 5.1 implies that the minimal eigen-
value corresponding to the eigenvalue problem (5.3) is still µmin = 1, and the maximal
eigenvalue is given by µmax = 1+

〈
D−1

1 eN , eN
〉

2
. Denoting by D̂1 the matrix D1, without

its last column and its last row, it further follows from det(D1)D−1
1 = adj(D1) that

µmax = 1 +
〈
D−1

1 eN , eN
〉

2
= 1 +

det(D̂1)

det(D1)
.
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Recall that

D1 = 1
λA11

0,;0, + λM11
0,;0,

=



( 2
λh + 2λh

3 ) (− 1
λh + λh

6 )

(− 1
λh + λh

6 ) ( 2
λh + 2λh

3 ) (− 1
λh + λh

6 )

(− 1
λh + λh

6 )
. . .

. . .

. . .
. . . (− 1

λh + λh
6 )

(− 1
λh + λh

6 ) ( 2
λh + 2λh

3 ) (− 1
λh + λh

6 )

(− 1
λh + λh

6 ) ( 1
λh + λh

3 )


and let us define a = ( 2

λh + 2λh
3 ), b = (− 1

λh + λh
6 ) and c = ( 1

λh + λh
3 ). Further, we

introduce dN as

dN = det



a b
b a b

b
. . .

. . .

. . . b
b a


︸ ︷︷ ︸

∈RN×N

.

Then applying the Laplace expansion rule for determinants once for the last row, and
then for the last column of D1 implies

det(D1) = cdN−1 − b2dN−2,

and then by definition of dN we also have det(D̂1) = dN−1, therefore

µmax = 1 +
det(D̂1)

det(D1)
= 1 +

dN−1

cdN−1 − b2dN−2
= 1 +

1

c− b2 dN−2

dN−1

. (5.8)

It remains to find a suitable representation of dN . For that purpose, note that dN
satisfies the recurrence relation dN = adN−1 − b2dN−2, together with the initial values
d0 = 1 and d1 = a. Denoting by

η1/2 =
a

2
±
√
a2

4
− b2

the solutions of x2 = ax− b2, one can show that dN takes the form

dN =
ηN+1

1 − ηN+1
2

η1 − η2
.

We conclude that the maximal eigenvalue is given by

µmax = 1 +
1

c− b2
(
ηN−1
1 −ηN−1

2

ηN1 −ηN2

) . (5.9)
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For the analysis of the eigenvalue problem (5.4) we can also use Lemma 5.1, since we
have already shown that S0 = λh

(
I + gg>

)
and D0 = λhI, hence

S0 = D0 +
(√

λhg
)(√

λhg
)>

.

Thus, with w =
√
λhg, Lemma 5.1 implies that µmin = 1 and

µmax = 1 +
〈
D−1

0 w,w
〉

= 1 + ‖g‖2
2

To simplify this formula note that

‖g‖2
2

=
eλT

λh cosh(λT )

N∑
i=1

(e−λti−1 − e−λti)2 =
eλT

λh cosh(λT )

N−1∑
i=0

(e−λti − e−λ(ti+h))2

=
eλT (1− e−λh)2

λh cosh(λT )

N−1∑
i=0

e−2λti =
eλT (1− e−λh)2

λh cosh(λT )

N−1∑
i=0

(
e−2λh

)i
=
eλT (1− e−λh)2

λh cosh(λT )

1− e−2λNh

1− e−2λh
=

eλT (1− e−λh)2(1− e−2λT )

λh cosh(λT )(1− e−λh)(1 + e−λh)

=
(eλT − e−λT )

λT cosh(λT )

(1− e−λh)

(1 + e−λh)
= tanh(λT )

tanh(λh2 )
λh
2

,

therefore
µmax = 1 + 2

λh tanh(λh2 ) tanh(λT ). (5.10)

Note that 2
λh tanh(λh2 ) → 1 as h → 0, therefore we know that the maximal eigenvalue

µmax actually converges towards 1 + tanh(λT ), as we would expect.
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Figure 5.1: Minimal and maximal eigenvalues corresponding to the generalized eigen-
value problems (5.3) and (5.4) for T = 1.5.

