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Abstract

The aim of this thesis is to analyze several optimal control strategies for parabolic dif-
ferential equations, specifically the heat equation. First of all, the open-loop regular-
ization from [18], its adjoint formulation, and the interpolated formulation from [23]
are compared to each other. Subsequently, the open-loop regularization from [18] is
also compared to its closed-loop regularization counterpart. For the sake of simplicity,
the optimal control problem for the heat equation will be reduced to a control problem
constrained by ordinary differential equations by means of an eigendecomposition of the
state, as it is done in [17]. Finally we present numerical results, comparing the open-loop
and closed-loop strategies derived in this work.

Kurzfassung

Das Ziel dieser Arbeit ist es verschiedene optimale Kontrollstrategien fiir parabolische
Differentialgleichungen, insbesondere der Warmeleitgleichung, zu analysieren. Zuerst
wird die Open-Loop Regularisierung aus [18], dessen adjungierte Formulierung, und die
interpolierte Formulierung aus [23] miteinander verglichen. Anschlieflend wird die Open-
Loop Regularisierung aus [18] mit der entsprechenden Closed-Loop Regularisierung ver-
glichen. Zur Vereinfachung wird das optimale Kontrollproblem fiir die Warmeleit-
gleichung mithilfe einer Eigenwertzerlegung zu einem durch eine gewdhnliche Differen-
tialgleichung beschriankten Kontrollproblem reduziert, so wie in [17]. Schlielich werden
numerische Resultate prasentiert, welche die in der vorliegenden Arbeit hergeleiteten
Open-Loop und Closed-Loop Strategien miteinander vergleichen.
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Introduction

The main goal of this thesis is to analyse and compare different approaches for the dis-
tributed optimal control of tracking-type for the heat equation. A variety of results are
known for parabolic optimal control with a square-integrable control, see for example
[20] or [6]. In comparison, in the more recent work [18], the authors have investigated the
possibility of using the weaker notion of energy regularization. Using this approach, they
demonstrated that the optimal state exhibits sharper edges in discontinuous regions of
the desired target state, compared to the usual square-integrable control approach. Their
optimal control problem is based on the primal formulation of the heat equation from
[29], but the concept of energy regularization also facilitates to use the dual formulation
or the interpolated formulation discussed in this work. Though the low regularity of the
state in the dual formulation makes it challenging to use this method in practice, the
optimal control problem based on the interpolated formulation was already investigated
in [23]. They introduced a solver on the discrete level with almost linear complexity, and
showed a preferable relation between the mesh size and the regularization parameter in
contrast to the primal formulation, with possible generalisations to non-linear problems.
Aside from those benefits, one drawback of these works on energy regularisation is that
only open-loop regularization was considered, which can be insufficient in practical ap-
plications accompanied with model uncertainties or random noise. Those uncertainties
can be particularly challenging when working with non-linear equations, see for instance
[17]. Thus, this work is dedicated to analysing theoretical aspects of all three optimal
control problems associated with the primal, the dual, and the interpolated formula-
tion of the heat equation. Further, we derive a closed-loop control based on the primal
formulation. For the control problem based on the interpolated formulation, it is unfor-
tunately not yet clear how to derive similar closed-loop controls, but we will describe
how to incorporate non-homogeneous initial values, such that at least a form of Model
Predictive Control can be realized in future works, see for example [15].

In what follows we give an overview about the contents of each chapter. Chapter 1 is
devoted to the preliminaries, focussing mainly on the relevant function spaces and related
theorems from functional analysis. In Chapter 2 we discuss the theoretical background
of open- and closed-loop regularization techniques, with a particular emphasis on the
Hamilton—Jacobi-Bellman equation and Pontryagin’s Maximum Principle. In Chapter 3,
the primal, the dual and the interpolated variational formulation of the heat equation
are introduced, as well as a decoupling into a sequence of easier problems, similar to [17].
In Chapter 4 we analyse the three optimal control problems, focussing on well-posedness
and error estimates. Further, a closed-loop regularization for the primal formulation
is derived. Finally, in Chapter 5 we discuss the relations between the regularization
parameter and the mesh size, and the results from the numerical experiments.






1 Preliminaries

In this section we introduce all the function spaces, the related notation, as well as the
main results from functional analysis relevant for this work.

1.1 Hilbert Spaces

Recall that a real-valued Hilbert space X is a vector space over R, equipped with an
inner product (-, )y, such that X is complete with respect to the norm ||-|| v = 1/(-,") x-
For such a Hilbert space, there holds the Cauchy—Schwarz inequality

(,9)x < lzllxllyllx (L.1)

for all x,y € X, which we will frequently use throughout this work. The dual space
of X, consisting of all linear and bounded functionals f : X — R, is denoted by X*.
The evaluation of a functional f € X* in x € X is usually denoted either by f(x) or
(f, ) x»y x- Further, the dual space X* is equipped with the norm

(f 5U>X* X
[fllx- = sup =
o£eex  lzllx

From the Theorem of Fréchet-Riesz, see [7, Theorem 5.5], we know that every f € X*
can be identified with an unique z; € X via

f(y):<xfay>xa Vy € X,

and vice versa. The theorem also states that the mapping J : X* — X, f + xy, which
is called the Fréchet-Riesz map, satisfies ||J f||y = |||l x~ for all f € X*.

For a linear operator T : X — Y with real-valued Hilbert spaces X,Y the operator
norm is denoted by ||T|| y_,y. The following results provide powerful tools for analyzing
the solvability of operator equations

Bx=f inY" (1.2)

where x € X, f € Y* and B : X — Y*. First note that due to the Theorem of Fréchet—
Riesz every linear and bounded operator B : X — Y™ can be uniquely identified with a
bounded bilinear form b : X x Y — R via

b(l’,y) = <B$7y>Y*><Y7 \V/.'L‘ € X,Vy S Y7

11



12 1. Preliminaries

and their norms agree, meaning that

(B2, y)yxy b(z,y)
Bl x_y~= sup sup = sup sup

S ACis P (1.3)
ozzex ozyey 12l xllylly  ozeex oxyey Izl xlylly

Thus we can always interpret the operator equation (1.2) as an equivalent variational
formulation of finding = € X, such that

b(x,y) = f(y) (1.4)

holds for all y € Y. The next theorem characterizes the unique solvability of this
variational formulation (1.4).

Theorem 1.1 (Banach-Necas-Babuska, [2, Satz 4.27]). Let X,Y be real-valued Hilbert
spaces and b : X XY — R be a bounded bilinear form. Then the following statements
are equivalent:

(i) For every f € Y* there exists a unique x € X satisfying

b(z,y) = f(y)
forallyeY.

(ii) There exists a constant ¢ > 0 such that the so called inf-sup condition

b
B < inf sup _b@.y) (1.5)

T 0#zEX g£ycy ||33”)(Hy||Y
holds. Further, for every y € Y \ {0} there exists x, € X such that b(zx,,y) # 0.

Moreover, the unique solution satisfies the stability estimate
Izl < Sl flly-

The inf-sup condition is equivalent to B having closed range and being an injective
operator, whereas the latter condition in (ii) just translates to the adjoint operator of B
being injective. Note that the boundedness and inf-sup stability of the bilinear form b
is equivalent to the existence of constants 0 < ¢P < ¢f < oo such that

A llzlly < |Bally. < Fllally, — VoeX. (1.6)

In the case of finite-dimensional Hilbert spaces X, Y, the operator B can be interpreted
as a matrix. If B satisfies (ii), it is injective, and its adjoint is also injective, which is
only possible if X and Y have the same dimensions. Thus B is a square matrix, for
which it is known that B is injective if and only if it is surjective. In this case there is
also a simpler characterization of the inf-sup constant as the lowest singular value of a
matrix.
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Lemma 1.2 ([5, Proposition 3.4.5]). Let X,Y be finite-dimensional real-valued Hilbert
spaces, and A :'Y — Y*, D : X — X* be linear, bounded, self-adjoint and elliptic
operators such that

2 2
||35”X = <D$7$>X*xXa ||Z/HY = (Ay, y>Y*><Y

holds for all x € X,y € Y. Further, let B : X — Y™ be a linear and bounded operator,
and assume that

Bz, y)y . Bz, y)y-
( y>Y xY CQB: sup  sup { ZJ)Y XY o

0<cP= inf sup )
ly o£zex 0£yey |1zl x 1Yy

O;éxEXo;éer ||1'HY”y

Then cP and cB are equal to the square roots of the minimal and maximal eigenvalue
from the generalised eigenvalue problem

B'"A™'Bzx = uDx

respectively. If X = R™ Y = R™, equipped with the usual Euclidean norm, the constants

cB and cf simply represent the minimal and mazimal singular value of B respectively.

Remark 1.3. Let H,V denote real-valued Hilbert spaces, with V- C H being compactly
embedded. If either X = H, Y =V or X =V, Y = H, the result from Lemma 1.2
holds true without assuming finite dimensionality of X andY . The proof works the same
way, using the spectral theory for compact operators described in [7, Chapter 6] instead
of the spectral theory for matrices. Since there are in general infinitely many eigenvalues
(k) ken, C (0,00), the constants P and cF are given by the infimum and the supremum
of those eigenvalues respectively, instead of the minimal and the maximal eigenvalue in
the matrix case. In particular we note that the respective eigenvalues are bounded from
below and from above if the operator B : X — Y™ is bijective.

So assuming that the bilinear form b : X x Y — R related to a linear operator
B : X — Y™ satisfies condition (ii) from Theorem 1.1, we know that B is invertible, and
that the respective operator norm can be bounded by

lzllx = 1B~ fllx < Fllflly-

Throughout this work we will also encounter operator equations Ax = f involving an
operator A : X — X*, such that the related bilinear form a : X x X — R has a domain
depending only on a single Hilbert space. The following results characterize solvability
of operator equations involving such mappings A, and generalize the Cauchy—Schwarz
inequality for inner products induced by such operators.

Theorem 1.4 (Lax-Milgram, [2, Satz 4.23]). Let X be a real-valued Hilbert space and
a: X xX — R be a bounded bilinear form. Further, assume that a(-,-) is elliptic,
meaning there exists some ci* > 0 such that

A 2
a(z,r) > ci Hl‘HX
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holds for all x € X. Then for every f € X* there exists a unique x € X, such that

a(z,y) = f(y)
holds for all y € X.

Corollary 1.5 (Generalised Cauchy—Schwarz Inequality). Let A : X — X* be a linear,
bounded, self-adjoint and elliptic operator. Then (-,-), = (A-,-)x defines an inner
product, and ||-|| 4 = \/(-,") 4 defines a norm. Therefore it holds that

(x1,22) 4 < w1l gllzall 4 V1,22 € X

1.2 Sobolev Spaces

For a given T > 0, we denote by L?(0,T) the space of square-integrable functions on
the interval (0,7"). For a detailed introduction into LP-spaces consider [7, Chapter 4].
Following [31], we denote by H*(0,T) C L?(0,T) the Sobolev space of fractional order
s €]0,00). For s =1 we define the subspaces

Hg (0,T) = {v € H'(0,T) | v(0) = 0},
Hy(0,T) = {w e H'(0,T) | w(T) = 0}

and equip them with the norm HU”H&(O,T) = [0l 20,7 and ||U)HH}O(0,T) = ll@llz2 0,1y
Then we introduce the two interpolation spaces Hg (0,7) = [L%O,T),H&(O,T)]s and
H(0,T) = [L2<O7T),H})(O,T)]S for s € [0,1]. For a detailed introduction to interpo-
lation theory see [21], but throughout this work we will only use a characterization of
those spaces via Fourier series as it is done in [31]. Denoting by up = § + km, every
function v € Hg (0,7) and w € H(0,T) with s € [0, 1] can be written as

= wesin (k) w(t) =D wicos (uk) . (1.7)
k=0 k=0

In particular, every function ¢ € L?(0,7) can be written in both the sine and the cosine
basis. Based on (1.7), the norms in H§ (0,7") and H{(0,T) are defined by

- 1

2 2s, 2

”UHL@KOJU ::éifgii'E 1k Vi |hUHHs(073 9725—1 E Nk U%
k=0

The respective dual spaces are denoted by [H (0,T)]* and [H(0,T )]*, and the duality
product is denoted by (-, -)(o,7)-

In the context of fractional order Sobolev spaces we also introduce the modified Hilbert
Transformation Hy : Hg (0,T) — H(0,T) as in [31, §3.4.2] and [24]. For v € H; (0,7)
and w € Hp(0,T) as in Equation (1.7), the modified Hilbert transformation and its
inverse are defined by

(Hrv) ( ka cos( k), (’H;lw) (t) = Zwk sin(pg & ). (1.8)
k=0 k=0
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Note that Hy : Hj(0,7) — H%(0,T) is an isometric isomorphism for all s € [0,1].
For s = %, the modified Hilbert transformation also allows to write the inner products
associated with H&/Q(O, T) and H710/2(0, T) via

(u, U>Héf2(0,T) = (&, H1v) (o 1), <w,z>H10/2(07T) = —<w,H;1z>(O7T).

Next, we introduce the relevant Sobolev spaces for spatial problems. Let  C R¢ be
an open subset with d > 1. Then as defined in [28], we denote by H!(Q) the space of
all functions v € L*(2) with weak partial derivatives 8,,v € L*(Q) for all j € {1,...,d},
equipped with the norm

lollis oy = /101320y + V201220,

Then H&(Q) is the closure of the smooth functions with compact support, with respect
to the norm [|-|| 1 (). Note that instead of the standard norm, we will equip HE(Q) with
the equivalent norm

[0l g3 ) = IVl L2y

The dual space of H{ () will be denoted by H~1(2), and the related duality product by
(-, ). As shown in [28, Chapter 4], the Laplace operator —A, defines an isomorphism
—A, : H}(Q) — H1(Q). Further, it is well known that there exists an orthonormal
basis {¢x tken C HE () of L2(Q) consisting of eigenfunctions of —A,, which is also an
orthogonal basis with respect to the inner product (-, -) HL(9Q)" We denote by Ax the

respective eigenvalues, with 0 < A < Ay < ... < A\ 2 .

Lemma 1.6 ([25, Chapter 2] and [10, §5.7]). Let v € H} (), and write

v(z) = vkdi(x),
k=1

then it holds that
HUH%?(Q) = Zviv HUH?{Ol(Q) = Z A¥i-
k=1 k=1

Further, every f € H=Y(Q) can be formally written as
Fl@)=>" fur(x),
k=1
where f = (f, dr)q. Then it follows that

<f=U>Q:kaUka 110 ZZif;?'
k=1 k=1
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1.3 Bochner Spaces

We denote by @ = Q x (0,T) the space-time cylinder associated to a domain 2 and an
interval (0, 7)), and by L?(Q) all functions which are square-integrable with respect to the
domain @. In this section, we will only cover the relevant results about Bochner spaces,
which will be required throughout this work, for a more detailed introduction consider
[10, §5.9.2] or [26, Chapter 10.1]. In later sections of this work we will frequently deal with
functions y € L%(0,T; H}(2)) with a weak derivative 0yy € L?(0,T; H-1(12)). Using the
results from Lemma 1.6, and interpreting A = —A, as a map from L?(0,7T; H}(9)) to
L*(0,T; H1()), the norms in those spaces are given as

19l 20,7513 () = IV2¥ll 200y = \/(Aus w)g Vy € L*(0,T; Hy (),

1l L2 o,rsm-1 ) = /(- A7 g Vfe L*(0,T; H ().

According to [26, Proposition 10.5], we know [L?(0,T; H}()]* = L%*(0,T; H-1(Q)).
The next result states that such functions y € L%(0,T; H}(£2)) with weak derivatives in
the dual space are continuous in a certain sense, and admit a well-defined trace at ¢t = 0
andt="1T.

Lemma 1.7 ([10, §5.9.2, Theorem 3]). Let y € L?(0,T; H}(Q)) be given, and assume
that Oy € L?(0,T; H-Y(Q)). Then it holds that y € C([0,T); L*(R2)), and that the map
t— ||y(t)Hi2(Q) is absolutely continuous with

Syl 720y = 20w(), y(1)) - (1.9)

Due to this Lemma, we know that the spaces

L(0,T; Hy(2)) N Hy (0, T; H ()

= {v e L*(0,T; HY(Q)) | o € L*(0,T; H (), v(0) =0 in L*(Q)},
L*(0,T; Hy () N H(0,T; H'(2))

= {w € L*(0,T; H}(Q)) | dyw € L*(0,T; H 1)), w(T) =0in L*(Q)}

are well-defined. Another consequence of this Lemma are the following two inequalities.

Corollary 1.8. Given the two functions y € L*(0,T; Hy(2)) N Hy (0,T; H-1(Q)) and
z € L*(0,T; Hy () N Hy(0,T; H()), it holds that

(O, y)g > 0, (Orz,2)g < 0.

Proof: Integrating over the Equation (1.9) we obtain

T
@ = [ 050N 4t = (19T~ 190) ) -
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Using the initial conditions immediately implies the first estimate. The second estimate
follows analogously using the respective terminal condition. O

As in [31], we also introduce H&/Q(O,T; L?(9)) as the interpolation space between
L2(0,T; L*(Q)) and H} (0,T; L2(R)), and similarly define Hy*(0,T; L*(Q)). Then for
u € Hy/*(0,T; L*(9)) and v € H*(0,T; L*(9)) we know that dyu € [H g *(0, T; L2(2))]*
and O € [Hé/ 2(0, T; L?(Q2))]*. Based on those spaces we further define the anisotropic
Sobolev spaces

Hyiy™(Q) = L2(0, T Hi () 1 Hy/* (0, T: L*(©),
H,§*(Q) = L*(0, T: Hy () 1 H (0, T: L*(©),
which are equipped with the norms

= (0w, Hrv) o+ Vavll72 (o), Hw\ﬁ{;_ﬁ/z Q= —<3tUJ,HElw>Q+Hvwai2(Q)~

2
”UHH&»S’/Q(Q) (

Next we state a quite general result about isomorphic operators between Bochner-spaces.

