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Institute of Applied Mathematics

Graz, February 2026





Acknowledgement

First, I would like to thank my supervisor, Univ.-Prof. Dipl.-Math. Dr.rer.nat. Olaf
Steinbach, for his valuable input and support. I am also grateful to Dipl.-Ing. Dr.techn.
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Abstract

Inverse problems for partial differential equations, especially the Helmholtz equation,
arise in a variety of practical applications such as computed tomography, electrical
impedance tomography and magnetometric methods in geophysics. In this thesis, we
study the inverse problem of reconstructing the source of the Helmholtz equation from
Cauchy data, at both a single wave number and multiple wave numbers, in a bounded
domain with Lipschitz boundary. The main objective is to establish uniqueness of the
reconstruction. The source can be determined uniquely from boundary data at a single
wave number if suitable a priori information about the source term is available. By
introducing operators mapping the source onto the Neumann datum and the Dirichlet
datum, respectively, we derive uniqueness results for sources in subspaces of L2(Ω).
In contrast, if the boundary data are known for multiple wave numbers, uniqueness is
guaranteed in the L2–sense without any a priori information. Numerical methods as
well as numerical examples are provided for both, the reconstruction from boundary
data at a single wave number and at multiple wave numbers.

Kurzfassung

Inverse Probleme für partielle Differentialgleichungen, insbesondere für die Helmholtz–
Gleichung, sind in zahlreichen praxisrelevanten Anwendungen von Bedeutung, etwa
in der Computertomographie, der elektrischen Impedanztomographie und bei ma-
gnetometrischen Messverfahren in der Geophysik. In dieser Arbeit wird das inver-
se Problem der Helmholtz–Gleichung zur Rekonstruktion der Quelle ausgehend von
Cauchy–Daten, sowohl für eine Wellenzahl als auch für mehrere Wellenzahlen, in ei-
nem beschränkten Gebiet mit Lipschitz–Rand untersucht. Der Fokus liegt darauf, die
Eindeutigkeit der Rekonstruktion zu zeigen. Die Quelle kann aus den Randdaten zu
einer Wellenzahl eindeutig bestimmt werden, wenn geeignete a priori Informationen
über den Quellterm bekannt sind. Durch die Definition zweier Operatoren, welche
den Quellterm jeweils auf das Neumann Datum bzw. das Dirichlet Datum abbilden,
werden Eindeutigkeitsresultate für Quellen in Teilräumen von L2(Ω) bewiesen. Falls
die Randdaten allerdings für mehrere Wellenzahlen bekannt sind, ist die Eindeutigkeit
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der Rekonstruktion im L2–Sinne ohne jegliche a priori Informationen gegeben. Nume-
rische Methoden sowie numerische Beispiele werden sowohl für die Rekonstruktion aus
Cauchy–Daten zu einer Wellenzahl als auch zu mehreren Wellenzahlen präsentiert.
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Introduction

In practical applications the reconstruction of sources from boundary data measure-
ments for partial differential equations is of interest. It is an essential tool in several
scientific and engineering fields because one can often measure the boundary data and
wants to derive the source term. The task to reconstruct the source from boundary
data measurements leads to a classical inverse problem. Some fields, where this is
of importance, are medicine and geophysics [8, 17]. In [17] Isakov presents a good
overview of applications of inverse problems. For example, in medicine source re-
construction from boundary data measurements is used for medical imaging. Modern
medical applications, where source reconstruction is needed, are computed tomography
and electrical impedance tomography. In computed tomography x-ray measurements
are given and the goal is to derive the density inside the human body. The aim in
electrical impedance tomography is to reconstruct the conductivity and permittivity
distribution of the body. A time harmonic voltage distribution is applied and the cur-
rent distribution is measured via electrodes at the surface. Therefore, the boundary
data are given [17]. An application in geophysics is the geophysical exploration. Here
one wants to reconstruct underground sources such as mineral deposits or oil reser-
voirs from boundary data measurements on the surface of the earth [20]. More details
regarding applications can be found in [8, 17].
One specific inverse problem, which is of interest, is the source reconstruction from
boundary data measurements for the Helmholtz equation. As the Helmholtz equation
describes the propagation of waves, such as acoustic or electromagnetic waves, the
inverse problem of it is commonly used in areas where wave interference and deflec-
tion are studied [8]. The mentioned applications above are specific examples for the
source reconstruction from boundary data measurements for the inverse problem of
the Helmholtz equation.
Existing literature has addressed the reconstruction of sources of the inverse problem
of the Helmholtz equation. In [8] Colton and Kress focus on inverse scattering prob-
lems, where the Cauchy data are given by far field measurements. Their work gives an
overview of fundamental tools and different methods for solving such inverse problems.
A difficulty which arises when dealing with inverse problems is, that in general it is not
possible to reconstruct the source of an inverse problem only from Cauchy data [3]. El
Badia and Ha Duong investigate in [9] the standard inverse problem with the Poisson
equation, which is commonly used in the literature. They prove that a source in L2