Figure 5.1 shows the minimal and maximal eigenvalues µmin and µmax associated to
the generalized eigenvalue problems (5.4) and (5.4) for different mesh sizes. Note that
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the theoretical predictions of the eigenvalues and the numerical results match perfectly.
Further, notice that for a fixed λ > 0, the maximal eigenvalues seem to converge towards
1 + tanh(λT ) as h → 0, which is expected for the eigenvalue problem related to primal
formulation, and is proven for the eigenvalue problem related to the adjoint formulation.
In contrast, for a fixed h > 0, the maximal eigenvalues seem to converge to 1 as λ→ 0,
and as λ→∞. This behaviour is to be expected for the primal eigenvalue problem, since
for λ → 0, both S1 and D1 are dominated by A11

0,;0,, and for λ → ∞ both matrices are

dominated by M11
0,;0,. For the adjoint eigenvalue problem, this behaviour is an immediate

consequence of Equation (5.10).

Next we want to analyze the eigenvalue problems (5.5) and (5.6). Recall that S̃1 is
given by

S̃1 = 1
λhB>1 B1 = 1

λA11
0,;0, +

(
K11

0,;0, +
(
K11

0,;0,

)>)
+ λM̃11

0,;0,,

where M̃11 denotes the perturbed mass matrix defined in Equation (5.2). To interpret
this matrix, let Q0

h : L2(0, T ) → S0
h(0, T ) denote the L2-Projection onto the piecewise

constant functions. Then it turns out that

M̃11 =
(〈
Q0
hϕj , Q

0
hϕi
〉
L2(0,T )

)
0≤i,j≤N

,

meaning that this is the mass matrix we would obtain when working with the projec-
tion of the basis of S1

h(0, T ) onto S0
h(0, T ) instead of directly working with the basis of

S1
h(0, T ). Even though we know this compact representation of S̃1, it is not obvious how

to analytically derive the eigenvalues for the eigenvalue problem (5.5), and the same
holds for the eigenvalue problem (5.6), since we do not even have such a simple repre-
sentation of S̃0. Still, we can at least show that the spectra related to the eigenvalue
problems (5.5) and (5.6) are identical. For that purpose we denote by

R =


1

1

. .
.

1



the discrete version of the time flipping operator, which satisfies R> = R−1 = R.
Next we note that both B1 and B0 are persymmetric, meaning that B1 = RB>1 R and
B0 = RB>0 R. Further, note that by definition of B1 and B0 we have B1 = B0. For the
matrices A1,A0,D1 and D0 we note that A1 = D0 = RA1R, as well as A0 = RD1R.
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Thus we conclude that

S0y = µD0y

⇔ B>0 A−1
0 B0y = µD0y

⇔ B>1 RD−1
0 RB1y = µA1y

⇔ RB1D
−1
0 B>1 Ry = µRA1Ry

⇔ B1D
−1
0 B>1 z = µA1z (z = Ry)

⇔ D−1
0 v = µB−1

1 A1B
−>
1 v (v = B>1 z)

⇔ D−1
0 v = µ(B>1 A−1

1 B1)−1v

⇔ B>1 A−1
1 B1w = µD0w, (w = D−1

0 v)

⇔ S1w = µD1w,

so the eigenvectors follow the relation w = D−1
0 B>1 Ry, and the eigenvalues agree.
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Figure 5.2: Minimal and maximal eigenvalues corresponding to the generalized eigen-
value problems (5.5) and (5.6) for T = 1.5.