Let Y C L%(0,T;H}(2)) be a Hilbert space, with an inner product induced by an

operator D : Y — Y™ in the sense that |||y, = (D-, >é2/2 Denoting by {¢r}52, C H} ()

the orthonormal basis of L?(€2) from Section 1.2, we know that every y € Y can be
written in the form

y(a,t) =Y ye(t)dn(),
k=1

with suitable coefficients y, € L?(0,7). At this point we assume that
(D(véy), wir)g = 0
holds for all k,¢ € N with k # ¢ and v,w € L%(0,T) such that voy, wg, € Y. Then we
define the spaces
Y, = {ve L*0,T) | (D(vék), vor) g < 0o},
and equip those with the norm

lolly, = \/{D(wex), ven)q.

Then by definition of the norm, and our assumptions on D, it immediately follows that

oo
2 2
Iy =D llwlls, = llylly = lyelly,-
k=1

Defining Dy, : Y, — Y} via (Dyy, z>(0’T) = (D(yor), z(bk)Q, the operator Dj, induces the
norm |-y, . Let us now also assume that we have another space P C L3(0,T; HY(Q)),
with its norm being induced by an operator A : P — P*, and let P, and A : P, — Py
be constructed the same way as for the space Y. The following Lemma states that every
isomorphism B : Y — P* induces a sequence of operators By, : Y. — P, which are also
isomorphisms.
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Lemma 1.9. Let B:Y — P be an isomorphism, and let 0 < cP < B < oo denote the
constants from Equation (1.6), related to the inf-sup stability and the boundedness of B
respectively. Further, assume that

(B(yor), pde)g =0

holds for all k,¢ € N with k # ¢ and y,p € L*(0,T) such that yor € Y and poy € P.
Then for all k € N the operator By : Y}, — P;; defined by

(Bry:p) o,y = (B(yor), pPr))g, Yy € YiVp € Py,
1s isomorphic as well, and the constants cf’“ and CQB’“ related to the inf-sup stability and
the boundedness of By, satisfy ¢ < cf’“ and cf’“ <cB.

Proof: If B is injective, By has to be injective as well, so it only remains to show the
boundedness and inf-sup stability. For the boundedness simply note that for all y € Y;
and p € P, we have

(Buy,p) o) = (Byor), (0o))g < o lyerlly Iperllp = e’ lylly, Ipllp, -

For the inf-sup stability we obtain

sp (Bry:P)o) sup (B(yow), (por))g sup 2 (B(yor), (pede)) g
0#£pE Py, Hp”Pk 0#£pE Py, HPHPk 0#pEP Y] ||pk||Pk
(B(yor),p)
> sup ——— > cPllygilly = cFlylly, O
ozper  lIpllp

When deriving estimates involving Bochner-spaces in later sections of this work, the
following simple inequalities will also be helpful.

Lemma 1.10. Let a,b,c,d € R, then it holds that
(a+b)? < 2(a® + b?), (1.10)

as well as

ac + abd < /a2 + ab®V/ 2 + ad? (1.11)
Proof: The first inequality directly follows from
0<(a—0b)?=a*—2ab+b> = 2ab<a®+0
For the second inequality we first observe that

(ac+ abd)? = a®c® + 2a(ad) (be) + o*b*d>
<a’c® + a((ad)® + (be)?) + a?b?d® = (a® + ab®)(c* + ad?).

Taking the square root of this inequality proves the desired claim. ]



2 Optimal Control Theory

In this work we will consider optimal control problems of tracking type, for which we
aim to drive some state y of a dynamical system close towards a desired state yq using
an optimal control u which minimizes some related cost functional. When computing
optimal control policies there is an important distinction between so called closed-loop
control policies u(y,t), which depend on both the current state and the current time,
and open-loop control policies u(t), which only depend on time. In general it is easier to
to compute an open-loop control u(t) for a given initial state of the system, that drives
the system towards the optimal state y(¢). But in case that the actual state is disrupted
by random perturbations not incorporated by the model, for example due to random
temperature fluctuations or wind, the control u(t) will yield suboptimal results at best.
In cases where the desired state is not stable, like it is the case for the upright position
of a pendulum for instance, the control u(¢) might fail to regulate the system at all. In
those cases it is necessary to derive a suitable closed-loop control u(y,t), which captures
the optimal control response if the state is y at the time ¢, for all possible pairs (y, t).

In this chapter we aim to introduce the Hamilton-Jacobi-Bellman equation (HJB),
which gives rise to a closed-loop control, and the Pontryagin Maximum Principle (PMP),
which provides a way to compute an open-loop control. First, some fundamental prin-
ciples of classical mechanics are discussed, before the relationship between Hamilton’s
equations and the Hamilton—Jacobi equation is established, closely following the text-
books [9, Chapter 6 and 9] and [8, Chapter 1-2]. After establishing a similar relation
for the HJB equation and the PMP, we consider the prominent special case of a Linear
Quadratic Regulator (LQR) as in [22]. Finally, the chapter concludes with an extension
of the usual LQR setting to Hilbert spaces, following [19].

2.1 Principles of Classical Mechanics

The main purpose of this section is to introduce Hamilton’s equations of motion and
the Hamilton—Jacobi equation, since the solutions associated to those formalisms have a
similar relation as closed-loop to open-loop controls. While solving Hamilton’s equations
with a fixed initial position and initial impulse provides the trajectory x(¢) and the
related impulse p(t) of a point mass as a function of time, the solution of the Hamilton—
Jacobi equation for a fixed initial or terminal position yields a relation p(z,t), and thus
characterizes the impulse of all possible trajectories. B

In order to illustrate the difference between these two formalisms, we will consider the
simple model problem of a point mass m within a gravitational field. Throughout this
section, we denote by z : [0,7] — R2,t +— (z(t),2(t))" its time-dependent trajectory,
where we have restricted ourselves to two spatial dimensions for the sake of simplicity.

19



20 2. Optimal Control Theory

2.1.1 Lagrange and Hamilton Formalism

Assume that we are given an initial position 2(0) = z, = (z0,20) ' € R? and an initial
velocity £(0) = vy = (v, wo)' € R%. Then, in the Newtonian point of view, the particle’s
trajectory is solely determined by the initial conditions and Newton’s equation, see for
instance [8, Chapter 1.1] or [3, Chapter 1], which states that

m(t)=F, te(0,T]. (2.1)

As a simplified model of a gravitational field we choose the constant force F' = (0, —mg) "

with g > 0, but in general this force may also depend on the time, the particle’s position,

its velocity or acceleration. Plugging this force into Newton’s equation results in the
system

mi(t) =0, z(0) =x9, 2(0) = vy,

mz(t) = —myg, 2(0) = 20,  2(0) = wo. (22)

Solving this system of differential equations then yields the general solution

x(t) xo + vot
a(t) = ( 2(t) > - < 20 + wot — 4t2 )
This constant force F' is part of a special class of position dependent forces F(x) called
conservative forces, for which there exists a potential function V : R? — R such that
F(z) = —VV(z). This potential function V(z) is often referred to as the potential
energy of the system. For our specific choice of I = (0, —mg)' the potential energy
is given by V(z) = V(z,2) = mgz. A related quantity is the kinetic energy associated
with the mass m, which is defined by T'(v) = T'(v,w) = m(v*+w?) Then the total energy

2
associated with the mass m at position z and with velocity v is defined as the sum

E(z,v) =T(v) + V(z).

For conservative forces, it is well known that Equation (2.1) in combination with the
chain rule implies conservation of this total energy. So in our specific example, we have

E(x(t), i(t)) = Fo = E(zg,v) = ™0 4 gz Ve e [0,T).

Instead of solving Newton’s equation, one can also use the Lagrangian formalism to
derive the same trajectory of the point mass. A formal introduction to the Lagrangian
formalism from a physicist’s perspective is given in [8, Chapter 1.4] or [13, Chapter 2]
for example, while books like [9, Chapter 6] or [12, Chapter 1, §4] also focus on the
mathematical aspects and technical details. In contrast to Newton’s description of a
dynamical system using forces, the Lagrangian formalism is purely based on the concept
of energy. The central object of this formalism is the Lagrangian L(z,v) of the system,
which is defined as the difference between the kinetic and the potential energy. In our
specific example of a mass within a gravitational field we have

L(z,v) = L(z,z,v,w) = M — mgz. (2.3)
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Then the so-called action functional, acting on a trajectory, is defined as

T
Sla] = / C(x(t), 2(1)) dt
0

Based on this action functional, the principle of least action states that the physically
meaningful trajectory of the particle has to be a (local) minimizer of this action func-
tionall. As shown in [8, Chapter 1.5] using standard techniques from calculus of varia-
tions, the trajectory leading to a stationary action functional has to satisfy the Fuler-
Lagrange equations given by

L (VoL(z(t), (1)) = VoLl(z(t), &(1)). (2.4)

This system of differential equations can be solved in combination with initial conditions,
in order to determine the future behaviour of a system. For our specific example we
have already derived the specific form of the Lagrangian in Equation (2.3). For this
Lagrangian the partial derivatives are given by

oL __ oL __

or 0, 9z — MY,
oL __ oL __

v muv, Jw — muw.

Therefore the Euler-Lagrange equations reduce to

mi(t) = § (G5 (x(t), 2(1), &(8), (1)) = G (x(t), (1), &(2), £(¢)) = 0,
mi(t) = & (95 (x(t), 2(t), (t), (1)) = 9= (x(t), (), &(t), 2(t)) = —myg,

which is exactly the same system (2.2) that resulted from Newton’s equation.

A third possibility to treat the same problem is given by the so-called Hamilton for-
malism, which is also based on the principle of least action. Instead of the velocity v, the
Hamilton formalism is formulated in terms of the the impulse p(z,v) = V,L(z,v). As-
suming that this equation defining p(z,v) can be explicitly solved for a relation v(z, p),
the so-called Hamiltonian of the system is defined by B

H(z,p) = (p,v(z,p)) — L(z,v(z, p)). (2.5)

As shown in [9, Chapter 6.5], this Hamiltonian can be used to rewrite the Lagrange
equations (2.4), which are in general N second order differential equations, into 2N first
order differential equations of the form

i(t) = VyH(z(t), p(t)),
p(t) = =V H(z(t), p(t))-

'Note that in parts of the literature, the principle is nowadays called the principle of stationary action,
since there are scenarios in which the particle’s trajectory is only a saddle-point of the functional,
see for instance [14]. But for the purely motivational purpose of this work, it is sufficient to think of
the physically meaningful trajectory as the minimizer of the action functional

(2.6)
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These are called Hamilton’s equations of motion, and they are once again another equiv-
alent reformulation of Newton’s second law. In our specific example of a mass within a
gravitational field the impulse relation p = (p, Q)" = VL just translates to p = mv and
g = mw. Therefore the Hamiltonian H is given by

H(:Ua 2, Py Q) =puv+qu — E("B: Z,0, ’U))
=p(2) +aGH) — (3 () + (5)?) = mgz) = Pori + mys.

Therefore Hamilton’s equations of motion (2.6) reduce to the system

pt) = P (x(t), p(t)) = 0,
q(t) = ZL(z(t), p(t)) = mg,
i(t) = = G a(t),p() = ~ 52,
A(t) = —ZL(x(t), p(t)) = — L2,

Differentiating the third and fourth equation, and plugging the first and second equation
into the third and fourth equation respectively again results in the same second order
system as originally obtained by Newton’s equation.

2.1.2 Hamilton—Jacobi Equation

In Section 2.1.1 the principle of least action was introduced as an alternative, but equiv-
alent formalism to Newton’s second law. According to this principle of least action,
we assign an action to all theoretically possible trajectories, and then try to find the
trajectory with the lowest action, which consequently has to be a solution of Hamilton’s
equations (2.6). Let us fix a starting point z(0) = z, and a terminal point (7)) = z,
and let us assume that regardless of the specific choice for xy,z; € R? and T > 0,
there exists a unique trajectory satisfying those boundary conditions and Hamilton’s
equations (2.6). Then we can define

T
S@pﬂzsmzjtmw@mwu
0

as the minimal value of action that can be achieved when travelling from z; to zp
within the time 7. Since the terminal condition z; and the associated time 7" were
chosen arbitrarily, they can be varied to obtain a function S : R? x [0,00) — R. From
now on we will write S(z,t) instead of S(zp,T). It turns out that this action function
S(z,t) can also be characterized via the partial differential equation

95 +H(z,V.S) =0, (2.7)

as it is shown in [9, Chapter 9.3] for example. This partial differential equation is called
the Hamilton—Jacobi equation, and its use is not just restricted to physics. As we will
see in Section 2.2, this equation also plays a major role in optimal control theory. The
following Lemma relates the Hamilton—Jacobi equation to Hamilton’s equations.
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Lemma 2.1 ([10, §3.2.5 Example 6 and §3.3.1 Theorem 2]). Applying the method of
characteristics to the Hamilton—Jacobi Equation (2.7) yields Hamilton’s equations of mo-
tion (2.6). Further, the Hamiltonian H is conserved along trajectories solving Hamilton’s
equations of motion.

As discussed in [10] and [13], once the solution S(z, t) of the Hamilton—Jacobi equation
is known, the impulse p can be computed as p(z,t) = VzS(z,t). To illustrate this
impulse relation, we will again focus on our specific example of a mass m within a
gravitational field, and solve the related Hamilton—Jacobi equation. Recall that we have
derived the Hamiltonian

2 2
H(g.p) = H(w, 2,p,9) = 5, +mgz.

Further, we have already shown that trajectories satisfying Hamilton’s equations of

motion are given by
< az(t) > xo + %t
A ) "\ mrmoo

where the initial velocities were replaced by the initial momenta py and gg. Now assume
we want to know the action it takes to travel from (z¢, z) " to some point (2, 2’) " within

the time ¢’ > 0. First of all we note that
" B mx’;x
o) \m(ZH2+g) )

z(t)\ [

28 )\ 7
Then, using that the Hamiltonian is conserved along trajectories solving Hamilton’s
equations of motions, we obtain

G (@2 1) = (5) (@), 2(t),1') = =H(z(t'), 2(t), p(t'). a(t')) = —H (w0, 20, Do, d0)

2.2 2 =\ 2
— _Pot% — _m (2= \" _m (=2 4 gt  _
= " Tom mgzp = —3 7 2 7 T3 mgzo

= () () - g g

We integrate this equation with respect to ¢’ and omit the prime when writing the
coordinates in order to obtain the action function

milz+2z m23
S(z,2,t) = B ((x — m0)% + (2 — 29)?) — Mtz _ mgt?,

Taking the gradient of this function with respect to z and z then yields the impulse

relation
m(z—xo)
>: ( m(z—zoﬁ_migt )
t 2

,2(t))T is computed for m = 1 kg, 29 = 0 m,
,qg0 =20 m'Tkg, and plotted together with the level lines

S(ZL‘, Z, ti) = S(:L’(tl), Z(ti), ti)

p(z,z,1) = (

NS

In Figure 2.1, the trajectory (z(t

20 =50 m, pg =15 m'skg

~—
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Figure 2.1: Left side: Plot of a specific trajectory together with different level lines of
the action function. Right side: Plot of the same trajectory together with
the impulse p(z, z,t) = V5(z, 2,t) for a fixed time.

g
lines are perpendicular to the trajectory. This is in alignment with the theory, since the

impulse p(t) is always tangential to the curve, but also orthogonal to the level lines of
S(z,z,t) due to p = V5. The second graph in Figure 2.1 shows the same trajectory,
together with the impulse p(z,z,t) = V.5(z,2,t) on a grid of points in the plane for

a fixed time ¢t = 1—10 %. The impulse p(z, z,t) describes the impulse the mass would

have at the point (x,z)", if it has moved from (0,50)" to (x,z)" within the time ¢.

for different times t; € {,/2£-0.87 | j € {0,...,20}}. The graph shows that the level

To conclude this quick revision of concepts from classical mechanics, we want to high-
light once more the difference between solving Hamilton’s equations of motion and the
Hamilton—Jacobi equation. As shown in the right graph in Figure 2.1, solving Hamil-
ton’s equations provides the trajectory x(t) for every point in time, as well as the change
of the trajectory at every point in time in form of the impulse p(¢). In contrast, solving
the Hamilton—Jacobi equation yields an impulse relation p(z,t), containing information
about the impulse of all possible trajectories the system could take beginning from our
initial condition, but does not provide a single trajectory without having to additionally
solve another ordinary differential equation.
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2.2 Hamilton—-Jacobi—Bellman Equation

Let T' > 0 be given. The abstract optimal control problem considered in this section is
given by

min  J(y,u
yeYueld

subject to y(t) = f(y(t),u(t),t), te€(0,T]
y(0) =y,

Here y : [0,T] — R™ represents the state of the system we would like to control, with
Y, € R™ constituting the initial state of the system, and Y denoting the state space.
The function w : [0,7] — R™ allows to influence the system, with the set U denoting
the set of all admissible controls. This set of admissible controls allows to incorporate
constraints, for example to keep the control u(¢) bounded. For this section we will simply
assume that

T
)= [ £(s).u(s).) ds + 9(u(T))
(2.8)

U={u:[0,T] - R™ | u is measurable},

following the setting used in [10, Chapter 10.3]. The dynamics are governed by the
function f : R™ x R™ x [0,7] — R", and the cost of using a specific control strategy
u € U is described by the functional J. This cost functional consists of two parts, with
the first part involving the integral over the function £ : R™ x R™ x [0, 7] — R, which we
will call the Lagrangian associated to the control problem, and the function g : R — R,
penalizing only the terminal state.

In what follows we will describe how to use the HJB equation to derive closed-loop and
PMP to derive open-loop controls for the control problem (2.8). First of all we define the
value function V (y,t), which is the central object of the HJB equation, analogously to the
role of the action function S(z,t) within the Hamilton-Jacobi equation in Section 2.1.2.

Definition 2.2. Let y, € R", {o € [0,T) and u € U be given. Further, denote by y(t)
the unique trajectory solving the initial value problem

y(t) = fy(), u(t), 1), te€ (to,T],
y(to) = y,-

Then we define the cost associated to a given control u as

T

Cyolu] = / Ly(s)u(s). s) ds + g(y(T)).

to

The value function V(go,to) is then defined as the minimal cost that can be achieved,
meaning that
V(Y to) = min Cy, ¢, [u]

We will usually write V(y,t) instead of V (y,, to).
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This value function V(y,t) represents the cost-to-go, if one does start at y(t) = y
instead of the fixed initial position y(0) = Yo The following Lemma plays a key role in
the derivation of the HJB equation. Roughly speaking it states that the optimal cost
V(y,t), when beginning at the time ¢ with the state y, is the same as the sum of the
running costs when following the optimal trajectory for a small time 7 > 0 to the point
y(t+7), and the optimal cost V' (y(t+7),t+7) for the remaining time interval (¢ +,T7.