can be reconstructed from the boundary data. However, only the harmonic part of the
source can be reconstructed uniquely. Furthermore, they show if one knows a priori,
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10 Introduction

that the source can be represented as a product of two functions, where one is known,
then the source can be determined completely. In cases, where a priori information
is available, there are more contributions in the literature. Isakov considers in [17]
the Poisson equation in R3 with a characteristic function as source. He demonstrates
that the inverse problem is uniquely solvable if the support of the right hand side
is either star shaped or convex in one direction. It is shown in [10] that the inverse
problem for a diffusion equation admits a unique solution if the source is a linear com-
bination of point or dipolar sources. This is motivated by the practical application
of detecting electrostatic dipoles in the human head. Moreover, this work states that
a source given by a characteristic function supported on a finite union of balls with
distinct centers can be uniquely reconstructed by determining the number, midpoints
and radii of the balls. The class of sources, which can be reconstructed, is expanded
in [2] to sources, which additionally satisfy a differential equation. El Badia and Nara
investigate in [11] unique solvability of the inverse problem of the Helmholtz equation if
the source is given as a linear combination of Dirac distributions supported on spheres
in R3. A different perspective arises when the Helmholtz equation is considered, with
boundary data available for multiple wave numbers. In [3] Alves et al. establish that
in this setting the source can be determined uniquely in the L2–sense. If no a priori
information is known at all, Porter and Devaney demonstrate in [24], that the inverse
problem of the Helmholtz equation is still uniquely solvable, if the solution minimises
the source energy and satisfies additionally a corresponding integral equation.
Furthermore, various numerical methods are presented in the literature. Alves et al.
apply a method depending on the reciprocity gap functional in [3]. El Badia and Nara
are interested in reconstructing linear combinations of point sources in [11]. There-
fore, an algebraic approach is derived in order to determine the number, locations and
intensities of the point sources. A method based on fundamental solutions is employed
in [2] to solve inverse problems numerically.
This thesis is organised as follows. In Section 1 we recall several fundamental con-
cepts from functional analysis, Sobolev space theory and Fourier analysis. These
tools provide the necessary framework for establishing uniqueness of the source recon-
struction. Afterwards, the unique solvability of the Dirichlet and Neumann boundary
value problem for the Helmholtz equation and the boundary value problem for a Bi–
Helmholtz–type equation are considered in Section 2. In Section 3 we show that the
reconstruction of the source from a single pair of Cauchy data is in general not possible.
Hence, we discuss the unique solvability of the inverse problem from boundary data
at a single wave number for sources, where suitable a priori information is known.
More precisely, we consider point sources, Dirac distributions supported on spheres
and characteristic functions on hollow or solid balls. This is done in Section 3.1.1.
Then we analyse uniqueness of the source reconstruction using a splitting of the prob-
lem and introducing an operator, that maps the source onto the Neumann trace. We
will compute the kernel and the range of this operator to derive a result for a unique
source reconstruction in a subspace of L2(Ω) in Section 3.1.2. This will be followed by
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an analogous approach, where we introduce an operator, mapping the source onto the
Dirichlet trace in Section 3.1.3. Both approaches lead to a restriction on the bound-
ary data, where either the Dirichlet datum or the Neumann datum has to vanish.
In Section 3.1.4 we overcome this obstacle by using a Bi–Helmholtz–type equation.
In contrast to the case of a single wave number, we receive unique solvability of the
inverse problem in the L2–sense without any a priori information provided that the
boundary data are known for multiple wave numbers in Section 3.2. To illustrate the
theoretical results from Section 3 we discuss numerical methods in Section 4. We start
with an algebraic method to reconstruct point sources in Section 4.1. Finally, the
reconstruction of sources z ∈ L2(Ω) from boundary data at multiple wave numbers is
investigated in Section 4.2. Both numerical methods are complemented by numerical
examples.





1 Preliminaries

In this section we briefly present the fundamental concepts and definitions that will
be required throughout this thesis. First, we introduce Banach and Hilbert spaces,
followed by the notion of Gelfand triples. Next, we give an overview of abstract oper-
ator theory, including compactness and coercivity. Afterwards, we introduce Lipschitz
domains and Sobolev spaces defined over such domains and summarise some well–
established results in Sobolev theory. Finally, we collect some additional tools, includ-
ing results from Fourier analysis and complex analysis, that will be used throughout
the thesis.

1.1 Hilbert spaces

To start with, we denote the underlying field as K ∈ {R,C}. In order to define a
Hilbert space, we first recall the definition of a Banach space and an inner product.