In Figure 5.2 the minimal and maximal eigenvalues corresponding to (5.5) and (5.6)
respectively are shown, which agree as we have shown before. We also observe for fixed
λ ≥ 0 pointwise convergence to 1 and 1 + tanh(λT ) respectively as h → 0. But in
comparison to the eigenvalues depicted in Figure 5.1, the minimal eigenvalue is not
bounded from below by 1. Instead, for λ = 0, the minimal eigenvalues all begin at 1,
and then as λ → ∞ they converge towards an h-dependent limit lower than 1. Due to
the structure of S̃1 and D1, the minimal and maximal eigenvalues converge towards the
extremal eigenvalues of the eigenvalue problem M̃11

0,;0,y = µM11
0,;0,y as λ → ∞. In fact,

using the definition of the matrices M̃11
0,;0, and M11

0,;0,, this means that

lim
λ→∞

µmin(λ, h) = inf
0 6=zh∈Y1,h

‖Q0
hzh‖

2
L2(0,T )

‖zh‖2L2(0,T )

, lim
λ→∞

µmax(λ, h) = sup
0 6=zh∈Y1,h

‖Q0
hzh‖

2
L2(0,T )

‖zh‖2L2(0,T )

.
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Remark 5.2. If it is possible to realize the system matrices S1 and S0 exactly, as
it is the case in our simple model problem, it is of course preferable to use them for
the computation of the optimal discrete state. But if the computation is not that easy,
Figure 5.2 suggests that using S̃1 and S̃0 instead also yields a stable scheme, supposed
that h > 0 is chosen sufficiently small. Alternatively, one could also replace S1 and S0

by D1 and D0 respectively, since they are spectrally equivalent, as shown in Figure 5.1.

Interpolated Formulation

We want to analyze the generalized eigenvalue problem

S1/2y = µD1/2y, (5.11)

and the ones where S1/2 is replaced either by S̃1/2, S̃
h/2
1/2 or S̃HT1/2. Since it is not clear how

to compute the respective eigenvalues exactly, we only inspect the numerical results.
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Figure 5.3: Minimal and maximal eigenvalues corresponding to the eigenvalue problem

(5.11) for T = 1, and the ones where S1/2 is replaced by S̃1/2, S̃
h/2
1/2 or S̃HT1/2.
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In Figure 5.3 the minimal and maximal eigenvalues depending on the spatial eigenvalue
λ are depicted for all relevant generalized eigenvalue problems. In the upper left plot,
we see that the spectral equivalence constants are bounded by 1

2 and 1. In light of
Lemma 2.4, this strongly suggests that the sharp inf-sup constant in Lemma 3.3 is not
1
2 , but rather 1√

2
. The behaviour of the largest eigenvalue is similar in all four eigenvalue

problems, it is 1 for λ→ 0, then decreases slightly, before increasing again and seemingly
converging towards 1 as λ → 0. In particular, it is bounded by 1 in all four scenarios.
In contrast, the minimal eigenvalue is only bounded from below by 1

2 when working
with the exact system matrix S1/2. As mentioned in the last section, using the matrix

S̃1/2 from the naive approach results in an approximation which is not inf-sup stable,
as it can be seen from the lowest eigenvalue in the respective plot. In comparison, both

the matrices S̃
h/2
1/2 and S̃HT1/2 show improved lower bounds. Aside from the exact system

matrix S1/2, the minimal eigenvalue is closest to 1 for the matrix S̃
h/2
1/2 .

Remark 5.3. Since the computation of the exact matrix S1/2 is already difficult for our
simple model problem, and merely possible via an approximation using Fourier series,
it becomes intractable for problems involving space and time. Instead, one has to either

use S̃
h/2
1/2 or S̃HT1/2, since S̃1/2 does not provide a stable approximation. Alternatively, one

can also replace S1/2 by D1/2 as described in [23].