Lemma 2.3 (Bellman’s Optimality Principle, [10, Chapter 10.3.2]). Let V(y,t) denote
the value function, and let t € [0,T],7 > 0 be given such that t + 71 <T. Then it holds

that
t+1

V(y,t) = min / L(y ,8) ds +V(y (t +7),t+7) ]|, (2.9)

uel

with gu(s) denoting the solution of the initial boundary value problem

\ <
—
V)
~—

= f(yg(s),g(s),s), s € [t,t + 7],

(t) =y.

|

1S

In order to characterize V (y,t) via a partial differential equation, we will assume that
V is at least continuously differentiable twice. This is only done for the sake of simplicity,
note that [10, Chapter 10.3.2] also provides a proof using the weaker notion of viscosity
solutions. Now following [1, Chapter 2.2], we take the optimality principle from Equation
(2.9), subtract V(y,t) = V(y,(t),t) on both sides, and subsequently divide the equation
by 7 > 0, resulting in B

7T£ V(y, (t+7),t+7) = V(y, (t),t)

,8) ds + = -

T

0 = min
ueU

Now assuming that the map t — V(y, (¢),t) is sufficiently smooth, one can take the limit
7 — 0 to arrive at

0 = min (£(y,,(1),u(t). ) + (V,V (1,(0).0). £, (0. u(0). 1)) + 57 (5, (0).)
Note that the minimization is formally still over all trajectories u € U, but only the
function value u(t) matters, such that the minimization can be reduced to finding the
minimizing v = u(t) € R™. Next we use yg(t) = y and the fact that %—‘;(g, t) does not
depend on u at all to conclude

%/(Q’ t) + min (ﬁ(g, u,t) + <VEV(Q, t), f(y, g,t)>> =0. (2.10)

ueR™

This is the so-called Hamilton—-Jacobi-Bellman equation, in short HJB equation, and
it allows to characterize the value function V' (y,t) by a partial differential equation,
similarly to the Hamilton-Jacobi equation (2.7) and the action function S(z,t). Ad-
ditionally to the Equation (2.10), the value function satisfies the terminal boundary
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condition V(y,T) = g(y). It is common in the literature to define a Hamiltonian
H:R™ x R™ x [0,7] — R associated to the control problem via

H(y,p,t) = min (L(y,u.t) + (p. f(y,u 1))

u€Rm i

which allows to rewrite the Hamilton—-Jacobi-Bellman equation into the form
%/ +H(y, VEV(Q, t),t) = 0.

Note that this equation exactly resembles the Hamilton—Jacobi equation (2.7) from clas-
sical mechanics. Now in order to construct an optimal control from a solution V'(y,t) of
the HJB equation, we choose u(y,t) for all y € R" and ¢ € [0, 7] such that

u(y,t) € arg min (E(y, w,t) + <VgV(y, t), [y, w, t>>) -

weR™

Note that the right-hand side constitutes a set, since the minimum, and therefore also
the optimal control u(y,t), is not necessarily assumed to be unique.

As we have seen, the HJB equation can formally be written in the same form as the
Hamilton—Jacobi equation. Therefore, according to Lemma 2.1, the method of charac-
teristics imply

y(t) = VpH(y(t), p(t), 1),
p(t) = =V H(y(t),p(t), 1),
u(t) € atg min (L(y(t),w,t) + (p(t), f(y(t),w, 1)),

where we have introduced the adjoint state variable p(t). Note that due to the explicit
time dependence of H, the quantity H(y(t), p(t),t) is in general not time-invariant. This
optimality condition is called the Pontryagin’s Maximum Principle, in short PMP. Solv-
ing this system leads to an open-loop control wu(t), in comparison to the closed-loop
control u(y,t) obtained from solving the HJB equation. Recall that the right plot in
Figure 2.1 showed that when solving Hamilton’s equation of motions, we obtain a single
trajectory for every point within the time interval, whereas solving the Hamilton—Jacobi
equation provided the direction in which the particle will move for any point in space and
time, but does not produce a trajectory without having to solve another system of dif-
ferential equations. Similarly, the open-loop control u(¢) provides the optimal response
and the related trajectory for every point in time, but only along this specific trajectory,
and the closed-loop control u(y,t) provides the optimal response at every point in space
and time, but not the related optimal trajectory without having to additionally solve a
system of differential equations in a post-processing step.
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2.3 Linear Quadratic Regulator

This section closely follows [22, Chapter 3]. We will consider the special case of the
optimal control problem (2.8), given by

T
min J(y,u) = /%(y(s) — ()T Q(5)(y(s) — y,(5)) + 3uls) " R(s)u(s) ds
B 0 (2.11)
subject to y(t) = A(t)y(t) + B(t)u(t), te(0,T]
y(0) =y,

Here y(t) € R™ and u(t) € R™ again represent the state and the control like before, and
Y d(t) represents a desired target trajectory. The dynamics are now governed by a linear
system of differential equations, involving the matrix-valued maps A : [0,7] — R™*"™ and
B :[0,T] — R™™. The cost functional J is based on the maps @ : [0,7] — R™*™ and
R :[0,T] — R™ ™ for which it is assumed that both R(¢) and Q(t) are symmetric and
positive definite for all times ¢ € [0,7]. Therefore this specific optimal control problem
corresponds to the abstract control problem (2.8) with the Lagrangian

Llyut)=3y—y,0)) QM) —y,1) + 3u" R(t)u

and
f(yu,t) = Alt)y + B(t)u.

We will use the theory from the previous section to investigate how an optimal closed-
loop control strategy for the control problem (2.11) can be derived. First note that the
associated Lagrange function L(y,u,t,p) of this constrained minimization problem is
given by
L(y,u, t,p) = L(y, u,t) +p' f(y,u,t)
= 3 —y,0)) QY —y, (1) + 3u R(t)yu+p' (A(t)y + B(t)u)

and recall that the Hamiltonian associated to such a control problem is defined by

H(y,p,t) = urgﬂgln L(y,u.t,p).

Further, note that the Lagrange function L(y,u,t,p) is differentiable and strictly convex
with respect to u, such that we can find the global minimum by means of differentiation.
We just solve V, L = 0, which yields

0=R(t)u+ B(t)TQ = U = —R(t)_lB(t)Tp.
Using this result, the Hamiltonian can be written as

H(y,p.t) = L(y, (~R(t)'B'p),t,p)
=3y—y, ) QW —y, () +p At)y — sp  B)R(t)""B(t)"p.
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To derive a closed-loop control u(y,t) we solve the related Hamilton—Jacobi equation
~5r =3 —y,) Qu—y,) + (VyV) Ay — 5(V,V) BRT'B'(V,V),

together with the terminal boundary condition V(y,T') = 0. As in [22, Remark 3.6] we
use an ansatz of the form

Then we can use

yTP()A( = by POA® + § (s POAWY) = 3T (POAD + A0 PO) 4

such that comparison of the coefficients leads to the coupled system

P(t) + Q(t) + P()A(t) + A(t) ' P(t) — P()B()R(t)"'B(t) ' P(t),
i(t) = Q()y, () + A(t) "n(t) — P()B®R() " B(t) "n(t),
C(t) + 3,0 Q1) — 5n(t) " BORE) T B(®) "n(t).

o o
II—
|_|

To fully describe the value function, all three equations from above have to be solved.
But in practical applications we are not interested in the value function V(y,t), but
rather in the optimal control u(y,t), which is related to the value function via

u(t) = —R(t)"'B(t) "'V, V(y,t) = —R(t)'B(t)" (P(t)y +n(t)) -

Therefore the function ((t) is irrelevant if only u(y,t) is of interest, and the third differ-
ential equation can be neglected. Then it only remains to solve the coupled system

. ! —

P(t) = P()B(t)R(t) ' B(t)T P(t) — Q(t) — P()A(t) — A(t) " P(t), P(T)=0,

!

g
0(t) = (BOR® ™ BOTPE) — A®)) n(t) + Q()y, (), W(T) =0,

which will be done numerically in practice or even analytically if the target function is
known and has a simple form. The first of these two equations is a differential equation
of Riccati type, while the second is just a linear differential equation.
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2.4 Tikhonov Regularization in Hilbert Spaces

In this section we follow [19], and introduce a more abstract setting for the optimal
control problem (2.11) with Q(s) = I, R(s) = oI for o > 0 and g(y) = 0, based
on Hilbert spaces. Let H be a real-valued Hilbert space, and Y, P be continuously
embedded subspaces such that Y € H C Y* and P C H C P* form Gelfand triples.
Further, let A: P — P* and B : Y — P* be linear and bounded operators with

A
14pllp- < cslplp, Yy €Y. |Byllp- < Fllylly, VreX.

Additionally we assume that A is self-adjoint and elliptic, with its ellipticity constant
being denoted by c’f‘ > 0. Then the Lemma of Lax—Milgram implies that A : P — P*

defines an isomorphism. Further, \/ (Ap,p) p« p and \/ (f, A=1f) puy p define equivalent

norms to [|-|| p and ||-|| p», due to

1 1
Ajl12 A2 2 -1 2
a HpHPS<Ap7p>P*><PSCZ Hp”P7 Cj”ﬂP* §<f7A f>P*><p§67AHfHP*
2 1
for all p € P and f € P*. For B let us further assume that the adjoint operator
BT : P — Y* is injective, and that the inf-sup condition

By, p) p-
inf sup BUPIEr o B
0£yeY ozper Yy llllp

holds. Then the Banach—Ne¢as—Babuska theorem implies that B defines an isomorphism
as well.

Now in order to generalize the optimal control problem (2.11) for a given desired
target yq € H to Hilbert spaces, we replace the differential equation representing the
system dynamics by the operator equation Byeps = u, with yopt denoting the optimal
state. Instead of choosing Y directly as the state space, we will write the optimal state
as Yopt = Y + Ye, Where y. defines a suitably chosen extension of the initial value, and
y € Y is the new state variable with homogeneous initial conditions that we aim to
compute. Thus the state equation can be written as By = u + f, with v € P* and some
f € P* depending on y4. Since the control u does not necessarily have to be an element
of H in this setting, we will use the dual norm Hu||?3* for the regularization. Thus, for
o > 0 the resulting optimal control problem reads

. 1 —ygll? + 2{u, A1
Jemin - 5lly +ye — yally + §(u, A7 0) pe (2.13)

subject to By=wu+ f in P*.

Substituting u by By — f within the cost functional, this constrained optimization prob-
lem is equivalent to the unconstrained optimization problem

min J(y) = 3y +ve —vally + §(By = £, A7 (By — 1)) pr p- (2.14)
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Using that A~! is self-adjoint, this functional can be rewritten as
J(y) = 3y + ve — yal 5+ EBTA By, yhysxy —o(BT AT f, )y ey + 2L AT ) o
Now the optimality condition 6.J(y;h) = 0 for all h € Y implies
Y+Ye—ya+ 0B A'By—oBTAT'f =0 inY*
At this point we define the modified target 94 = yq — ye + 0BT A~ f, as well as another

linear and bounded operator S :Y — Y* by S = BT A~'B. Then the last equation can
be rewritten into the more compact form

y+oSy=754 inY", (2.15)
which is equivalent to the variational formulation of finding y € Y such that
<y’ U>H+Q<Syav>y*xy = <gdav>Ha V/U € Y (216)

Alternatively, we can also introduce the adjoint state p = A~™'By € P, and write the
operator equation as the equivalent system

(P) By =u+ f, in P*,
(D) B'p=y+ye—ys, Y (2.17)
(G) p+ oA lu=0, in P,

consisting of the primal, the dual, and the gradient equation. Note that the three equa-
tions closely resemble the optimality conditions from Pontryagin’s Maximum Principle.

Lemma 2.4 ([19, Lemma 1]). The operator S : Y — Y™ is a linear, bounded, self-adjoint
and elliptic operator satisfying

Cf‘|y||§/ S <Sy7y>Y*><Ya Vy € Y
and
(8Y, 2)ysyy < CgHy”YHZ”Y Vy,z €Y,

) B\ 2 B 2
with ¢§ = ci! (Z—IA) and c5 = (CQA) .
2 1

These properties of S and the Lemma of Lax—Milgram immediately implies S is iso-
morphic, and that [|-||g = 1/(S",-)y+yy is equivalent to ||-||y-. Thus the operator equa-

tion (2.15), the variational formulation (2.16) and the system (2.17) are all uniquely
solvable. Further, it is possible to derive error and stability estimates for this unique
solution y € Y of the optimal control problem.

Lemma 2.5. Assume that §q € H, and let y € Y denote the unique solution of the
operator equation (2.15). Then there hold the stability estimates

—-1/2

1Yl < lgallzs  Nylls < o™ lall -

If we further assume §g € Y C H, it holds that

1Ylls < ll7alls-
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Proof: The first two estimates are shown in [19, Lemma 2|. For the last estimate note
that

-2 2 2 2
7alls = oSy +yls = Q2HS?JHS +20(5Y, SY)y+ny + 1¥ls
= *|ISyllE + 20(Sy, Sy) iy + lyllE = *1Syll% + 20 Sylly; + llyllE > lyls. O

Lemma 2.6 ([19, Lemma 3]). Assume that jq € H and let y € Y denote the unique
solution of the operator equation (2.15). Then there holds the error estimate

ly = Yall g < 19all &-
If we further assume that yq € Y it holds that

1/2

1y = Gallg < o ldalls, Ny — Falls < |9alls-

If the target satisfies the even stronger condition Syq € H it holds that

1/2

1y = Jallg < ollSTall g 1y = Falls < 0115 Tall -

Note that when solving the abstract optimal control problem (2.8), we are actu-
ally rather interested in estimates for ||y + ye — y4l/y and ||ully-«, than in estimates for
v — Gall iy and ||lyl| g, ||| - The following corollary relates those estimates to each other.

Corollary 2.7. Assuming that yq,ye and BT A= f are in H, the optimal control prob-
lem (2.13) is uniquely solvable, and y € Y is the unique minimizer if and only if y
satisfies the operator equation (2.15). Further, the following statements hold:

(i) The discrepancy error can be estimated by

||y + Ye — deH < HdeH + HyeHH + QQHBTA_lfHHa

and the optimal control cost can be estimated by
el pe < 11+ 072 (lyallr + lyell g + 1BTA™ f 1)
(i) If further §q € Y the discrepancy error can be estimated by

ly + ye = yallir < 0" Il7alls + ol B" A7 f 7,

and the optimal control cost can be estimated by
[ull p« < £l p« + 17alls
(iii) If Sgq € H the discrepancy error can be estimated by
Iy + ve = vallr < 0 (ISFallr + IBTA™ 1l )

and the optimal control costs stay bounded with the same estimate as in (ii).
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Proof: The constrained optimization problem (2.13) is equivalent to the unconstrained
optimization problem (2.14). Since the quadratic functional J(y) satisfies

82J(y; h) = (Sh, h)yury > 5 ||RI[5

it is strictly convex. Thus the functional J(y) does admit a unique minimizer, and the
first order equation
0J(y;h) =0 VYheY

is both necessary and sufficient for a minimizer. But as we have seen, this equation is
equivalent to the operator equation (2.15), which concludes the first part of the state-
ment.

All the error estimates for ||y + y. — yq||; are a direct consequence of the fact that

Y—Ga=y— Wa—ve+oB AT )= (y+ye —ya) — 0B AT,

the triangle inequality, the inverse triangle inequality, as well as the respective error
estimates from Lemma 2.6. The control cost estimates are a consequences of Lemma 2.5
in combination with

pe = 1By = fllp- < Ifllp- + 1Byl -
= 1llp+ + /(By, A BY) pecp = 111 - + s,

[l

which completes the proof. O

In practice, for many interesting optimal control problems the operator equation
(I + 0S)y = yq will not be analytically solvable. Instead we have to rely on suitable
numerical approximation schemes, for which we utilize the equivalent characterization
as the variational formulation (2.16). To approximate the solution of this variational
formulation, let Y, C Y be a finite dimensional subspace, and consider the discrete
variational formulation of finding y, € Y}, such that

<yhavh>H + <Syh7 Uh>Y*><Y = <gda Uh>H (218)

holds for all v, € Y},. Since this is a Galerkin-Bubnov type variational formulation with a
conformal ansatz space, the unique solvability of the continuous problem already implies
well-posedness of this discrete problem. Further, by subtracting Equation (2.18) from
Equation (2.16), we obtain the Galerkin-orthogonality

(Y = Yn,vn) g + (S = Yn); Vh)yxy =0, Vun € Yy,
This Galerkin Orthogonality allows to derive a Cea-type estimate for the error ||y — ys || ;-

Lemma 2.8 (Cea’s Lemma). Let y and yp, denote the unique solutions of the variational
formulations (2.16) and (2.15) respectively. Then we have

ly = vl < it /lly = onlly + olly — wll3
UhEYh
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Proof: Using the Galerkin-orthogonality, the generalized Cauchy-inequality from Corol-
lary 1.5 and inequality (1.11), we conclude that

ly —wnll3 +elly —vnlls = W —vny —yn) g + (S —Yn), ¥ — Un)y=ny
=Y~ Yn, ¥ — V) g + (S = Yn) ¥ — Vn)yxy
<y = ynllglly — vnllz + olly — ynllslly — vrlls

2 2 2 2
< \Vly = wal% + elly — w24/ ly = vl + elly — vl

2 2 2 2
V=l + olly — vl < \/lly — val% + olly — vall3
holds for any vy € Y3. Therefore taking the infimum over v, € Yj completes the
proof. ]
Remark 2.9. Note that this form of Cea’s Lemma allows us to estimate the norm

lyn + ye — vall gy, since the triangle inequality implies

lyn +ye —vallg < 1y +ve —vallg + 1y — wnllg

<y +ve — vally + it \/lly — vl + olly — vall3
VRLEYR

The first term on the right-hand side of this equation does only depend on the reqularity
of the target, whereas the second error depends only on the approximation properties of
the discrete ansatz space Yy,.