Definition 1.1 ([1, Def. 1.8]). A normed vector space (X, ‖ · ‖X) is called complete if
every Cauchy sequence converges to a limit in X with respect to the norm ‖ · ‖X . A
complete normed space is called a Banach space.

Definition 1.2 ([28, Def. V.1.1]). Let H be a vector space over the field K. A mapping
(·, ·) : H ×H → K is called an inner product if

� (αu1 + βu2, v) = α(u1, v) + β(u2, v) ∀u1, u2, v ∈ H, α, β ∈ K,

� (u1, u2) = (u2, u1) ∀u1, u2 ∈ H,

� (u, u) ≥ 0 ∀u ∈ H,

� (u, u) = 0 ⇐⇒ u = 0.

Any inner product induces a norm by setting ‖u‖H :=
√

(u, u).

Definition 1.3 ([1, p.5]). A Banach space (H, ‖ · ‖H) with a norm induced by an inner
product is called a Hilbert space.

Next, we introduce the dual space of a normed space X.

Definition 1.4 ([28, Def. II.2.1]). The dual space of a normed space X over the field
K is defined as X ′ := L(X,K), which denotes the space of all linear and continuous

13



14 1 Preliminaries

functionals on X. The norm on X ′ is given by

‖α′‖X′ := sup
06=u∈X

|α′(u)|
‖u‖X

.

In addition, we define the duality pairing between α′ ∈ X ′ and u ∈ X by

〈α′, u〉X′×X := α′(u).

A well–established result for Hilbert spaces is the Theorem of Fréchet–Riesz.

Theorem 1.1 ([28, Thm. V.3.6]). Let H be a Hilbert space and let H ′ denote its dual
space. For each α′ ∈ H ′ there exists a unique u ∈ H such that α′(v) = (v, u) for all
v ∈ H. Moreover, it holds that ‖α′‖H′ = ‖u‖H .

In the next step, the Gelfand triple, which was originally defined in [12, Sec.4] is
outlined. For our setting we take a more general definition from [28].

Definition 1.5 ([28, cf. p.468]). Let H be a Hilbert space and let X be a Banach space
with the dual space X ′. Moreover, let X ⊂ H be a dense subspace and the embedding

ι : X → H,

u 7→ u,

is assumed to be continuous. Consequently, the adjoint operator ι′ : H ′ → X ′ is
continuous as well. By Theorem 1.1 we can identify the Hilbert space H with its dual
H ′, i.e., H ' H ′. Altogether, the Gelfand triple is defined as

X ⊂ H ⊂ X ′.

For α′ ∈ H ⊂ X ′ it holds

‖α′‖X′ = sup
06=u∈X

|(α′, u)|
‖u‖X

.

In this framework we are able to extend the notion of eigenvalues to operators,
mapping from X to X ′.

Definition 1.6. A scalar λ ∈ C is an eigenvalue of an operator A : X → X ′ if and only
if there exists u ∈ X \ {0} such that Au = λι′ιu in X ′. In the variational setting this
is formulated as

〈Au, v〉X′×X = λ〈ι′ιu, v〉X′×X = λ〈ιu, ιv〉H×H = λ(u, v)H ∀v ∈ X.
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1.2 Abstract operator theory

We consider the general abstract setting, where H is a Hilbert space with inner prod-
uct (·, ·) and H ′ denotes its dual space. For ease of notation we abbreviate the duality
pairing 〈·, ·〉H′×H by 〈·, ·〉. We begin by defining compactness and coercivity of an
operator.

Definition 1.7 ([28, p.66]). A linear operator C : H → H ′ is compact if and only if it
maps bounded sets to relatively compact sets or if it maps bounded sequences in H
to sequences in H ′, which have a convergent subsequence.

Definition 1.8 ([26, p.57]). An operator A : H → H ′ is coercive if there exists a
compact operator C : H → H ′ such that

〈(A+ C)u, u〉 ≥ cA1 ‖u‖2
H ∀u ∈ H.

This condition is called G̊ardings inequality. With these two definitions we can
formulate the following abstract theorem.

Theorem 1.2 ([26, Thm. 3.15]). Let A : H → H ′ be a linear, bounded, coercive operator
and let A be injective, i.e., Au = 0 implies u = 0. Then the operator equation Au = z
has a unique solution u ∈ H satisfying

‖u‖H ≤ c‖z‖H′ .

1.3 Sobolev spaces on Lipschitz domains and some

properties

In this section we introduce the function spaces required in this thesis and state some
key results regarding their properties. This section is mostly based on [26]. First, we
start by defining Lipschitz hypographs and consequently Lipschitz domains. Therefore,
we consider an open set Ω ⊂ Rd with d ∈ N.

Definition 1.9 ([26, p.20]). Let ζ : Rd−1 → R be a Lipschitz continuous function such
that

Ω = {x ∈ Rd : xd < ζ(x̃) for all x̃ = (x1, x2, ..., xd−1) ∈ Rd−1}.