5.3 Open-Loop Regularization

In this section we will compare the optimal states obtained by solving the primal, the
adjoint, and the interpolated formulation on the discrete level. Regardless of the formu-
lation in use, we always solve a variational formulation where we aim to find yh ∈ Yh
such that

〈yh, vh〉L2(0,T ) + %〈Syh, vh〉(0,T ) = 〈ỹd, vh〉L2(0,T ), (5.12)

with ỹd = yd + ye denoting the sum of the desired target yd and the homogeneous
extension ye of the initial value y0. Depending on the formulation, we either use S1, S0

or S1/2 together with the appropriate discrete ansatz spaces. Using Lemma 2.8, which
states that

‖yh + ye − yd‖L2(0,T ) ≤ ‖y + ye − yd‖L2(0,T ) + inf
vh∈Yh

√
‖y − vh‖2L2(0,T ) + %‖y − vh‖2S ,

one can transfer the error estimates for y from the continuous setting to the discrete
setting, but then they depend on both the regularization parameter % and the mesh size
h. With the aim of achieving a convergence of yh to the target yd with respect to h as
h → 0, we can derive necessary relations between the regularization parameter % > 0
and the mesh size h > 0 depending on the used formulation, as it is done in [23]. Instead
of proving all technical details related to these error estimates, we will only provide the
key arguments, and check the plausibility of those claims numerically.
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Proposition 5.4. Let y
(1)
h ∈ H1

0,(0, T ) be the unique solution of the discrete primal

formulation. Choosing % = ch2, it holds for all s ∈ [0, 2] that

‖y(1)
h + ye − yd‖L2(0,T )

≤ Chs‖yd − ye‖Hs(0,T ),

given that yd ∈ Hs(0, T ), with the additional constraint y(0) = 0 for all s > 1
2 , and

ẏ(T ) + λy(T ) = 0 for s > 3
2 .

Proof: We will use Lemma 2.8 and Corollary 2.7 for the proof. We denote by y(1) the
solution of the continuous problem, and note that ye is smooth, hence ye ∈ Hs(0, T ) for
all s > 0. First assume that yd ∈ L2(0, T ), then

‖y(1)
h − ye + yd‖L2(0,T )

≤ ‖y(1) + ye − yd‖L2(0,T )︸ ︷︷ ︸
≤‖yd−ye‖L2(0,T )

+

√
‖y(1)‖2L2(0,T )︸ ︷︷ ︸
≤‖yd−ye‖2L2(0,T )

+ %‖y(1)‖2S1︸ ︷︷ ︸
≤‖yd−ye‖2L2(0,T )

.

⇒ ‖y(1)
h − ye + yd‖L2(0,T )

≤ (1 +
√

2)‖yd − ye‖L2(0,T ).

If yd ∈ H1(0, T ) with yd(0) = y0 we have ỹd = yd − ye ∈ H1
0,(0, T ), so we can use the

L2-projection vh = Q1
hy

(1) to obtain

‖y(1)
h − ye + yd‖L2(0,T )

≤ ‖y(1) + ye − yd‖L2(0,T )︸ ︷︷ ︸
≤%1/2‖yd−ye‖S1

+

√
‖y(1) − vh‖

2

L2(0,T )︸ ︷︷ ︸
≤Ch2‖y(1)‖2H1(0,T )

+ %‖y(1) − vh‖
2

S1︸ ︷︷ ︸
≤C‖y(1)‖2H1(0,T )

.

Since we know that ‖·‖H1(0,T ), ‖·‖H1
0,(0,T ) and ‖·‖S1

are all equivalent norms in the space

H1
0,(0, T ), and that ‖y(1)‖S1

≤ ‖yd − ye‖S1
, we further conclude

‖y(1)
h − ye + yd‖L2(0,T )

≤ C
(
%1/2 +

√
h2 + %

)
‖yd − ye‖H1(0,T ) ≤ Ch‖yd − ye‖H1(0,T ),

where we have used % = ch2 in the last step.
Finally, assume that yd ∈ H2(0, T ) with yd(0) = 0 and ẏd(T ) + λyd(T ) = 0, then