3 Optimal Control of the Heat Equation

Let T > 0 and Q C R? be a bounded domain with d € {1,2,3}, and further denote by
Q=Qx(0,T)C R(@1) the space-time cylinder. In this chapter we will consider the
model problem in which the system dynamics are described by the the heat equation

aty(xv t) - Axy(xv t) = u(x’ t)v (x’ t) €Q,
y(z,0) =0, x € 3y = Q x {0}, (3.1)
y(x,t) =0, (x,t) € X =00 x (0,T),

with u(x,t) denoting the control, which allows to influence the state y(x,t). The goal is
to derive a suitable control u(x,t), such that the associated solution of the heat equation
is close to a desired target state y; € L?(0,T), which can in general not be realized
exactly due to insufficient regularity. How close a given state is to a target will be
measured by means of an appropriate cost functional.

One popular strategy to solve this problem is to discretize the space first, in order to
rewrite the heat equation into a system of first order linear differential equations of the
form

Myj(t) — Apy(t) = u(t),  fort e (0,7),
y(0) = 0.

Here M} and Aj denote the mass and the stiffness matrix respectively, resulting from
the spatial discretization. Then, utilizing for example a L2-Penalty for the control, one
can use the LQR-~Theory described in Section 2.3 to derive suitable open-loop or closed-
loop control policies. While the simplicity of this approach is appealing, one major
drawback is the large size of the involved system matrices, especially for problems in
three spatial dimensions with geometries requiring a fine mesh. As a remedy, there are
several techniques to reduce the dimensionality of the problem while maintaining an
acceptable accuracy, see for example [4] or [16], which are out of the scope of this work.

In order to simplify the analysis within this chapter, we will use the strategy described
in [17] instead, and decompose the state y(z, t) based on the eigenfunctions of the Laplace
operator —A; 1 : L?(Q) — L?(Q), such that the considered optimal control problems can
be decoupled into a sequence of independent optimal control problems, each only involv-
ing one ordinary differential equation as a constraint, instead of a partial differential
equation. Note that even though this approach can also be realized numerically for do-
mains with a very simple structure, see for instance [17], it is in general not desirable
to use this decoupling for controlling the heat equation, since one would have to first
numerically compute all relevant eigenfunctions of the Laplace operator —A, related to
the domain.

35



36 3. Optimal Control of the Heat Equation

3.1 Space-Time Variational Formulations

Multiplying the heat equation (3.1) with a test function p(x,t), integrating over the
space-time domain () and using integration by parts yields the weak form

/ (Ow)p + (Vay, Vep) dodt = / up dadt (3.2)
Q Q

Following [18] we define the state space Y7 and the adjoint state space Py via
Yy = L*(0,T; Hy() N Hy (0, T; H'(Q),  Pr=L*0,T; Hy(Q)),

which are equipped with the norms

lylly, = \/”8ty||%2(0,T;H—1(Q)) +IVatlizgy  IPlp = IVeplr2g)-

Writing A = —A, : L*(0,T; H}(2)) — L*(0,T; H1(2)), we know ||p||?31 = (Ap,p)g
holds for all p € P, and similarly || f HQPf =(f,A7'f) 0 holds for all f € P;. Therefore

we can define the linear, bounded, self-adjoint and elliptic operators Dy : Y1 — Y|* and
Al : P1 — Pl* via

<D1yvz>Q = <8tyw4_13t2>@ + <Ay7Z>Q7 <A1pa Q>Q = <Ap7 Q>Q7

in order to obtain HyH%/1 = (D1y,y)q and HpH2P1 = (Aip,p)y- Now we assume that
u € Py and further define the operator By : Y1 — Py via

(B1y:p)g = (0w p) + (Vay, Vab) 12
then the heat equation can be rewritten into the operator equation
Biy=u in P;. (3.3)

We call this formulation the primal formulation of the heat equation. The next lemma
establishes unique solvability of this primal formulation.

Lemma 3.1 ([11, §3.2.1]). The operator By : Y1 — P} defines an isomorphism satisfying

Blyvp
< >Q cf ' and inf sup

(Biy:plg  m,
0£yeYi ozpery Yy, ol p, —

sup  sup e

ozyeys 0£pe Py 1Yy, Ipllp, —
with c?l =1 and 0231 =/2.

Alternatively, we can also take the integral formulation (3.2) and integrate by parts
with respect to time, resulting in the adjoint formulation, in which we aim to find y € Yj
such that

=00, y) g + (Vay, Vap) 12(g) = (w, P)g
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holds for all p € Py, where the spaces Yy and Py are now defined as
Yo = L*(0,T; Hy(Q),  Po=L*(0,T; Hy(Q)) N H(0,T; H ().

Similar to the primal formulation, we introduce linear, bounded, self-adjoint and elliptic
operators Dy : Yy — Y and Ay : Py — F§, inducing the norms in Yp and Py via

(Doy,2)q = (Ay,2)q.  (Aop,d)g = (O, A7 0ua) , + (Ap.a)g-

Then we can again define an operator By : Yo — Py by

<Bﬂy7p>Q = _<6tp7 y>Q + <V$y7 V:Bp>L2(Q)>
such that the heat equation corresponds to the operator equation
Byy =u in Py, (3.4)

which we refer to as the adjoint formulation. Similar to the primal formulation, we can
establish well-posedness of this operator equation. The following lemma is an immediate
consequence of Lemma, 3.1 and the fact that By = R; BlT Rp, where Ry denotes the time
flipping operator, which is an isometric isomorphism from Y; to P; and from Y; to Fp.

Lemma 3.2. The operator By : Yo — Py defines an isomorphism satisfying

Boy,p
g B and inf  sup

(Boy:plg o py
0#4y€Y0 0x£pe Py H?JHYOHPHPO B

sup  sup e

0#£y€Yy 0£pe Py HyHYOHPHPO N
with ClBO =1 and 02B° =/2.

Note that in the primal formulation, the state space admits a higher regularity than
the adjoint state space, while in the adjoint formulation the regularities are reversed.
Following [23], we will also consider an interpolated formulation, in which the regularities
of the state space and the adjoint state space agree. For that purpose we define Y
and Py as

Yijo = H&;’é,/Z(Q)v Py = HS;:%)/Q(Q%

with the corresponding norms

Wlly, , = /@ Hawdg + IVatlBa@y IPllpy,, = y/~(00, Hzp) g + IVaplEa )

These norms are induced by the linear, bounded, self-adjoint and elliptic operators
D1/2 : Y1/2 — Yl*/2 and A1/2 : P1/2 — Pl*/Q respectively, with

(D1 9y, Z>Q = (O, Hrz)g + (Vay, Vaz) 120
(A1jop, @) = =00, Hp' @) + (Vab, Vo) 12(q).
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Now let us also introduce the operator By : Yy /9 — Py /2 via

<B1/2y7P>Q = <8tyap>Q +(Vay, VIP>L2(Q)7 Vy € Y19Vp € Py,
such that the heat equation takes the form of the operator equation
Bijpy=u in P, (3.5)

We call this formulation the interpolated formulation, and similarly to the previous
formulations we can prove well-posedness.

Lemma 3.3 ([31, Theorem 3.4.19]). The operator By : Y15 — Pl*/2 defines an iso-
morphism satisfying

Bi2y,p By 2y,p
—< 12 >Q _6231/2 and  inf sup —< L2 >Q c?l/z

sup sup >
0£YEY1 /2 0pe Py o 1Ylly, , 121l P,

0#£Y€EY7 /2 0£pEP, /3 ”IUHYI/Q Hp”P1/2

.. B B
with 011/2 :% and 021/2 =1.

3.2 Optimal Control Frameworks

Based on the three different weak formulations (3.3), (3.4) and (3.5) of the heat equation,
we will establish three different optimal control problems for tracking a desired target
ya € L?(Q). For each of those control problems, we will also utilize a decoupling as
described in [17], based on the eigenfunctions (¢x)ren C HE(Q2) and the eigenvalues
(Ak)ken of the Laplace operator as described in Section 1.2. Specifically, we decompose
the state y, the adjoint state p, the desired state y; and the control u into

y(x,t) =Y k() (), va(z,t) =Y yi(t)gr(x),
k=1 =1

u(a,t) = uk(t)dr(x), pla,t) = pe(t)dr(),
k=1 k=1

in order to obtain a sequence of decoupled problems for each of the three formulations.
Note that y¢ € L?(Q) implies y{ € L*(0,T) for all k € N.

First we consider the optimal control related to the primal formulation. To quantify
what it means for y to be close to y4 € L?(Q) we introduce the related cost functional
J Y1 x P — [0,00) and the constrained minimization problem

in_ J = Lily — yall? &llulls
yednin  Ji(yw) = 50y = valliag) + Sllulpy (3.6)

subject to Biy=wu in Pf.
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Here we have Y1 = L*(0,T; Hy(Q)) N Hy (0,T; H1(Q)) and P1 = L*(0,T; Hy(Q)),
therefore we introduce the related spaces YfC and Plk for the coefficients y and py via

Ylk = H&(O,T), Hyk”ylk = \/ﬁ”%”?ﬁ(oi) + )‘k”ka%?(O,T)? (3.7)
Pf = L2(0,T)7 ||pk||p1k =V )\k||pk||L2(0,T)'

Then by means of the spectral decomposition, the optimal control problem (3.6) is
equivalent to the sequence of pairwise independent optimal control problems

. 2 2
min Jy (ko w) = $llye — vill 20y + Sl
sV E e[ PE 2 £2(0,7) T 2 [Pf] (3.8)

subject to <yk‘a Qk>L2(o,T) + Ak <yka %)LZ(O,T) = <Uka Qk>(o,T) Vi, € P1k-

Instead of the primal formulation, we can also state an optimal control problem based
on the adjoint formulation. Then we aim to solve the minimization problem

min Jo(y,u) = % —d2 —l—guz*,
yEYo e Pol (y ) 2||y Y HL2(Q) 2” HPO (3‘9)

subject to Byy=u in Pj.

In order to obtain a sequence of decoupled control problems we introduce the spaces

Y& = L%(0,7), Hyk”yok = \/g”kaLQ(O,TV

k 1 1 2 2 (3.10)
Py =Hp(0,T) Hpkag = \/)TkakHLZ(O,T) + )‘kakHLQ(O,T)'
Then the decoupled problems take the form
. 2 2
min Jo k(Y ur) = 5llyk — yil + 3wk llipages
yREYF upe[PE* ? oD 7] (3.11)
subject to — Yk @) 1207y + M lUks ) 1201y = (ks ko) Yok € BY-

Finally, we can also establish a third optimal control framework, utilizing the inter-
polated formulation. We aim to minimize .J; /5 : Y} /2 X Pj/5 — [0,00) given by
min J u) = Ly — vall? + 2|lul/3.
y€Y1/2,u€P1*/2 1/2(% ) QHy yd||L2(Q) 2” HP1/2, (3 12)
subject to Bijpy=wu in P1*/2'
When using the interpolated formulation, we choose the decoupled state and adjoint

state spaces Yll’“/2 and Plk’/2 as

1/2 .

Y1k/2 = Ho,/ (0,7, ”?/kHYl’v/2 = \/<yk7HT?/k>(o,T) + )‘kHka%Q(O,TV (3.13)
1/2 . _ ’

P1k/2 = H,o/ (0,7), ||Pl<:||Plk/2 = \/_<pk’HT1pk’>(0,T) T )"pr’fH%Q(QT)’

in order to obtain the sequence of decoupled problems
. 2 2
min T1 e Wi ) = $lve — il 20 + Sllunlltor 1o
ykeyf/zvukE[Plkm]* / ? FHsen [Pl/ﬂ (3.14)

subject to (ks Qi) 0,7y + AW Qi) 20,7y = (ks Qi) 0,17) Vi, € P1k/2-






4 Optimal Control of a Single Mode

As shown in the last chapter, when working with a suitable decomposition of the state
variable into eigenfunctions of the Laplace operator, it is sufficient to solve a sequence of
decoupled optimal control problems. Instead of the heat equation, the state constraint
is then reduced to a weak form of the initial value problem

ys(t) + /\ys(t) = u(t)7 te (OaT)a

ys(o) = Yo, (4‘1)

with A representing the spatial eigenvalue associated to the considered mode. In this
chapter we will analyze these decoupled problems in detail, and derive both closed loop
and open loop control policies u(t) in order to drive the state ys(¢) towards a desired
target y4(t). Since it is not obvious how to derive closed-loop policies when working
with the interpolated and the adjoint formulation, we will, in contrast to the derivation
within the last chapter, assume a non-vanishing initial value yg € R. By incorporating
this initial value, the derived open-loop policies can at least be transformed to a closed-
loop policy by means of Model Predictive Control (MPC). The basic idea of MPC is to
repeatedly compute an optimal control, apply it for a short time interval, measure the
new state, and then use this measured state as the initial condition to recompute the
new optimal control for the next time interval, for more details see for example [15].

4.1 Primal Formulation

When working with the primal formulation, we call y, € H'(0,T) a weak solution of the
initial value problem (4.1) if y5(0) = yop and

<y'87 q>L2(O,T) + A<ySa q>L2(O,T) = <’U,, q>(07T)7 Vq S L2(07 T)

Let y. € H'(0,T) be some extension of the initial value, meaning that y.(0) = yo, then
we can also write the state as ys = y + y. with y € H&(O, T). With this representation
of the state, we can establish another equivalent variational formulation for finding
y € Hg (0,T) such that

(0, 12000y T MY @ 201y = (W D0,y — (<yeaQ>L2(O,T) + /\<yeaQ>L2(0,T)) (4.2)

holds for all ¢ € L?(0,7). At this point we introduce we introduce the state space
Y, = H&(O,T) and the adjoint state space P, = L?(0,T) and equip them with the
norms

.12 2
Iyl = /21903200 + Moy Pl = VAPl 207

41
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which we have already defined in (3.7). These norms are induced by the linear operators
Dy :Y1 — Y and A; : P, — Pf defined by

(Dry, 2) 0y = 30 2) p20.) + MY 2) 2070
Alp = )‘pa

in the sense that [|ylly, = (Dly,y)%;) and [|pl|p, = (Alp,pﬁ(ﬁ,). Note that due to

the Theorem of Fréchet—Riesz, we can identify both P; and P} with L?(0,7T), but the
respective norms differ, since ||p||p, = \/XHPHL?(O,T) and ||u p. = %HUHLQ(O’T).
Based on the variational formulation (4.2) we define B; : Y7 — P and f; € Pf by

Biy=y+X\y,  VyeH}0,T),
fl = _(ye+)\ye)-

Then the variational formulation (4.2) is equivalent to the operator equation
Biy=u+ f; € Pf. (4.3)

The following Lemma states well-posedness of this operator equation, and is a direct
consequence of Lemma 3.1, Lemma 1.9 and Theorem 1.1.

Lemma 4.1. The operator By : Y1 — P is an isomorphism that satisfies

B B
ctylly, < [1Biyllpr < e [[ylly, Vy € Y1,

with 01191 =1 and 6231 = V2. In particular, the operator equation (4.3) is uniquely
solvable for every given u € Py .

Based on the operator equation (4.3) we can now introduce an optimal control problem
similar to (3.8), which is able to incorporate a non-vanishing initial value yo € R. This
new control problem takes the form

. 1 o2 2ull?
y@%l’gépl* Jl(y,u) = 2Hy+y€ yd”L2(0,T) + QHUHP{H (44)

subject to Biy=u+f1 in Py

Following the theory from Section 2.4, we know that the optimal state y; is given as the
pointwise sum of the extension y, and the unique solution y € Y7 of

y+ 051y = Y (4.5)

where S; = B AT'B; : Y1 — Y} and §g = ya — ve + 0B AT'fi € Y. Note
that Lemma 2.4 and Lemma 4.1 already imply that S; is elliptic and bounded, with
= ()2 =1 and ¢5' = (¢P")? = 2 respectively. Thus S is an isomorphism, and
Equation (4.5) admits a unique solution y € Y7. As the next Lemma demonstrates, the

ellipticity constant cf ! =1 is sharp, while cg ! = 2 is not.
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Lemma 4.2. The operator Si : Y1 — Y| is elliptic with cfl = 1 and bounded with
cgl = 1+ tanh(A\T) < 2.

Proof: According to Lemma 1.2 and Lemma 2.4, the minimal and maximal eigenvalue
of the generalized eigenvalue problem

|
S1y = B] A{'Biy = uDyy, (4.6)

is equal to cf ! and cg ! respectively. Note that (4.6) is equivalent to

<y + )\ya %U + U>L2(0,T) = %(ya z'7>L2(0,T) + ,u)‘<y7 U>L2(O,T)7 Vv e L2(07 T)
Rearranging this equation leads to

<% (1 - M) y + Y, ®>L2(O,T) = <A(/’L - l)y - ya U>L2(0,T)' (47)
Hence we conclude %(1 — )y +y € HY0,T), further implying y € H?(0,T). By
definition of Y7 we also know y(0) = 0, and using partial integration in Equation (4.7),
and testing with a sequence of test functions with v(7") = 1 and a support that vanishes
in the limit yields the terminal condition

(1= wy(T) + Ay(T) = 0.
What remains from Equation (4.7) after partial integration is
_<%(1 - M)y + 9, U>L2(O,T) = <)\<,U, - 1)y -9, U>L2(O,T)7 Vo € L2(07 T)

Note that the term —(y,v) 2(0,r) appears on both sides, thus it can be eliminated.
Rearranging the rest of the equation and multiplying it with A we conclude that y has
to satisfy
(1= ) (§(t) = Ny(1)) =0

for almost all ¢ € [0,7]. For p = 1 this equation is automatically satisfied, and the
terminal condition reduces to y(T) = 0, hence every y € H?(0,T) with y(0) = y(T) =0
is a solution to this eigenvalue problem with g4 = 1. If 4 # 1 we deduce that y is a
solution of the boundary value problem

y(t)
y(0)
(1= w)y(T) + Xy(T) = 0.
The differential equation together with the initial condition y(0) = 0 immediately imply
that y is of the form y(t) = C-sinh(At) with C' # 0. Then the terminal condition implies

0= (1— @)y(T) + My(T) = C (1 — p)Acosh(AT) + Asinh(AT)),

thus division by cosh(AT") shows that u = 1+ tanh(A\T') < 2 is the only other eigenvalue
besides 1. O

Ny(t), te(0,T),
0,

In the rest of this subsection we will prove error and control cost estimates related to
this optimal state y € Y7, which are summarized in the following theorem.