S1(yd − ye) ∈ L2(0, T ), thus choosing vh = Q1
hy

(1) yields

‖y(1)
h − ye + yd‖L2(0,T )

≤ ‖y(1) + ye − yd‖L2(0,T )︸ ︷︷ ︸
≤%‖S1(yd−ye)‖L2(0,T )

+

√
‖y(1) − vh‖

2

L2(0,T )︸ ︷︷ ︸
≤Ch4‖y(1)‖2H2(0,T )

+ % ‖y(1) − vh‖
2

S1︸ ︷︷ ︸
≤Ch2‖y(1)‖2H2(0,T )

.

Using that ‖S1y
(1)‖L2(0,T ) ≤ ‖S1(yd − ye)‖L2(0,T ), which can be shown in a similar fash-

ion as the estimates in Lemma 2.6, and that ‖S1·‖L2(0,T ) and ‖·‖H2(0,T ) are equivalent
norms, we finally obtain

‖y(1)
h − ye + yd‖L2(0,T )

≤ C
(
%+

√
h4 + %h2

)
‖yd − ye‖H2(0,T ) ≤ Ch

2‖yd − ye‖H2(0,T ),

where we have again used % = ch2 in the last step. The rest of the claim follows from
interpolation of these three inequalities.
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Proposition 5.5. Let y
(0)
h ∈ L2(0, T ) be the unique solution of the discrete adjoint

formulation. Choosing % = 0, it holds for all yd ∈ Hs(0, T ) with s ∈ [0, 1] that

‖y(0)
h − yd‖L2(0,T )

≤ Chs‖yd‖Hs(0,T ).

Proof: We denote by y(0) the related solution of the continuous problem, and will again
utilize the estimates from Corollary 2.7 for the proof. If we choose % = 0, we know that
‖y(0) − yd‖L2(0,T ) = 0, such that Cea’s Lemma reduces to

‖y(0)
h − yd‖L2(0,T )

≤ inf
vh∈S0

h(0,T )
‖y(0) − vh‖L2(0,T ).

Choosing the L2-projection vh = Q0
hy

(0), and assuming that yd ∈ Hs(0, T ) does imply
y(0) ∈ Hs(0, T ), and that ‖y(0)‖Hs(0,T ) can be bound from above by C‖yd‖Hs(0,T ) we get

‖y(0)
h − yd‖L2(0,T )

≤ ‖y(0) −Q0
hy

(0)‖L2(0,T ) ≤ Ch
s‖y(0)‖Hs(0,T ) ≤ Ch

s‖yd‖Hs(0,T ).

Proposition 5.6. Let y
(1/2)
h ∈ H1/2

0, (0, T ) be the unique solution of the discrete interpo-
lated formulation. Choosing % = ch, it holds for all s ∈ [0, 1] that

‖y(1/2)
h + ye − yd‖L2(0,T )

≤ Chs‖yd − ye‖Hs(0,T ),

given that additionally yd(0) = y0 holds if s > 1
2 .

Proof: We will use make use of the abstract framework described in Corollary 2.7 once
more. For s = 0 the estimate from the proposition follows similarly to the estimate from

Proposition 5.4. Now let us assume that (yd − ye) ∈ H
1/2
0, (0, T ), then we can use best

approximation results for the L2-projection and Cea’s Lemma as we have done in the
proof of Proposition 5.4 in order to show

‖y(1/2)
h + ye − yd‖L2(0,T )

≤ C(%1/2+
√
h+ %)‖yd − ye‖H1/2(0,T ) ≤ Ch

1/2‖yd − ye‖H1/2(0,T ),

where we have used % = ch in the last step. Similarly, if yd ∈ H1(0, T ) with yd(0) = y0

we know that

‖y(1/2)
h + ye − yd‖L2(0,T )

≤ C
(
%+

√
h2 + %h

)
‖yd − ye‖H1(0,T ) ≤ Ch‖yd − ye‖H1(0,T ),

if we again use the relation % = ch.

In order to numerically test those estimates we compute the L2-error for targets with
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varying regularity. We choose T = 5, λ = 1.5, y0 = 0.5 and consider the targets

yd,1(t) =


2, if t < 0.5T

0.5, if 0.5T ≤ t ≤ 0.75T

0.5 + t− 0.75T, if 0.75T < t

∈ H1/2−ε(0, T ),

yd,2(t) = y0 + et/4 ∈ C∞(0, T ),

yd,3(t) = y0 +
√
t ∈ H1−ε(0, T ),

yd,4(t) = y0 + et/4 − 1 ∈ C∞(0, T ),

yd,5(t) = y0 + et/4 − 1−
(λ(y0 − 1) + eT/4(λ+ 1

4))

1 + λT
t ∈ C∞(0, T ).

Then yd,1 has jump discontinuities, and the lowest regularity with yd,1 ∈ H1/2−ε(0, T )
for all ε > 0. The target yd,3 has a higher regularity with ∈ H1−ε(0, T ) for all ε > 0.
The remaining targets yd,2, yd,4 and yd,5 are all smooth, but only yd,4 and yd,5 satisfy
the initial condition yd(0) = y0 = 0.5. Further, yd,5 is the only target that also satisfies
the terminal condition ẏd,5(T ) + λyd,5(T ) = 0 in addition to the initial condition.
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Figure 5.4: L2(0, T )-Error of 5 targets for primal formulation with varying regularity,
together with the anticipated error rates (dashed lines).

Figure 5.4 illustrates the L2(0, T )-error related to the solution of the discrete primal
problem for the different targets. As we would expect, the error related to the target yd,1
asymptotically converges to 0 with a rate of N−1/2 in terms of the degrees of freedom, or
with a rate of h1/2 in terms of the mesh size, due to the low regularity yd,1 ∈ H1/2−ε(0, T ).
Even though the target yd,2 is smooth, the error asymptotically also behaves like h1/2

due to the mismatch of the initial values. For yd,3 ∈ H1−ε(0, T ) the initial condition is
satisfied, therefore we asymptotically observe linear order of convergence. The target
yd,4 is smooth and satisfies the initial condition, but not the terminal condition specified
in Proposition 5.4, therefore the error only behaves like h3/2. Finally, the target yd,5
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is smooth, and satisfies both the initial and the terminal condition set forth in the
proposition, therefore the related convergence rate is quadratic.
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Figure 5.5: L2(0, T )-Error of 5 targets for adjoint formulation with varying regularity,
together with the anticipated error rates (dashed lines).