44 4. Optimal Control of a Single Mode

Theorem 4.3. For a given target yg € L?(0,T) and yo € R we denote by y(t) = yoe™

the homogeneous extension of the initial value, and by y € Y1 the associated solution of
the operator equation (4.5). Then it holds that

1_6—2)\T

1y + e = vall 201 < lvall 200y + ¥0 =% —

[&]

_ _,—2)T
full: = il < 7 (Tnalsory + w0y =550

If we further assume yq € H'(0,T) together with the initial condition y4(0) = yo it holds
that

1y + ve = vall 201 < 91/2\%Hyd + Aall p2(0,1)
HUHY; = \%HU”L?(O,T) < %”?)d + Al 20,1y

If the target satisfies the stronger condition yq € H*(0,T) together with the initial con-
dition y4(0) = yo and the terminal condition yi(T) + Ayq(T) = 0, then it holds that

|y + ye — deL2(O,T) < ol|Aya — %deLQ(QT)'

We will postpone the proof of this Lemma, and instead begin by introducing some
necessary auxiliary results. The proof of Theorem 4.3 will be based on the abstract error
and control cost estimates from Corollary 2.7, therefore we begin by finding suitable
representations of [y[|g, and [|S1y||12(o 1) for a given y € Y1. The norm ||-[|g, is given by

) . 1/2 .
I9lls, = /S 0m) = (G + M 20+ W) = S5 l0+ Mllzo:

and it is equivalent to the standard norm ||-||y, due to Lemma 4.2. Next, let y € Y1 and
assume that S1y € L%(0,T), then there exists a ¢ € L?(0,T) such that

<Slyv”>(0,T) = <§y +y, 0+ /\”>L2(0,T) = <qa”>L2(o,T)
holds for all v € Y;. Rearranging this equation yields
<%y + Y, @>L2(O,T) =(q—9— My, U>L2(0,T)- (4.8)
We conclude that %y +y € HY(0,T), which further implies y € H?(0,T), together with
i =\ —q.

Hence, partial integration in Equation (4.8) and testing with suitable test functions,
similar to the proof in Lemma 4.2, shows that additionally to y(0) = 0 a terminal
condition of the form g(T) + Ay(T) = 0 has to hold. Thus S1y € L?(0,T) if and only if
y € H?(0,T) with y(0) = 0 and ¢(T) + A\y(T) = 0, and further

19191l 20,1 = el 20,1y = 149 = %l 20y
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Now we are in a position to prove appropriate error and control cost estimates.

Proof of Theorem 4.3: We know that y.(t) = yoe ™ is in L2(0,T), and that
fi = —(We + Aye) = 0 € L?(0,T). Assuming yq € L?(0,T), the estimates from (i)
of Corollary 2.7 reduce to

1y + Ye = yall 20,7y < 1¥all 20,7y + el L20,7)

lull e < 072 (lall 2oy + el 2o ) -

Then the first two estimates claimed in the theorem follow from

T
”ye||L2(0,T) = /(yoe—M)2 dt = yg
0

Now assume that yg € H'(0,T) with y4(0) = yo, then g4 = ya — ye € Hg (0,T) = Y1,
such that the estimates from (ii) of Corollary 2.7 reduce to

1— 6—2/\T
2

1y + e = vall 201y < 0" |1galls,
Jull e < Il

Thus the third and the fourth estimate claimed in the theorem follow from
9alls, = %”y'd + Ma = (Je + Aye)ll p200,m) = %Hyd + Mdll 22 0,1y

Finally assume that the target satisfies y4 € H?(0,T) together with y4(0) = yo and
9a(T) + Aya(T) = 0. Since y. € H%(0,T), we conclude that §q = yq — y. € H2(0,T) with
74(0) = 0 and §(T) + Aja(T) = 0. Thus S174 € L*(0,T), and the estimate from (iii) of
Corollary 2.7 reduces to

1y + ye — yall 20,7y < 0llS17dll 20,7y

To compute the norm on the right hand side, note that

Aye = 3 = =5 (e = M) = =5 (§ =) e + M) = 0,
=0
thus the last estimate claimed in the theorem follows from

HSIZjdHH(O,T) = H)‘yd - %yd - ()\ye - %ye) HL2(0,T) = H)‘yd - %deB(O,T)' 0

Remark 4.4. As Theorem 4.8 shows, the rate at which the state error converges to 0
as 0 — 0 depends on the regularity of the desired target yq. The higher the reqularity of
the target, the higher the convergence rate, which is linear at best if yq is in H*(0,T)
and satisfies an appropriate initial and terminal condition. Further, if the target yq is at
least in H'(0,T), the control costs stay bounded as o — 0, but they tend to infinity if yg
admits a reqularity lower than that. The rate at which the control costs tend to infinity
increases as the reqularity of the target decreases. Finally note that even though all error
estimates are proven using the specific extension y.(t) = yoe M, similar error estimates
can be derived for any other chosen extension, provided the resulting modified target fq
remains sufficiently reqular.
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4.2 Adjoint Formulation

If we use the adjoint formulation instead of the primal formulation, we call y € L?(0,7)
a weak solution of the initial value problem (4.1) if

- <y7Q>L2(0,T) + )\<%Q>L2(0,T) = <U7Q>(0,T) + 40q(0), Vg € H}O(O,T% (4.9)

where the term yy¢(0) on the right-hand side stems from the partial integration step. We
define the respective state space Yy = L?(0,T) and the adjoint state space Py = H}O(O, T)
and equip them with the norms

Wl = VMgl el = /415020 + eI,
which are induced by the operators Dy : Yy — Y and Ag : Py — P; defined by
Doy = Ay,
(Ao, ) o) = 5 (P> @) 1207y + MNP @) 207
Based on the variational formulation (4.9) we define By : Yy — PJ and fy € P§ by
<BO?J7Q>(0,T) = —(y, Q>L2(0,T) + My, CI>L2(0,T): Vy € Yo, Vp € By,
fo(a) = y0q(0), Vg € Py.
Then the variational formulation (4.9) is equivalent to the operator equation
Byy =u+ fo € Py. (4.10)
The following Lemma is a direct consequence of Lemma 3.2, Lemma 1.9 and Theorem 1.1.

Lemma 4.5. The operator By : Yo — Py is an isomorphism that satisfies
B B
C10Hy||y0 < ||BOZ/||P5 < C2O\|Z/||y0a Vy € Yo,
with c{g‘) =1 and cf‘) = V2. In particular, the operator equation (4.10) is uniquely
solvable for every given u € Fy.
Based on the operator equation (4.10) and the control problem (3.8) we now consider

the optimal control problem

. 1 2 Q1112
m Ji =—l|ly— = -
ero,géPO* 0(y, u) 2”?/ deL2(0,T) + 2”“”130

subject to Boy=u+ fo in Py.

(4.11)

Following the theory from Section 2.4 we define Sy = BS—AalBO : Yo — Y, then the
optimal state y € Y[ is defined as the solution of

Y+ 050y = Ya in Yy, (4.12)

with 94 = yq + QBJ Ay 1 fo. The next Lemma states that Sy is an isomorphism, thus the
operator equation (4.12) is uniquely solvable.
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Lemma 4.6. The operator Sy : Yo — Yy is elliptic with c‘l90 = 1 and bounded with
cgo = 1+ tanh(A\T) < 2.

Proof: Denoting by Rr the time flipping operator, we have By = R;BIT R, thus
S B B S
o’ = (010)2 = (q )P = ol =1,
50 = (B2 = (P12 = 5" = 1 + tanh(AT). O

The rest of the subsection we will prove the following theorem which provides an estimate
for the state error and the control cost.

Theorem 4.7. Let yg € L?(0,T) and denote by y € Yy the associated solution of (4.12),
then it holds that

o 2AT
1y = Yall 20,0y < 0 <HSOdeL2(0,T) + yo(1 + 2X)(1 + tanh(AT)) /\(12)>

lull e < o/Enh(AT) + yalls,.

We will postpone the proof and state some auxiliary results first. In comparison to
the primal formulation, it is more intricate to find a simple representation of Sy due to
the operator inversion of Ag being non-trivial in comparison to A;. Still, it is possible
to find a very compact representation. For this purpose we choose y € Yy and define
p= AalBOy, then Spy = BOTp and

(Aop, Q>(07T) = (Boy, Q>(0,T) (4.13)

holds for all ¢ € Fy. Further, note that using the Fréchet—Riesz isomorphism, we can
interpret B] : Py — Y as the mapping p — Ap — p, therefore

T, BT — : ;
<BO p, By q>L2(o,T) = (A\p — D, A\q — Q>L2(0,T)

= N0, 9) p20,r) + (Bs ) p2(o) — A ((p, @) r20,7) + (Ps q'>L2(o,T))
= AAop, @) o,y + Ap(0)q(0).

In particular we conclude

1
(Aop. o7y = 5 (BIp. Boa),, .~ p(0)al0). (4.14)

Further, note that for v.(t) = e~* we have v, € L?(0,T) and

<B(;rpa U€>L2(O,T) = (Ap — p, 'Ue>L2(07T) = (p, \ve + ®e>L2(0,T) —p(T) ve(T)+p(0) ve(0) = p(0).
70 e
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Combining Equations (4.13), (4.14) and (4.15) we conclude that

1
T _ _ _ T T
<y,Bo q>L2(0,T) = <BOQ>Q>L2(07T) = (Aop, Q>(07T) = X<BO p, By q>L2(0,T) —p(0)q(0)
1

BTy BT _<BT e> <BT e>
)\< 0P 0q>L2(o,T) 0P? L2(0,T) 0% L2(0,T)

holds for all ¢ € Py. Since BOT can be interpreted as an isomorphism between the spaces
Py = H})(O, T) and Yy = L2(0,T), we can write v = By ¢ € L?(0,T) and rewrite the last
variational formulation to

_lyor T 2
<y, ’U>L2 (0,1) = X <BO D, U>L2(O7T) — <BO D, 'U6>L2 0.7) <'U, v€>L2(0,T)’ Yv €L (0, T)
But since Spy = Ba—p this means that
(Soy, U>(0,T) = Ay, U>L2(0,T) + A{Soy, Ue>L2(o,T) (v, Ue>L2(o,T) (4.16)

holds for all y,v € Yy, so it only remains to compute (Syy, ve) r2(0,7)- For this purpose
we just plug v = v, into Equation (4.16) to obtain

9,00 201 = (So9, v oy (3 = Neelaom)

Note that ||Ue‘|%2(07T) = foT e 2Mdt = 1_62_/\2”, hence
_—axr\ 1
(Sow, ved o) = (0 v6) 20y (% — )
2\ e M

= <y, U6>L2(07T)W = <y7 ’Ue>L2(O7T)m.

Thus, defining ¢(t) = M#?,\TT)U@@) we can finally conclude that

)\QSAT

(Soy, v>(07T) = Ay, U>L2(0,T) + WO\T)@’ ve>L2(07T) (v, Ue>L2(0,T)
=A <<Z/a’U>L2(o,T) + <yag>L2(o,T) <U7Q>L2(0,T)> :

In particular, if we again use the Fréchet—Riesz isomorphism to interpret Sy as a map
So : L2(0,T) — L?(0,T), we have found that

(So)(®) = A (y(8) + 4,9) 20:179(8)) - (4.17)

In order to prove the estimates from Theorem 4.7 using Corollary 2.7 we will need to
compute |[y[lg, and [[Soyll 2 1) for a given y € L?(0,T). Due to the representation
from Equation (4.17) we already know that

Ills, = /40w 0.1y = VAV 1812002 + (0 9 30m)
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and

HSOy”%Q(O,T) = (Soy, S0Y) 20,1y = )\2< (y + (v, 9>L2(0,T)9>, (?J + (v, 9>L2(0,T)9> >L2(0 T
= X (Il 20,1y + 200, D201 + W 920 93201
=22 (Il3a0.m) + 2922 00m) (2+ 19l30m)) ) -

So using that

T
AT AT | _ o—2\T
Ac )/B_ZM Ac ¢ = 2tanh(\T),
0

2
S dt =
l9lz2(0,1) cosh(AT cosh(AT") A

we obtain the norm representation

1500l 20 = M/ 1912079 + 200 9) 220,y (1 + tanh(AT)

= M 11220.7) + 27\ ) 2o 3y (1 + tamh(AT))?,

efl‘

where have expanded g using its definition and used the formula 5 = (14 tanh(z))
in the last step. Now we have stated all necessary auxiliary results for the proof of
Theorem 4.7.

Proof of Theorem 4.7: Let as assume that y; € L%(0,7T) and denote by y € Yy the
solution of Equation (4.12). Then Corollary 2.7 and the triangle inequality already imply

ly =yl 20,y < 0 (HSOfUdHL?(O,T) + ||SOBOTA51fOHL2(o,T) + ”BOTAo_lf0||L2(0,T))
HUHPO* < HfO”PO* + ||deSO'

We know the explicit form of ||yal|g, and [|Soyall;2( 7). so it only remains to compute

all the terms involving fy. First of all let us define p = Ay L fo, then Agp = fo, which is
equivalent to

%@7 )20 + MP @) 20,7y = 904(0) Vg € Po.
We conclude that p € H?(0,7T) with p(T) = 0 and p(0) = —\yo, and that

B(t) = N*p(t).
Then the standard arguments for linear differential equations imply
p(t) = yo (cosh(At) tanh(AT") — sinh(At)) .

Hence

follpg =/ (for 45 o) oz = V/0p(0) = yo/tanh(XT).
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Further, we can interpret ¢ = B Ay £y as an element of L?(0,T), with
() = (By Ay fo)(t) = (By p)(t) = Ap(t) — p(t)
= A\yp (cosh(At) tanh(AT') — sinh(At) — sinh(At) tanh(AT") 4 cosh(At))
= Ay (cosh(A\t) — sinh(At)) (1 + tanh(AT)) = yore (1 + tanh(\T)).
Computing the L?(0,T)-Norm of this function results in

)

183 A5 foll 0.2y = YoA(L + tanh(AT))le ™| 0.7y = yo(1 + tanh(AT)) /2=

Finally note that SOBS—Aalfo = So¢ and

2
I1S0632(0:r) = (S06, 500} 20,1y = (S0 (5°0), 50 . = 155 *8lls,

0
1/2 2 1/2 2
< 51155 6lly, < 2715 %@l 20
/2, ol/2
= 22(55/%6,55%6) L, 1 = 2M806,0) 0.1y = 2216, < D 6la(0.m),
which completes the proof. O

Remark 4.8. If we compare Theorem 4.7 to Theorem 4.8, the most striking difference
is that when using the adjoint formulation, it is sufficient to assume yq € L*(0,T) in
order to get bounded control costs and a state error that converges to 0 with a linear
convergence rate as 0 — 0. Moreover, using the adjoint formulation allows to set o =0
and still obtain a well-posed problem.

4.3 Interpolated Formulation

Finally, when we work with the interpolated formulation, we call y, € H'/ 20,7) a
weak solution of the initial value problem (4.1) if it can be written as ys = y + ye with

ye € H'(0,T) satisfying 5.(0) = yo and y € HS’/Q(O,T) such that

{9, q>(0,T) + My, Q>L2(0,T) = (u, q>(o,T) - (<y€7 Q>L2(0,T) + AYe, Q>L2(0,T)) (4.18)
holds for all ¢ € H71()/2(O, T'). We define the associated state space Y7/, = Hé7/2(0, T) and
the adjoint state space Py /o = H}O/Q(O7 T) and equip them with the norms

Hy||Yl/2 = \/<7)7HT?J>(0,T) + )‘||y‘|%2(07T)7 ||pHP1/2 = \/_<paH:;1p>(07T) + AHPH%Q(QT)v

which are itself induced by the operators Ay, @ Pyjp — P1*/2 and Dyp @ Yy2 — Yl*/2
defined by

<A1/2p7 Q>(07T) = _<p> H;1q>(O,T) + )‘<pa Q>L2(0,T)7 (419)
<D1/2y7 Z>(0,T) = <y7 HTZ> (0,T) + )‘<y7 Z) L2(07T)' (420)
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Then, based on the variational formulation (4.18), we define By : Yy, — Pl*/2 and
Ji2 € P /2 by

<B1/2y,Q>(07T) = <?J’CJ>(07T) + My, Q>L2(0,T), Vy € Y12, € Py 9, (4.21)
fi2(a) = —<Z)eaQ>L2(o,T) - )‘<yeaQ>L2(0,T)7 Vg € Py,

such that the variational formulation can be rewritten as equivalent operator equation
of the form

Bl/2y =u-+ f1/2 € P1*/2 (422)

The following Lemma is a consequence of Lemma 3.3, Lemma 1.9 and Theorem 1.1.

Lemma 4.9. The operator By : Y10 — P1*/2 s an isomorphism that satisfies

B B
Ml , < 1Brjosilp,, <5 ol

.. B B , . . .
with ¢, V2 =1/2 and Co Y2 = 1. In particular, the operator equation (4.22) is uniquely

solvable for every given u € 1*/2.

The optimal control problem associated to this variational formulation is given by

4

. 1 2 2
min J1/2(?/»U) = 5”3/ + Ye — deLQ(O,T) + 9 ||UHP1*/27

erl/Q,uEPl*/Q

(4.23)
subject to By =u+ fi/2 in P1*/2'

Then the optimal state is given as the sum of the extension y. and the unique solution
of the operator equation

y+o0Sipy =74 inYyy, (4.24)
where S}/, = B;—/2A;/1ZBI/2 : Y — Y1*/2 and ¥g = yYqg — Ye + gBir/zA;/lzfl/Q. The
following Lemma is an immediate consequence of Lemma 4.9 and Lemma 2.4.

Lemma 4.10. The operator Sy;p : Y15 — Yl*/2 1s elliptic with cflm = i and bounded

S
with 021/2 =1.

In the remainder of this section we will prove the state error and control cost estimates,
which are summarized in the next theorem.

Theorem 4.11. For a given yq € L?(0,T) and yo € R we denote by y.(t) = yoe ™™ the
homogeneous extension of the initial value, and by y € Yi/o the associated solution of
the operator equation (4.24). Then it holds that

1_e—2AT

|y + ye —yd||L2(0,T) < ||deL2(0,T) + %o N

— __,—2AT
\wm%s@lﬂ(mwp@ﬂ+mvlz).
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If we further assume (yq — ye) € Hé/Z(O, T) we obtain

ly + e = all 2o,y < 0" llya = welly, ,

lelly,, < llsa = velly,

If the target satisfies the stronger condition yq € HY(0,T) with y4(0) = yo, then
Hy + Ye — deL2(O,T) < QH51/2(yd - ye)HL2(07T)

Before we actually prove this theorem, let us state some auxiliary results, like we did
in the previous sections. In order to use Corollary 2.7 we have to compute the norms
HyHSI/2 and HSl/QyHLQ(&T). First note that we can formally write

B T —1
S1j2 = B1T/2A1/1QBI/2 =\ +g%) O-Hrg) A+ §)

but due to the inversion of \ — ’HT% involved in this definition, it is not obvious how
to find a suitable explicit representation of this operator. Therefore we will only present
formulas based on infinite sums, which after truncation can be used in the numerical part
to approximate the system matrix with high accuracy. Firstly we can write y, 2 € Y79
as

Z yk s1n Z yk cos
(t) = Z zl(j) sin(uk%) = Z Z,(gc) COS(Mk%)y
k=0 k=0

where the infinite sums involving sine functions converge with respect to |||, 172, and

the sums involving involving cosine functions merely converge with respect to ||- || £2(0,T)"

Next, we denote by cj ¢ = #(sin(ue+), COS(MkT)>L2(0 Ty then
B1/2y Z ykS) T cos(p ) + )‘Sin(uk%))
— <y,(gs)’é,i“ + A Z ck,gyés)> cos( k=)
k=0 =0

Note that (A — ”HT%) cos(prs) = (A + &%) cos(up) holds for all k € Ny, therefore we
conclude

o0 (y,(f)’é’f + /\EZ Ck,ey§8)>
=0

-1 =
(A} o B1y2y)(t) = 2 AT cos( i)
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Then the orthogonality of the cosine basis further implies

(S1/29, Z>(07T) = <Bl/237 Al_/lgBl/Qy>

(0,1)
OFT SN S D)
00 0o oo \Yp T+ Z Ck Yy
- <Z (z,(j)’;’f + A Z ijzés)) cos(uk%), 5 _ﬁ;? cos(uk%)>
k=0 =0 k=0 T (0,T)
% <<y;(f)’¥ +AY Ck,eyés)>> <<Z;(f)’¥“ FAY ez )>>
_T Z (=0 =0
m
2 — A+
r e (6 ) (£ )
=3 > o (4.25)
k=0

Even though this representation is useful for the numerical part, it is neither obvious
how to use it to find the sharp constants cfl/ > and cgl/ ? depending on A > 0, nor how
to derive a compact representation of [|y[|g 1 OF 151291l ;.2 0.7) like it was done for the
primal and the adjoint formulation. We can still use Corollary 2.7, but it remains to
characterize what it means for y € Yy 5 that Sy 5y € L?(0,T). For this purpose we first

note that Bl/Q‘Hé or) = By, where B : H(%’(O,T) — L2(0,T) denotes the respective
operator from the primal formulation. Since Bj is an isomorphism, we know that the
restricted map 31/2|H57(07T) : Holv(O,T) — L?(0,T) is also isomorphic. Next note that
A=\ — HT%) can be represented as

(A1/2p)(t) = Ay )9 (Zpk COS(Mk%)) = Zpk (A4 BE) cos(pu ),

k=0 k=0

thus using the inequality (1.10) yields

T Z% S 1
420l oy = 5 vk (A + ) TN D vk 53 sk
k=0 k=0 k=0
=2 1 T2 )2 1 00
= TN Y Thvi+ 3 D mipk <2 < + 1) o7 | D wiwi

< CHPHH}O(O,T)'

We conclude that A : H}O(O, T) — L?(0,T) is linear and bounded. Now let

’H}O(O,T)
w € L?(0,T) be given, then we can write

w(t) =Y wy,cos(pg )
k=0



54 4. Optimal Control of a Single Mode

and subsequently define

then

” H2 _ i io: Nz 2 zi (%)2 2
b H}O(O,T) - T ()\+ Mk)gwk - 2 ()\+ Mk)ka

2= a k=0 o
TS, TS 2
= ka_o ()H_%)ka: 2;0%: ||w||L2(o,T)-

But this means that the map A,/ : H}O(O,T) — L*(0,T) admits a bounded

| H',(0,T)

inverse. Thus we have shown that A7} B, /2‘

1/2 : Hj (0,T) — Hg(0,T) is an iso-

H; (0,7)
morphism.
Finally, consider Bir/2 : H’lo/2(O,T) — [Hé’/2(O,T)]* and p € H}O(O,T) C H710/2(0,T),

then for all y € HS’/2(O, T) it holds that

(Blspy) = (5:2) o) + M0sP) 12002y = O = W) 1201

Thus B,

1/2 p=Mp—p € L*0,T), and we know that B can be in-

‘H,IU(OVT) V211 0,1)
terpreted as a map from H}lo(O,T) to L?(0,T). To see that it is invertible, note that

BI/2‘H1 0D = RpB1Rp, where Rp denotes the time reversal operator. Since both the
ol

time reversal operator and the operator By : H&(O, T) — L%(0,T) are isomorphisms, we

know that B,

A /2‘H1 o) is an isomorphism as well. Therefore we finally conclude that
00

Sialy oy = ((Br2) () Bupp) |, s HLO.T) = 12(0,7)

,0,7)
is also isomorphic. Therefore S /oy € L?(0,T) if and only if y € H&,(O, T). Now we can
finally prove Theorem 4.11.

Proof of Theorem 4.11: The proof is based on Corollary 2.7, and the first two
estimates can be shown exactly the same way as the first two estimates in Theorem 4.3.
For the next two estimates assume y;— y. € H&/ 2(0, T'), which is equivalent to 74 € Y} 9,
then Corollary 2.7 implies

Iy +ve = vall 2oy < @ idls, Ny, < Il (4.26)

Thus the third and fourth estimate claimed in the theorem follow from (4.26) and the
norm inequality Hg]dHSl/Q < ||gd\|yl/2. Finally, if yq € H'(0,T) with y4(0) = yo, then
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Jd = Yd—Ye € H&y(O, T'), which is equivalent to S} 29q € L?(0,T), therefore Corollary 2.7
implies

ly +ye — deL2(0,T) < QHSI/ngHLz(O’T) = ”51/2(yd - ye>HL2(0,T)' [
Remark 4.12. Note that even though the last estimate

1y + e = vall 20, < @llS1/2(va = Ye)ll 2o 7

is useful to understand the asymptotic behaviour of the state error as o — 0, it is nei-
ther easy to numerically evaluate the norm ||.S /2(yq — ye)”L?(O,T) due to the complicated
structure of Sy 3, nor to find an estimate from above which is easier to compute. Nev-
ertheless those estimates reveal a similar behaviour for the control cost and state error
estimates as for the primal formulation. The state error converges to 0 with a conver-
gence rate that increases as the reqularity increases, the control costs tend to infinity if
the target is not sufficiently reqular, and the rate at which they diverge increases as the
reqularity of the target decreases. But in contrast to the primal formulation, the target

only has to satisfy yq € Holv(O,T) in order to achieve a linear convergence rate, and

the control costs already stay bounded if yq € Hé/2(O,T). So by interpolating between
the primal and the adjoint formulation, the reqularities required to obtain the optimal
estimates are also obtained by interpolation of the respective reqularities required for the
primal and the adjoint formulation.

4.4 Closed-Loop Regularization

As we have seen, the optimal control problem related to the primal formulation is

T
win Iy 0) = [ 30(0) ~ ) + Fult)? de
0 (4.27)
subject to y(t) = u(t) — Ay(t), te€ (0,7
y(0) = yo,

where we have assumed y € H'(0,7) and u,yq € L?(0,T). Following the definitions of
Section 2.3, we have

Qt) =1, R(t) =%,

A(t) = =\, B(t) =1.
Now in order to compute a closed-loop control policy, we plug the matrices from Equa-
tion (4.28) into the Equation (2.12) and obtain the coupled system

P(t) = 2P(t)* — 1+ 2)\P(t), P(T) =0,
i(t) = A (5P + 1) n(t) + walt),  n(T) =0.

After solving this system for P(¢) and 7(t), the optimal closed-loop control u(y,t) is
given by

(4.28)

(4.29)

u(y,t) = =2 (P(t)y +n(1)).
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Theorem 4.13. The optimal closed-loop control u(y,t) related to (4.27) has the form

241 2y A (T—t) _q 7‘1‘ L2V (s=T)
U(y,t) =\ (1 —"}/< — ) ) Y+ /\/ ("/ ) 'y)\(t—s)yd(s) ds,

( A+ )62«/)\(T )41 0 J (31—%)+62w\(t7ﬂ

»—A»a

where v = 1+/\ig>1.

Proof: Since the first equation of Riccati type in (4.29) does not depend on the second
differential equation, we begin by solving the Riccati equation first. For that purpose
we first find a particular solution P,(t) to reduce it to a Bernoulli equation, for which
there are well known transformations to obtain equivalent linear equations. Since all
the coefficients are constant we make the ansatz P,(t) = p € R, which results in the
quadratic equation

o:gﬁ2—1+2m.

The two solutions to this equation are given by

p=—o0* o(xy—1),

rbl\3
+
I

14
A

with v = /1 + )\ig. Without loss of generality we choose p = o(y — 1), since we only

need one particular solution. Next we plug the ansatz
P(t)=p+H(),

into the first differential equation in (4.29), which yields

~3-

H(t) = P(t) = 2 (p+ H(1))* — 1+ 2\ (p+ H(t))
(P° +20p — §) + 2H(1)* + 2\H(t) + 2pH(1)
H()? + 27 (1+2) H(t)

H(t)” +2y\H(t).

fbb/ fbb/ o[>

This is a Bernoulli equation, together with the terminal condition H(7T) = —p, which
can be transformed to a linear equation using the ansatz

H(t) = ﬁ?
resulting in
~ () =

h
After multiplication of this equation with h(t)? we obtain

>

w7 + 2 g

h(t) + 2yAh(t) = =2 WT) = —

.Q’
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Using separation of variables we can show that the solution of this differential equation
is given by

— (L 1) 2MT=t) _ 1
h(t) = (279 ﬁ) e’ 2ve°

Therefore we have found that

P(t)=p+H(t) =P+ 5y

(-1)+ :
=0o\v—
1 1) 29N(T—t 1
(279 p>67( ) 2ve
1
=o|lv—-1+
1 1 _ 1
(ﬂ* >€27A(T t) ~
2
=o|~v|1+ —1
(}i) C2NT—1) _ 1
—

Next we aim to solve the second differential equation in (4.29) for n(t). Let us first
define the auxiliary function f(t) = )\(%P(t) + 1), then the terminal value problem has
the simple form

n(t) = f(t)nt) +ya(t), n(T)=0.

Using variation of constants one can show that

T
w0 =- [

is the unique solution of the terminal value problem, where n,(t) is any non-trivial homo-
geneous solution. Since y,(t) is not further specified, we cannot perform the integration,
and everything that remains to be done is to compute the homogeneous solution 7, (t)
given as

:((ii yd(s) d57

3

3

mn(t) = el O,

In order to perform the integration of f(t) we first note that

2
(1 _
(B =A <5P(t) * 1) =ML (1+v> 2N(T—1) _ |
ey )€ -
) ) 29\ (t—T)
=Mt 7 =2 - ﬁ\’Ye
<ﬁ> 2T —1) 4 1 (%) 1 e A(E-T)

= % ()\'yt —In (%) + 627)‘(t_T)>> .
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Therefore we conclude that

1
)\,yt_ln<<’7j1)+e2'y>\(t7T))) et
() = 6( ! =

(%) 1 e2A(E-T)

Thus the solution 7(¢) to the inhomogeneous problem takes the form

T (L—H) 1 @2 (s=T)

mw:—/<”1

ﬂ) + e27A(t=T)

M=yy(s) ds,

y—1

and that the optimal control is given by

u(y,t) = 2 (P(t)y + (1))

T (41
'Y—f 27NMT—1t) _1 (fl>+ezm(s_T) e
= (1—7g1+1> )y+2/ : eM=)yy(s) ds,
t

v
T )eQ'yz\(T—t)_;’_l (L)+827’\(t_T)
-

which was exactly the desired claim to prove. O

2
—



5 Numerical Analysis

Throughout this chapter we will always work with a uniform discretization of (0,7") into
N € N non-overlapping intervals I, = (tx_1,tx), with ¢ = kh and mesh size h = %
Further we will denote by Sg(O,T) the space of piecewise constant and discontinuous
functions, and by S ,11(0, T') the space of piecewise linear and globally continuous functions
associated to the uniform mesh. The respective basis functions are defined by

1, iftel,
bi(t) = ' € 8900, T)
0, else.

for all i € {1,2,..., N} and

st oifte (- 1,4,
ei(t) = BT if e (t,t41), € Sp(0,T)

0, else.

for all j € {0,1,..., N}. All numerical experiments were conducted in Octave 5.1.0.

5.1 Discretization

In this section we discuss the discretizations of all relevant operators related to the
primal, the adjoint and the interpolated formulation.

Primal Formulation

In order to discretize the operators Dy, A1, B1 and S from the primal formulation, the
discrete ansatz spaces are chosen conformal as Yy, = S3(0,T) N Hj (0,T) C Yy for the
state space and Py, = Sp(0,T) C P; for the adjoint state space. Then by definition of
Dl, the matrix D1 = (<D1g0j, 80i>(07T))1§i,j§N is given by

. 1 "
D, = (%“0% (’Di>L2(0,T) + )‘<90j7 ¢i>L2(O,T)) L<ijeN = %A07;0’ + AMO,;O,?

99
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where Al , M}, are just the matrices one obtains when eliminating the first row and
column of the stiffness matrix

1 -1
-1 2 -1
1 _ 1 -1 (N+1)x (N+1)
A= eR
h ) )
-1
-1 2 -1
-1 1
and the mass matrix
1
1 4 1
Mn:ﬁ o e RINFDX(N+1)
h ™6 A
1
1 4 1
1 2

respectively, as derived in [27]. We will frequently make use of this notation, where we
write for example Cy; o to denote the matrix resulting from eliminating the first column
and the last row of the matrix C. In this notation, the part before the semicolon is
referring to the columns and the part after the semicolon is referring to the rows, and
we write the zero before / after the comma if we eliminate the first / last row or column
respectively. Next, defining M as the mass matrix for the piecewise constant functions,
it is well known that M = h - I. Therefore the discretized version of A; is given by

A= ()\<'9Z}j7 ¢i>L2(O,T)> =AM = \rI € RV*N, (51)

1<i,j<N

In order to approximate B; we also introduce the matrices

-1 1
o1 . -1 1 Nx(N+1)
K" = (<<pj’wi>L2(0’T))1<ij<N = . eR
-1 1
and
1 1
A0 _h L1 RNX(N+1)
- (<¢j’¢i>L2(O’T))1<ij<N T2 U © '
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If instead of Bj : H&}(O, T) — L%*(0,T) we would enlarge the domain of the operator to
H'(0,T), the associated matrix approximation would have the form

B, — - aly _ 1001 01
B, = (<Bl</73a¢z>(o,T))1§i§N7 0<i<N K™ + M
(_1+%) (1—'_)\7/}\2 M

(1+%) (1+7) e RVX(V+1)
(-1+3) (143

Therefore the matrix approximation B; € RV*¥ is given by B, without its first column,
resulting in a lower triangular matrix. Next, in order to discretize Si, first note that in
Section 4.3 we have found the representation

(S19,2) 0.y = (9, 2) + ((Q, Z) 2000y T <ya2>L2(0,T)) + XNy, 2) 20,1

Denoting by K'' the matrix

1
Kl , RONFD X (N+1
B <<('Dj’<PZ‘>L2(0’T))0<1'j<N T2 . € RIVHDX(VHD),

and by K(l)’l;()’ the same matrix, but without its first row and its first column, we find
that

-

S1= (<5180j,90i>(0 T)) = 3Ag, T (K(lJ,l;o, + (Ko0,) ) + M}, € RV
’ 1<6,j<N

In this setting, where we have only looked at an optimal control problem involving an
ordinary differential equation as a constraint, it was possible to determine S; exactly.
But if the constraint is in the form of a partial differential equation in which space and
time are appearing as independent variables, this exact assembly is often not realizable.
Instead, the matrix S; is approximated by

S1 =B{A['B,.

Since A is just the identity matrix multiplied by the scalar Ah, its inversion is trivial.
Due to the simple and sparse structure of B1, one can verify that

Si=xiBiB1=3A(,, + (Ktlxl;o, + (Ké};o,)T) + MM, € RV,
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with 1\7107;0’ being the matrix that results from eliminating the first row and column of

_ =
N =
—_

e RVXN, (5.2)

—_ =

Adjoint Formulation

Similar to the primal formulation, we will discretize the operators Dy, Ag, By and Sy
involved in the adjoint formulation to obtain matrices Dy, Ay, Bg, Sg and SO, For that
purpose we choose the conformal ansatz spaces Yp ;, = S,QL (0,T) for the state space and
Py = S}0,T)N H}O(O, T') for the adjoint state space. Then from the definition of the
operators it follows that

Dy = \M” = A\l

and
1 A11
Ay = XA,O;,O + )\M’0;70,

where A7101;70 and M’lolho now denote the matrices obtained from eliminating the last
row and column of A" and M respectively. Further, the matrix By is now obtained
by taking BO = ( K + AM)T and eliminating the last row. Then, similar to Si,
we define So = B0 Ay Bo, but this time Ag is not a diagonal matrix, but a tridiagonal
matrix. Therefore it is not obvious how to find a simpler representation of this matrix. In
contrast, the matrix Sg admits a very simple representation as a rank one perturbation of
a diagonal matrix. Note that using the representation from Section 4.2, Equation (4.17),
we know that

(Soy, U)L?(O,T) =A <<y, ”>L2(0,T) + (v, 9>L2(0,T) (9, U>L2(0,T)> .