The resulting errors when using the adjoint formulation are depicted in Figure 5.5. As
stated in Proposition 5.5, the error related to the target yd,1 ∈ H1/2−ε(0, T ) asymptoti-
cally converges to 0 like h1/2, while all other errors admit a linear order of convergence
due to sufficient regularity. So in contrast to the primal formulation, the initial and
the terminal condition do not matter at all, and the best order of convergence we can
achieve is a linear one. The error rate related to the adjoint formulation is only superior
to the rate related to the primal formulation for the second target yd,2, which is smooth
but does not satisfy the initial condition.
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Figure 5.6: L2(0, T )-Error of 5 targets for interpolated formulation with varying regu-
larity, together with the anticipated error rates (dashed lines).
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The errors obtained by using the interpolated formulation are shown in Figure 5.6.
As we have also seen when working with the other formulations, the error related to
the target yd,1 converges to 0 with a rate of h1/2. Similarly, the error related to yd,2
asymptotically converges to 0 with the same rate h1/2 due to the mismatch in initial
conditions, even though the rates on the plot depict a slightly improved behaviour for
the refinement steps shown here. All remaining targets satisfy the initial condition and
are at least in H1−ε(0, T ), therefore they all asymptotically admit a linear order of
convergence, which is in agreement with the results shown in the plot. As it was the
case when working with the adjoint formulation, a linear order of convergence is the
best rate that can be achieved. But in contrast to the adjoint formulation, the initial
condition also influences the order of convergence. Finally, note that the error rates for
the first three targets yd,1, yd,2 and yd,3 are the same as for the primal formulation, and
for yd,4 and yd,5 they are the same as for the adjoint formulation.
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Figure 5.7: Comparison of different open-loop controls for the target yd,1.
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We conclude this chapter with a visual comparison of the optimal states obtained
from each of the three formulations. Figure 5.7 shows the resulting trajectories for
different choices of the regularization parameter % > 0 and the target yd,1. In order to
make the visualizations comparable, we have also used a non-zero regularization % > 0
for the adjoint formulation. For large values of % the plots seemingly show that the
trajectories associated with the primal and the interpolation formulation admit multiple
kinks, but this is only an artefact from the coarse discretization. As %→ 0 the mesh size
is adapted suitably, therefore the kinks seemingly disappear. In contrast, the trajectory
related to the adjoint formulation actually admits discontinuities. As we would expect,
all three trajectories converge to the target trajectory pointwise in regions where yd
is continuous. Still, one can visually see that the interpolated formulation allows for
steeper slopes in comparison to the primal formulation, leading to a faster reduction
of the L2-Error. Further, we can clearly see that only the trajectory associated to the
primal formulation satisfies the terminal condition ẏ(T )+λy(T ) = 0, which translates to
the condition of the optimal control converging to 0 as t→ T . Moreover, note that the
trajectory related to the adjoint formulation does not satisfy the initial condition, since
it is incorporated only in a weak sense. Even though this may seem as an advantage due
to the improved error rate for mismatching initial values, it makes it difficult to apply
the adjoint formulation in practice, since the related control is possibly a distribution
instead of a classical function. When tracking discontinuous targets, the advantage of
the interpolated formulation is that we obtain an optimal control in form of a function
instead of a distribution, but the related mesh size can be chosen coarser in comparison
to the primal formulation, resulting in dense system matrices of smaller size.

5.4 Comparison of Closed- and Open-Loop Regularization

Finally, we want to visualize the difference between open- and closed-loop optimal control
policies. For that purpose we will only consider the primal formulation, but using MPC
one could in principle also use the interpolated formulation to construct a closed-loop
control policy. We choose T = 5, λ = 0.5, y0 = 0.5, % = 0.005 and the discontinu-
ous, but piecewise linear target yd,1 introduced in the last section. In order to simulate
uncertainty, we also introduce a noise level δ > 0 and a sequence of independent Gaus-
sian random variables ηj ∼ N (0, δ2), j ∈ {1, ..., N}. Then the respective trajectory is
approximately computed in the points tj using the explicit Euler-method

yj+1 = yj + h(uj − λyj + ηj),

with uj denoting the control in the j-th step. For the open-loop control, we compute the
control without any noise, by computing the optimal state yh like described in the last
section, and setting uh = B1yh + fh. Then we plug the control evaluated in the points
tj into the Euler-scheme to obtain the perturbed trajectory. For the closed-loop control,
we just set uj = u(tj , yj) using the formula derived in Theorem 4.13. Note that we
do not have to perform the integration analytically, and can use numerical integration
schemes like Gaussian quadrature instead, since the integrand is smooth and bounded.



5.4. Comparison of Closed- and Open-Loop Regularization 79

0 2 4

0

1

2

3

Time t

S
ta

te
y

Noise level δ = 0

yd,1
yh,OL
yh,CL

0 2 4

0

1

2

3

Time t

Noise level δ = 0.5

yd,1
yh,OL
yh,CL

0 2 4

0

1

2

3

Time t

S
ta

te
y

Noise level δ = 5

yd,1
yh,OL
yh,CL

0 2 4

0

1

2

3

Time t

Noise level δ = 10

yd,1
yh,OL
yh,CL

Figure 5.8: Open-Loop (OL) vs Closed-Loop (CL) regularization for varying noise levels.