Now denoting by g = (g1, ..., gn) ' the vector with elements

9i = —={0, Vi) 2oy = At / M dt = (e—”z‘fl - e—”i)
TR0 hcosh(AT) AR cosh(/\T) ’
the matrix Sg takes the form

So=A (<¢jﬂ/’i>L2(0T + (W5, >L2 0,T) (g 71/’Z'>L2(07T)> = A (I +@T) '

1<i,j<N
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Interpolated Formulation

Finally, we discuss the operator discretizations related to the interpolated formulation.
In order to compute Sy, we use an approach based on Fourier series, and write the
basis functions ¢;(t) in the form

Zak sin Mk Zﬁk cos )

Then we know from Equation (4.25), that the system matrix admits the following rep-
resentation
7~ (A8 +al”) (XT8Y + e
81/2 —\2 Z AT+ pug,
=0 1<i,j<N

as an infinite sum. To realize this matrix numerically, we will truncate this sum at a

()

sufﬁmently large index, so it only remains to compute those coefficients. For ozk and
je{l,..,N —1} we get

T
oz,(fj)—;/ Sln t)dt
0
t; ti+1
_ % / (HTH) sin (uk) dt + / (%) sin (g %) dt
i1 tj
¢
() e ) Y s
- T h 223 N E ge
T bor o, T
t.
thrl — tj (— cos (,uk%)) . a 1 (_ cos Mk%)) dt
+ h LE B _E Gk
T " T
J t;
) t; tit1
= — cos (Mk%) Ty / cos (pk %) dt + cos <uktT> —% / cos (pr) dt
k

ti—1 tj
=z (st ), = sin () )
“i*))
).

2N 9 ¢ . tj1 :
= — (2sin (pp ) —sin ~1) —sin
H
(9)

If j = 0or j = N, the computation of the respective value oy’ only involves one integral,
instead of the two we solved earlier. Taking this changed behaviour at the boundary
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into account we arrive at

2 (sin (ue8) — s (1) + ). 50
ag) = iN (2sin (u;f%) - sin< Jfl> — sin <ukt”%>) , ifje{l,..,N -1},
k
2N (o t : - e
E(&n(uk%)—&n( NT1>>, ifj=N

Similarly, to compute (] ) , a similar integral has to be solved, where sin (Mk %) is replaced
by cos (NkT) We skip the computation, and only state the resulting formula

25 (e () — o (1)) =0
BY) — % (2cos (uk%’) - COS( H) — cos (Mk J“)) , ifje{l,..,N-1}
%(Cos(uk%")—cos<u tNT1>+(_T1)k), if j =N.

Next, we discuss how to discretize Ay 9, By 3, Dy /3. Naively, we could choose as discrete
spaces Yy /5, = SE(0,T) N Hy>(0,T) and Pyjp), = SH(0,T) N Hy*(0,T). If we then
define

H : HL . -1
K™= (<(pj’HT(pj>L2(O’T)>O<ij<N’ Ko = <<(‘0j’HT Spi>(07T)>0<ij<N’

the Equations (4.19), (4.20) and (4.21) from Section 4.3 result in the matrix approxima-
tions

A= —K 010 —i—)\MO 0

D, = 0 + )‘Mo,,o ,

By = Ko,;,o + )‘Mo,;,0~
But it is important to note that as discussed in [31, §3.3], this naive approach for

approximating Bj /5 yields an unstable numerical scheme, regardless of the specific choice

of A > 0 and the mesh size h > 0. Thus, we do not expect 81/2 = B1/2A1/2B1/2 to
remain elliptic as h — 0. As a remedy we can enrich the approximation space P35, by

replacing it with Py 9 p,/0 = Sh/Q(O T)N Hl/Q(O, T). We denote the related matrices by
A3 € RAVEN, B2 € RIVAN and define

1/2
Sz = (BU2) ' (AM2) B2

In order to assemble Bh/ 2 ¢ RINXN , we can just assemble By € R2VX2N gimilar to
the naive approach, but on the finer mesh, and multiply B,/ from the right-hand side

with the matrix representation of the interpolation

I S30,7) N Hy(0,T) — S} 5(0,T) N Hy?(0,T),

yh( ) if £ is even,
Ih/2 kh = )
( h yn)( 2 ) % (yh<(k+1) )+ un (M)) , if k is odd.
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This matrix representation is given by

0.5
1
0.5 0.5

1
/2 _

h 05 0.5 e RPN,

0.5 0.5
1

Another approach ensuring stability is based on the modified Hilbert Transformation,
which acts as an isomorphism Hr : Yj o — Py /5 in the continuous setting. Thus it makes
sense to consider the discrete ansatz spaces

Y1 2, = span{p1, ..., on} C Yo, Pf-/[;h = span{H7p1, ..., Hron} C Pijs.

Using elementary properties of the modified Hilbert-transformation, it further follows
that

Ai_% _ <<A1/2(HT<PJ‘)’ (HT‘Pi)>(o,T))1§Z‘,j§N

= <_<%(HT<PJ'): H:FI(HT%»(@,T) + (Hrej, HT%‘>L2(0,T)>

1<i,j<N
= (<¢)j7HTg0’i>(07T) + (%5 ‘Pi>L2(0,T))
= K5, + AMgl, =Dyp.

1<i,j<N

Next, let us denote by M7 € RV*N the matrix
M = <<§0j7/HTSDi>L2(07T))

then B?/g takes the form

By = (<¢jaHT90i>(O,T) + <(pj’/HT%>L2(O’T)>

0<i,j<N’

= K+ AM}T
1§Z7]§N MY M

Finally, we denote by Si'% the matrix

S = (Blf5) (A1) Bl (21) Dibels

5.2 Matrix Properties

The numerical realization of the matrices S and S can be challenging, especially in the
space-time setting, regardless of the specific formulation. Thus one can also replace the
S matrix with the spectrally equivalent D matrix, as proposed in [23]. For the model
problem we are considering, all matrices can be realized efficiently, therefore the aim of
this section is to actually analyze the spectral equivalence between the S matrices and
the D matrices, which is usually not possible in the space-time setting.
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Primal and Adjoint Formulation

We will analyze the following four generalized eigenvalue problems:

S1y = uD1y, (5.3)
Soy = Doy, (5.4)
gly = uDyy, (5.5)
Soy = 1Dy (5.6)

Before we analyze the first eigenvalue problem, we state an useful auxiliary result.

Lemma 5.1. Let S,D € RNY*N be symmetric matrices, and assume D is invertible.
Further, assume that there exists some w € RY such that S = D +ww'. Then there
are N linearly independent solutions to the generalized eigenvalue problem

Sy = uDy, (5.7)

with (N —1) of those eigenvectors being orthogonal to w, and corresponding to the eigen-
value p = 1. The remaining eigenvector can be chosen as y = D™lw and corresponds to
the eigenvalue a

uw=1+ <D_1Q,Q>2.

Proof: Using S = D + ww', Equation (5.7) is equivalent to
(D + ww )g pDy
& (b 1)Dy= (y.w),w.

Therefore, all eigenvectors orthogonal to w correspond to p = 1, and the geometric mul-
tiplicity is (/N —1). If y is not orthogonal to w, Dy and w have to be collinear. Without
loss of generality, y = D~ 'w. Then it immediately follows that p = 1+ <D_1w, M>2-

In Section 4.1 it was shown that the operator S : Y7 — Y|* is elliptic and bounded
with ¢ = 1 and ¢§' = 1+tanh(AT). Since S; was the matrix resulting from a conformal
discretization, we know that the eigenvalues corresponding to the generalized eigenvalue
problem (5.3) are also bounded by 1 and 1+tanh(AT"). To compute the exact eigenvalues
note that

S1- Dy = ($Abl + (Kbl + (Kio) ") + AMEL, ) — (Al + ML)
(Ko o, T (Koso,) > = eyen,

where ey = (0,...,0,1)T € RN, Therefore Lemma 5.1 implies that the minimal eigen-
value correspondlng to the elgenvalue problem (5.3) is still fimin = 1, and the maximal
eigenvalue is given by pimax = 1—|—<D1 en, €N>2 Denoting by D; the matrix D, without
its last column and its last row, it further follows from det(D1)D; ! = adj(D;) that

~

det(Dl)

/.Lmax—1+<D1 €N7€N>2 1+m
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Recall that

Dy = FAglo, + Mo,

G+ 30 ()
h 2

) Grah e

1 | M
(= + %)

and let us define a = (3 + %), b= (—+ + %) and ¢ = (& + %4'). Further, we
introduce dy as

~~
eRNxN

Then applying the Laplace expansion rule for determinants once for the last row, and
then for the last column of Dy implies

det(D1) = cdy_1 — b*dn_o,
and then by definition of dy we also have det(ﬁl) = dn_1, therefore

det(ﬁl) dn_1 1
Hima + det(Dy) + cdy_1 — b2dn_2 + c— deN;Q

dn_1

(5.8)

It remains to find a suitable representation of dy. For that purpose, note that dy
satisfies the recurrence relation dy = ady_1 — b>dn_2, together with the initial values
do = 1 and d; = a. Denoting by

a
= -4/ — -2
my/2 9 4

the solutions of z2 = ax — b2, one can show that dx takes the form

o n{\/+1 o néVJrl
N = —-—
m—"n2

We conclude that the maximal eigenvalue is given by

1
c— 12 <77{V*1*77§V*1) '

Y —nd¥

HPmax = 1+
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For the analysis of the eigenvalue problem (5.4) we can also use Lemma 5.1, since we
have already shown that So = A\h (I + %T) and Dy = AhI, hence

50Dy (i) (v37)

Thus, with w = v Ahg, Lemma 5.1 implies that pmin = 1 and

pmax = 1+ (Dg w, w) = 1+ ||

To simplify this formula note that

therefore

€XT N N-1
—Atic1 = At —)\t t -‘rh)
BpY) cosh(\T) ;(e e )= Ah cosh(AT Zz; y
N-1 _ N-1 :
)\T( —e Ah)Q 672)\15 _ >\T )\h)2 Z ( 72)\h)l
“Ahcosh(AT) )\h cosh )\T)

=0

—2>\Nh eAT(l —e /\h) (1 . e—QAT)

HNM

)\T(l —e Ah)Q

Ah cosh()\T) 1—e 2~ X\h cosh(AT)(1 — e~ M) (1 4 e=*h)
_ (M)A tanh(%})

— tanh(\T
)\Tcosh()\T) (1—|—e—>‘h = tanh(AT) A

fimax = 1 + & tanh( 1y tanh(\T). (5.10)

Note that % tanh(%) — 1 as h — 0, therefore we know that the maximal eigenvalue
Imax actually converges towards 1 4 tanh(AT"), as we would expect.

Spectral Equivalence Constants

Spectral Constants S; <> Dy  Spectral Constants Sy <+ Dy

I I I I I I I I I | Mmir“N _ 10

— Mmin, N =20

— Hmin, N =40

— Mmin, NV = 80

N Hmax; N =10

Hmax; N =20

~ Hmax, N =40

! ! ! ! 0 ! ! ! ! — Hmax; N =380

20 40 60 80 0 20 40 60 80 |---1-+tanh(AT)

Spatial Eigenvalue A Spatial Eigenvalue A T 1

"""" Hmax, exact

Figure 5.1: Minimal and maximal eigenvalues corresponding to the generalized eigen-

value problems (5.3) and (5.4) for T' = 1.5.

Figure 5.1 shows the minimal and maximal eigenvalues pmi, and pmax associated to

the generalized eigenvalue problems (5.4) and (5.4) for different mesh sizes. Note that
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the theoretical predictions of the eigenvalues and the numerical results match perfectly.
Further, notice that for a fixed A > 0, the maximal eigenvalues seem to converge towards
1 + tanh(AT) as h — 0, which is expected for the eigenvalue problem related to primal
formulation, and is proven for the eigenvalue problem related to the adjoint formulation.
In contrast, for a fixed A > 0, the maximal eigenvalues seem to converge to 1 as A — 0,
and as A — oco. This behaviour is to be expected for the primal eigenvalue problem, since
for A = 0, both S; and D; are dominated by A(l)};oﬁ and for A — oo both matrices are
dominated by M(l)’l;&. For the adjoint eigenvalue problem, this behaviour is an immediate
consequence of Equation (5.10).

Next we want to analyze the eigenvalue problems (5.5) and (5.6). Recall that S, is
given by

T ~
S1 = BB = 3Apl + (K(l),l;o, + (Koro,) ) +AMgo .

where M denotes the perturbed mass matrix defined in Equation (5.2). To interpret
this matrix, let @9 : L2(0,T) — SP(0,T) denote the L?-Projection onto the piecewise
constant functions. Then it turns out that

rll _ 0 0
M = <<Qh¢ja Qh@i>L2(0,T))0<i J<N )

meaning that this is the mass matrix we would obtain when working with the projec-
tion of the basis of S}(0,T) onto SY(0,T) instead of directly working with the basis of
S}L(O, T). Even though we know this compact representation of él, it is not obvious how
to analytically derive the eigenvalues for the eigenvalue problem (5.5), and the same
holds for the eigenvalue problem (5.6), since we do not even have such a simple repre-
sentation of Sg. Still, we can at least show that the spectra related to the eigenvalue
problems (5.5) and (5.6) are identical. For that purpose we denote by

the discrete version of the time flipping operator, which satisfies RT = R™! = R.
Next we note that both B; and By are persymmetric, meaning that B; = RBITR and
By = RBJR. Further, note that by definition of B; and By we have B; = By. For the
matrices A1, Ag, D1 and Dy we note that A; = Dg = RA1R, as well as Ag = RD{R.
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Thus we conclude that

Soy = uDoy
& Bj A, 'Byy = uDoy
& B{RD,'RBy = uA1y
& RB;D,'B{ Ry = yRA;Ry
& BnglBlT; = uAiz (z=Ry)
& D;'v =By AiBy v (b=Biz)
< D;'v=u(B{AT'B1) v
& B/ A 'Biw = uDow, (w=Dg'v)
& S1w = uDyw,

so the eigenvectors follow the relation w = D, 1BIRQ, and the eigenvalues agree.
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Figure 5.2: Minimal and maximal eigenvalues corresponding to the generalized eigen-
value problems (5.5) and (5.6) for 7" = 1.5.

In Figure 5.2 the minimal and maximal eigenvalues corresponding to (5.5) and (5.6)
respectively are shown, which agree as we have shown before. We also observe for fixed
A > 0 pointwise convergence to 1 and 1 + tanh(\T') respectively as h — 0. But in
comparison to the eigenvalues depicted in Figure 5.1, the minimal eigenvalue is not
bounded from below by 1. Instead, for A = 0, the minimal eigenvalues all begin at 1,
and then as A — oo they converge towards an h-dependent limit lower than 1. Due to
the structure of S and Dy, the minimal and maximal eigenvalues converge towards the
extremal eigenvalues of the eigenvalue problem Mé};og = uM(l)};og as A — oo. In fact,

using the definition of the matrices 1\~/I(1)71;07 and M}J};Q, this means that

2 2
—HQ%ZhHLQ(O’T) lim Nmax()\ h) = sup HQ?LZhHLQ(QT)

lim pimin(A,h) = _in
m pain(A, 2) 02ain |znlieor) A oz enlzzon
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Remark 5.2. If it is possible to realize the system matrices S1 and Sg exactly, as
it is the case in our simple model problem, it is of course preferable to use them for
the computation of the optimal discrete state. But if the computation is not that easy,
Figure 5.2 suggests that using Sy and Sy instead also yields a stable scheme, supposed
that h > 0 is chosen sufficiently small. Alternatively, one could also replace S1 and Sy
by Dy and Dy respectively, since they are spectrally equivalent, as shown in Figure 5.1.

Interpolated Formulation

We want to analyze the generalized eigenvalue problem
Sl/QQ: MD1/2Q7 (5.11)

and the ones where S, /5 is replaced either by S, /2 Sh/ % or S?fg Since it is not clear how

to compute the respective eigenvalues exactly, we only inspect the numerical results.
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Figure 5.3: Minimal and maximal eigenvalues corresponding to the eigenvalue problem

r ST

(5.11) for T'= 1, and the ones where S, , is replaced by 51/2, éh; 1/2°
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In Figure 5.3 the minimal and maximal eigenvalues depending on the spatial eigenvalue
A are depicted for all relevant generalized eigenvalue problems. In the upper left plot,
we see that the spectral equivalence constants are bounded by % and 1. In light of
Lemma 2.4, this strongly suggests that the sharp inf-sup constant in Lemma 3.3 is not
%, but rather % The behaviour of the largest eigenvalue is similar in all four eigenvalue
problems, it is 1 for A — 0, then decreases slightly, before increasing again and seemingly
converging towards 1 as A — 0. In particular, it is bounded by 1 in all four scenarios.
In contrast, the minimal eigenvalue is only bounded from below by % when working
with the exact system matrix S;/5. As mentioned in the last section, using the matrix

Sl /2 from the naive approach results in an approximation which is not inf-sup stable,

as it can be seen from the lowest eigenvalue in the respective plot. In comparison, both
h/2 =H
1/2 S1/§

matrix Sy /o, the minimal eigenvalue is closest to 1 for the matrix S

show improved lower bounds. Aside from the exact system

h/2
1/2°

the matrices S and

Remark 5.3. Since the computation of the exact matriz Sy 5 is already difficult for our
stmple model problem, and merely possible via an approrimation using Fourier series,

1t becomes intractable for problems involving space and time. Instead, one has to either
use §"% or §¥r S
1/2 1/2°

can also replace Syo by D)o as described in [23].

since Sy /5 does not provide a stable approzimation. Alternatively, one

5.3 Open-Loop Regularization

In this section we will compare the optimal states obtained by solving the primal, the
adjoint, and the interpolated formulation on the discrete level. Regardless of the formu-
lation in use, we always solve a variational formulation where we aim to find y, € Y}
such that

<yh7vh>L2(o,T) + 0(Syn, Uh)(o,T) = <gd>vh>L2(0,T)> (5.12)
with 4 = yq4 + ye denoting the sum of the desired target y4 and the homogeneous
extension y. of the initial value yg. Depending on the formulation, we either use Sy, Sy

or Sy/; together with the appropriate discrete ansatz spaces. Using Lemma 2.8, which
states that

. 2 2
lyn + ye = vl 20y < 1y + ve — wall 20,y + inf \/Hy—vhnp(o;r) + olly — vnlls:
vRLEYR

one can transfer the error estimates for y from the continuous setting to the discrete
setting, but then they depend on both the regularization parameter ¢ and the mesh size
h. With the aim of achieving a convergence of y, to the target yg with respect to h as
h — 0, we can derive necessary relations between the regularization parameter o > 0
and the mesh size h > 0 depending on the used formulation, as it is done in [23]. Instead
of proving all technical details related to these error estimates, we will only provide the
key arguments, and check the plausibility of those claims numerically.
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Proposition 5.4. Let y,(ll) € H&(O,T) be the unique solution of the discrete primal

formulation. Choosing o = ch?, it holds for all s € [0,2] that

1
Hy}(z ) + Yo — deLQ(O,T) < ChSHyd - yeHHS(O,T)’

given that yq € H*(0,T), with the additional constraint y(0) = 0 for all s > 3, and
Y(T) + Ay(T) =0 for s > 3.