Figure 5.8 shows the results of the numerical experiments, for which we have chosen
N = 500 time intervals, and use varying noise levels δ ∈ {0, 0.5, 5, 10}. For δ = 0,
there is only a very small difference between the trajectories obtained by the open-
and closed-loop control strategies, which is an artefact from the discretization. On the
continuous level, those trajectories would coincide without the presence of uncertainties.
For increasing noise level we unsurprisingly observe a greater variance in both trajectories
from the open- and closed-loop approach, but apparently the difference to the target
trajectory is way smaller when using the closed-loop control. This is in agreement with
the theory, since the closed-loop approach always applies the optimal control, even if
the state does not follow the preplanned trajectory, while the open-loop approach only
provides the optimal control, given that the current state agrees with the preplanned
optimal trajectory. Further, note that the difference between the open- and the closed-
loop control can be neglected if the noise level δ > 0 is sufficiently small. But this is
only possible since the dynamic system associated to the ordinary differential equation

ẏ(t) + λy(t) = 0

with λ > 0 is asymptotically stable.





6 Conclusions

In this work we have analyzed optimal control problems related to different variational
formulations of the heat equation, namely the primal, the adjoint and the interpolated
formulation. Instead of directly working with the heat equation as a constraint, a spatial
eigenfunction expansion was used to reduce the original control problem to a sequence of
independent control problems, each only constrained by an ordinary differential equation.
For these reduced problems we have derived error and control cost estimates depending
on the regularization parameter, and an optimal closed-loop control for the primal for-
mulation. On the discrete level, we have also derived error estimates using Cea’s lemma,
analyzed the stability of different discretizations and described the optimal relation be-
tween the mesh size and the regularization parameter for all formulations.

The numerical experiments conducted in this work indicate that the adjoint formu-
lation is not suitable for deriving closed-loop control, since it neither allows the point
evaluation of the state, nor allows an incorporation of the initial value in more than just
the weak sense. In contrast, for the primal formulation both open-loop and closed-loop
controls can be derived by means of solving the HJB equation and the optimality system
related to PMP in an efficient way. For the interpolated formulation, it is not obvious
how derive a closed-loop control based on the HJB equation, but both the theoretical
and the numerical results suggest that using Model-Predictive-Control (MPC) could re-
sult in a closed-loop control suitable for discontinuous targets. Since the solution of the
interpolated formulation admits sharper edges around discontinuities of the target in
comparison to the solution of the primal formulation, the mesh size can be chosen larger
while still maintaining a similar error as in the primal formulation. Even though this
larger mesh size can potentially reduce the runtime, it is important to note that this
advantage diminishes if the related system matrices are assembled in a naive way, since
they are dense in contrast to the sparse matrices appearing in the primal formulation.
So in order to fully exploit the larger mesh size, efficient strategies like described in [30]
have to be applied. Another advantage of the interpolated formulation, which facilitates
the combination with MPC, is that the related optimal states do not have to satisfy an
artificial terminal boundary condition. So in contrast to the primal formulation, even
without penalizing the terminal state, the related optimal control does not converge to
0 at the end of the time interval.

We finally conclude that the interpolated formulation could potentially have advan-
tages over the primal formulation when tracking discontinuous targets, especially for
non-linear problems where ordinary closed-loop strategies relying on the HJB equation
are difficult to realize numerically. In contrast, for linear systems and sufficiently regu-
lar targets, it seems that the additional complexity accompanied with the interpolated
formulation does not provide any advantages in comparison to the primal formulation.
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York, 2011.

[10] L. C. Evans. Partial differential equations. American Mathematical Society, 2010.
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