Proof: We will use Lemma 2.8 and Corollary 2.7 for the proof. We denote by y(*) the
solution of the continuous problem, and note that y, is smooth, hence y. € H*(0,T) for
all s > 0. First assume that y; € L?(0,T), then

1 1 1 2 1 2
195" = e + vall 2.2y < 1™ + v = all 20,1 +\/ ly P20y +  elly®lls,
Slya—yell 20,1 SHyd*yeHiz(oyT) S\\yd—yelliz(Qﬂ

1
= (108" = ve + vll 2.1y < (14 V2l = vell 2 0.1

If yg € H'(0,T) with y4(0) = yo we have g = yqg — ye € H(%’(O,T), so we can use the
L?-projection vy, = Q,lly(l) to obtain

1 2 2
1y = ve + vall 2o,y < 19D + e — vall 201y W Iy = onllzar) + 0lly™ — vnlls,

SQl/Qnyd_ye”sl SChQHy(l)”?{l(o,T) SCllyﬁ)”iﬂ(oﬂ")

Since we know that ||| g1 1), HHH& (o,r) and |[-[|g, are all equivalent norms in the space

H&’(O,T), and that ||y(1)||51 < |Ya — Vellg,, we further conclude

1
Iy — e + yall 2o <€ (@1/2 +Vh?+ Q) lva = Yell mrro,ry < Chllya = Yell go,my»

where we have used ¢ = ch? in the last step.
Finally, assume that y; € H?(0,T) with y4(0) = 0 and 94(T) + Aya(T) = 0, then
S1(ya — ye) € L*(0,T), thus choosing vy, = Q}Ly(l) yields

(1)

1 2 2
198" = ve + vall 2.2y < 19D + v = wall 20,1 +\/||y<1> —nllr2om) + 0 Iy —walls, -

<ellS1(ya=ye)ll L2 (0,1) 50h4||y(1)”§12(0,T) gChQHyU)H?{g(O’T)

Using that ||Sy) Ir20,m) < 151 (¥a = ye)ll 20,7y, Which can be shown in a similar fash-
ion as the estimates in Lemma 2.6, and that |S1-[| ;207 and ||| g2(o 1) are equivalent
norms, we finally obtain

1
19 = e + vl 2oy < € (0+ VAT+ 082 llya = vell 20,y < CH* e = vell 0.1y

where we have again used o = ch? in the last step. The rest of the claim follows from
interpolation of these three inequalities. ]
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Proposition 5.5. Let y}(LO) € L%*(0,T) be the unique solution of the discrete adjoint
formulation. Choosing o = 0, it holds for all yq € H*(0,T) with s € [0, 1] that

0 S
19" = vl ooy < Nyl oy

Proof: We denote by y(© the related solution of the continuous problem, and will again
utilize the estimates from Corollary 2.7 for the proof. If we choose ¢ = 0, we know that
ly© — yd”L2(0,T) = 0, such that Cea’s Lemma reduces to

0) : 0) _
1y = ydll 201y < vheéréfo,T) ly ol 207y

Choosing the L?-projection vj, = Q%y(o), and assuming that yg € H*(0,T) does imply
y0 € H5(0,T), and that ||y(® HHS(O 7y can be bound from above by C'||deHS(07T) we get

0 s S
19 = vall 2oy < 199 = QN 20y < RNl ooy < CH il ooy O

Proposition 5.6. Let y,(Ll/2) € H&/Q(O,T) be the unique solution of the discrete interpo-

lated formulation. Choosing o = ch, it holds for all s € [0,1] that

1/2 S
195 + ye = all 1201y < CR°llba = Yell = o2

given that additionally y4(0) = yo holds if s > %

Proof: We will use make use of the abstract framework described in Corollary 2.7 once
more. For s = 0 the estimate from the proposition follows similarly to the estimate from
Proposition 5.4. Now let us assume that (yq — ye) € H&M(O,T), then we can use best

approximation results for the L2-projection and Cea’s Lemma as we have done in the
proof of Proposition 5.4 in order to show

1/2
lys " + ye — vall 200y < CP+Vh+ 0)llya = Yell a0y < CP2llya = vell /o,y

where we have used ¢ = ch in the last step. Similarly, if yq € H'(0,T) with y4(0) = o
we know that

1/2
95" + ve = vl 2o ry < € (0+ VI + 0R) la = vellgs o) < CPlva = ell o,y
if we again use the relation o = ch. O

In order to numerically test those estimates we compute the L2-error for targets with
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varying regularity. We choose T' = 5, A = 1.5, yo = 0.5 and consider the targets

2, if t <0.5T
ya1(t) = { 0.5, if 0.57 < ¢ < 0.75T € HY?75(0,T),
0.5+t —0.75T, if 0.75T <t
a2 (t) = yo + €/t € C=(0,T),
yas(t) = yo +Vt € H5(0,T),
Yaa(t) = yo + e/t — 1€ C=(0,T),
(Ao — 1) +e* (A + 7))
14+ AT

Yyas(t) =yo +e/t —1 - t e C*(0,T).

Then yq,; has jump discontinuities, and the lowest regularity with y;1 € H 1/2=2(0,T)
for all € > 0. The target yq3 has a higher regularity with € H*=¢(0,7) for all £ > 0.
The remaining targets yq2, y4.4 and y45 are all smooth, but only y44 and yg5 satisfy
the initial condition y4(0) = yo = 0.5. Further, y45 is the only target that also satisfies
the terminal condition y45(T") + Ayq5(7") = 0 in addition to the initial condition.

101 5\\\\‘ T T \\\H‘ T T \\\H‘ T T \\% 1
i 1= lyar — vl 20
107 EE="= [ _ @ I
e 1 g ] Yd 2 y,&? L2(0,T)
%10 s 17 lvas — ypsllzzom)
— | i 1
221072 5 lyaa — yiall 2 0.y
Z F s ]
T 11 lyas = vhallzoim)
T, B 11--- N-L/2
2 10 ? é o N71/2
10_5 § E R N—l
:\HH\ Lol Lol \\\\\: N73/2
10t 102 10° N2

Degrees of Freedom

Figure 5.4: L%(0,T)-Error of 5 targets for primal formulation with varying regularity,
together with the anticipated error rates (dashed lines).

Figure 5.4 illustrates the L2(0,T)-error related to the solution of the discrete primal
problem for the different targets. As we would expect, the error related to the target y, 1
asymptotically converges to 0 with a rate of N~1/2 in terms of the degrees of freedom, or
with a rate of h}/2 in terms of the mesh size, due to the low regularity Y1 € HY?=2(0,T).
Even though the target yq2 is smooth, the error asymptotically also behaves like h1/2
due to the mismatch of the initial values. For yg,3 € H'7¢(0,T) the initial condition is
satisfied, therefore we asymptotically observe linear order of convergence. The target
Yd,4 is smooth and satisfies the initial condition, but not the terminal condition specified
in Proposition 5.4, therefore the error only behaves like h%/2. Finally, the target Yd,5



76 5. Numerical Analysis

is smooth, and satisfies both the initial and the terminal condition set forth in the
proposition, therefore the related convergence rate is quadratic.

[T T T TTTTT T T
10 V= lya1 - 5%z
S10-! i 1™ ya,2 — y}(l?%HL?(O,T)
S 117 lvas — vl ooy
S21072) 11+ yaa = vz )
T) i ] Hyd,5 - y}(l?%HL?(O,T)
S0 S
L 40 N-l
10743‘”‘ L L s N1
10! 102 103 N1

Degrees of Freedom

Figure 5.5: L%(0, T)-Error of 5 targets for adjoint formulation with varying regularity,
together with the anticipated error rates (dashed lines).

The resulting errors when using the adjoint formulation are depicted in Figure 5.5. As
stated in Proposition 5.5, the error related to the target yq1 € HI/Q*E(O, T) asymptoti-
cally converges to 0 like h!/2, while all other errors admit a linear order of convergence
due to sufficient regularity. So in contrast to the primal formulation, the initial and
the terminal condition do not matter at all, and the best order of convergence we can
achieve is a linear one. The error rate related to the adjoint formulation is only superior
to the rate related to the primal formulation for the second target y4 2, which is smooth
but does not satisfy the initial condition.

FrTTTTT T T TTTTT] T T T TTIT] T T 1TT1TH
= m 1 2
. 117 Nlyas — y,(ll/ )HL?(O,T)
. i ) 1/2
S 100 = lvaz = 9547 20
N r E 1/2
5 1= lwas — 9542 2 om)
= " 1 1/2
5 01| 11 waa = ve4 2.
o3 F ] 1/2
= F 1 ||yd,5 - 91(15/ )||L2(0,T)
L L N N71/2
_3510*2 g 1l--- N-1/2
_ [ J1___ Nfl
10_3:\\\\\ Lol Lol [ | Nil
10! 102 103 N-1

Degrees of Freedom

Figure 5.6: L2(0,T)-Error of 5 targets for interpolated formulation with varying regu-
larity, together with the anticipated error rates (dashed lines).
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The errors obtained by using the interpolated formulation are shown in Figure 5.6.
As we have also seen when working with the other formulations, the error related to
the target yq1 converges to 0 with a rate of h/2. Similarly, the error related to Yd,2
asymptotically converges to 0 with the same rate h'/2 due to the mismatch in initial
conditions, even though the rates on the plot depict a slightly improved behaviour for
the refinement steps shown here. All remaining targets satisfy the initial condition and
are at least in H'7¢(0,T), therefore they all asymptotically admit a linear order of
convergence, which is in agreement with the results shown in the plot. As it was the
case when working with the adjoint formulation, a linear order of convergence is the
best rate that can be achieved. But in contrast to the adjoint formulation, the initial
condition also influences the order of convergence. Finally, note that the error rates for
the first three targets yq4.1, ya,2 and y4 3 are the same as for the primal formulation, and
for y44 and y4 5 they are the same as for the adjoint formulation.

Primal Formulation Adjoint Formulation

T T T T T T
21 1 2] === s
- 7;’\
<]
E m
n 1 41 /_\ .
0 | | | O | | |
0 2 4 0 2 4
Time ¢ Time ¢
Interpolation Formulation
— Yn, 0= 1
T T T 1
- Yn, 0= 3
2| Jz==m===sg 2 — Ymo=jg
= ' — Yn,0= %
% — Yn, 0= 1g
& 1 : — Y 0=
 Yn 0= 6L4
Y, 0= 733
- | | --- Yd,1
0 2 4
Time ¢

Figure 5.7: Comparison of different open-loop controls for the target y4 1.
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We conclude this chapter with a visual comparison of the optimal states obtained
from each of the three formulations. Figure 5.7 shows the resulting trajectories for
different choices of the regularization parameter ¢ > 0 and the target y; ;. In order to
make the visualizations comparable, we have also used a non-zero regularization ¢ > 0
for the adjoint formulation. For large values of p the plots seemingly show that the
trajectories associated with the primal and the interpolation formulation admit multiple
kinks, but this is only an artefact from the coarse discretization. As ¢ — 0 the mesh size
is adapted suitably, therefore the kinks seemingly disappear. In contrast, the trajectory
related to the adjoint formulation actually admits discontinuities. As we would expect,
all three trajectories converge to the target trajectory pointwise in regions where yq
is continuous. Still, one can visually see that the interpolated formulation allows for
steeper slopes in comparison to the primal formulation, leading to a faster reduction
of the L?-Error. Further, we can clearly see that only the trajectory associated to the
primal formulation satisfies the terminal condition ¢(7") + Ay(T) = 0, which translates to
the condition of the optimal control converging to 0 as t — 1. Moreover, note that the
trajectory related to the adjoint formulation does not satisfy the initial condition, since
it is incorporated only in a weak sense. Even though this may seem as an advantage due
to the improved error rate for mismatching initial values, it makes it difficult to apply
the adjoint formulation in practice, since the related control is possibly a distribution
instead of a classical function. When tracking discontinuous targets, the advantage of
the interpolated formulation is that we obtain an optimal control in form of a function
instead of a distribution, but the related mesh size can be chosen coarser in comparison
to the primal formulation, resulting in dense system matrices of smaller size.

5.4 Comparison of Closed- and Open-Loop Regularization

Finally, we want to visualize the difference between open- and closed-loop optimal control
policies. For that purpose we will only consider the primal formulation, but using MPC
one could in principle also use the interpolated formulation to construct a closed-loop
control policy. We choose T' = 5, A = 0.5, yp = 0.5, o = 0.005 and the discontinu-
ous, but piecewise linear target 141 introduced in the last section. In order to simulate
uncertainty, we also introduce a noise level § > 0 and a sequence of independent Gaus-
sian random variables 7; ~ N(0,62), j € {1,...,N}. Then the respective trajectory is
approximately computed in the points ¢; using the explicit Euler-method

Yj+1 =y + h(uj — Ay; +n5),

with u; denoting the control in the j-th step. For the open-loop control, we compute the
control without any noise, by computing the optimal state v like described in the last
section, and setting up = Biyn + fi. Then we plug the control evaluated in the points
t; into the Euler-scheme to obtain the perturbed trajectory. For the closed-loop control,
we just set u; = wu(tj,y;) using the formula derived in Theorem 4.13. Note that we
do not have to perform the integration analytically, and can use numerical integration
schemes like Gaussian quadrature instead, since the integrand is smooth and bounded.
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Figure 5.8: Open-Loop (OL) vs Closed-Loop (CL) regularization for varying noise levels.

Figure 5.8 shows the results of the numerical experiments, for which we have chosen
N = 500 time intervals, and use varying noise levels § € {0,0.5,5,10}. For 6 = 0,
there is only a very small difference between the trajectories obtained by the open-
and closed-loop control strategies, which is an artefact from the discretization. On the
continuous level, those trajectories would coincide without the presence of uncertainties.
For increasing noise level we unsurprisingly observe a greater variance in both trajectories
from the open- and closed-loop approach, but apparently the difference to the target
trajectory is way smaller when using the closed-loop control. This is in agreement with
the theory, since the closed-loop approach always applies the optimal control, even if
the state does not follow the preplanned trajectory, while the open-loop approach only
provides the optimal control, given that the current state agrees with the preplanned
optimal trajectory. Further, note that the difference between the open- and the closed-
loop control can be neglected if the noise level § > 0 is sufficiently small. But this is
only possible since the dynamic system associated to the ordinary differential equation

§(t) + My(t) = 0

with A > 0 is asymptotically stable.






6 Conclusions

In this work we have analyzed optimal control problems related to different variational
formulations of the heat equation, namely the primal, the adjoint and the interpolated
formulation. Instead of directly working with the heat equation as a constraint, a spatial
eigenfunction expansion was used to reduce the original control problem to a sequence of
independent control problems, each only constrained by an ordinary differential equation.
For these reduced problems we have derived error and control cost estimates depending
on the regularization parameter, and an optimal closed-loop control for the primal for-
mulation. On the discrete level, we have also derived error estimates using Cea’s lemma,
analyzed the stability of different discretizations and described the optimal relation be-
tween the mesh size and the regularization parameter for all formulations.

The numerical experiments conducted in this work indicate that the adjoint formu-
lation is not suitable for deriving closed-loop control, since it neither allows the point
evaluation of the state, nor allows an incorporation of the initial value in more than just
the weak sense. In contrast, for the primal formulation both open-loop and closed-loop
controls can be derived by means of solving the HJB equation and the optimality system
related to PMP in an efficient way. For the interpolated formulation, it is not obvious
how derive a closed-loop control based on the HJB equation, but both the theoretical
and the numerical results suggest that using Model-Predictive-Control (MPC) could re-
sult in a closed-loop control suitable for discontinuous targets. Since the solution of the
interpolated formulation admits sharper edges around discontinuities of the target in
comparison to the solution of the primal formulation, the mesh size can be chosen larger
while still maintaining a similar error as in the primal formulation. Even though this
larger mesh size can potentially reduce the runtime, it is important to note that this
advantage diminishes if the related system matrices are assembled in a naive way, since
they are dense in contrast to the sparse matrices appearing in the primal formulation.
So in order to fully exploit the larger mesh size, efficient strategies like described in [30]
have to be applied. Another advantage of the interpolated formulation, which facilitates
the combination with MPC, is that the related optimal states do not have to satisfy an
artificial terminal boundary condition. So in contrast to the primal formulation, even
without penalizing the terminal state, the related optimal control does not converge to
0 at the end of the time interval.

We finally conclude that the interpolated formulation could potentially have advan-
tages over the primal formulation when tracking discontinuous targets, especially for
non-linear problems where ordinary closed-loop strategies relying on the HJB equation
are difficult to realize numerically. In contrast, for linear systems and sufficiently regu-
lar targets, it seems that the additional complexity accompanied with the interpolated
formulation does not provide any advantages in comparison to the primal formulation.
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