Then Ω is said to be a Lipschitz hypograph with the boundary

∂Ω = {x ∈ Rd : xd = ζ(x̃) for all x̃ = (x1, x2, ..., xd−1) ∈ Rd−1}.

Definition 1.10 ([26, Def. 2.1]). An open set Ω ⊂ Rd is a Lipschitz domain if its
boundary ∂Ω is compact and if there exist finite families {Wj} and {Ωj} satisfying
the following properties:
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� The family {Wj} is a finite open cover of ∂Ω, i.e., each Wj is an open subset of
Rd and ∂Ω ⊆

⋃
jWj.

� Each Ωj can be transformed to a Lipschitz hypograph by a rigid motion, i.e., by
rotations and translations.

� For all j the equality Wj ∩ Ω = Wj ∩ Ωj is satisfied.

Remark 1.1. If the boundary parametrisation satisfies ζ ∈ Ck,r(Rd−1) for k ∈ N0 and
r ∈ (0, 1], we call the boundary k–times Hölder continuous. For the precise definition
of Ck,r(Rd−1) see, e.g. [26, p.20].

For the notation of partial derivatives we use a multiindex α = (α1, ..., αd) ∈ Nd
0 of

order |α| := α1 + ... + αd. For a sufficiently smooth and real valued function u we
denote the partial derivative as

Dαu = (∂x1)α1 · · · (∂xd)αdu.

Moreover, C(Ω) denotes the space of all continuous functions u : Ω→ R and we define
the spaces

C∞(Ω) : = {u ∈ C(Ω) : Dαu ∈ C(Ω) for every α ∈ Nd
0},

C∞0 (Ω) : = {u ∈ C∞(Ω) : supp u ⊂⊂ Ω},

where the support of a function is defined as supp u := {x ∈ Ω : u(x) 6= 0}. Further-
more, recall that the Hilbert space L2(Ω) is the space of all equivalence classes of
measurable, square integrable functions endowed with the inner product

(u, v)L2(Ω) :=

∫
Ω

u(x)v(x) dx ∀u, v ∈ L2(Ω).

The induced norm is given by

‖u‖L2(Ω) =

(∫
Ω

|u(x)|2 dx

)1/2

∀u ∈ L2(Ω).

To define Sobolev spaces properly, we begin by recalling the concept of weak deriva-
tives.

Definition 1.11 ([26, p.23]). For

u ∈ L1
loc(Ω) := {u : Ω→ R : |u| is integrable for any compact set K ⊂⊂ Ω},

the weak partial derivative Dαu ∈ L1
loc(Ω) is defined by∫

Ω

[Dαu(x)]ϕ(x) dx = (−1)|α|
∫

Ω

u(x)Dαϕ(x) dx ∀ϕ ∈ C∞0 (Ω).



1.3 Sobolev spaces on Lipschitz domains and some properties 17

For k ∈ N we consider the norm

‖u‖Hk(Ω) :=

∑
|α|≤k

‖Dαu‖2
L2(Ω)

1/2

.

The closure of C∞(Ω) and C∞0 (Ω), with respect to the norm ‖ · ‖Hk(Ω), lead to the
following Sobolev spaces.

Definition 1.12 ([26, p.24]). Let k ∈ N and Ω ⊂ Rd be a Lipschitz domain. The
Sobolev spaces are defined by

Hk(Ω) := C∞(Ω)
‖·‖

Hk(Ω) and Hk
0 (Ω) := C∞0 (Ω)

‖·‖
Hk(Ω) .

This can be extended for any arbitrary 0 < s ∈ R \ N. We can write s = k + κ,
where k ∈ N0 and κ ∈ (0, 1). Then the Sobolev–Slobodeckii norm is defined as

‖u‖Hs(Ω) :=
(
‖u‖2

Hk(Ω) + |u|2Hs(Ω)

)1/2

,

where

|u|2Hs(Ω) :=
∑
|α|=k

∫
Ω

∫
Ω

|Dαu(x)−Dαu(y)|2

|x− y|d+2κ
dx dy.

Therefore, for arbitrary s ∈ R+ the Sobolev spaces are again given by

Hs(Ω) := C∞(Ω)
‖·‖Hs(Ω)

and Hs
0(Ω) := C∞0 (Ω)

‖·‖Hs(Ω)
.

It holds that Hs(Ω) is a Hilbert space. For s > 0 the space H−s(Ω) is defined as the
dual space of Hs

0(Ω) with the corresponding dual norm

‖f‖H−s(Ω) := sup
06=u∈Hs

0(Ω)

〈f, u〉Ω
‖u‖Hs(Ω)

.

Another space that will be used often consists of elements in H1(Ω) solving the ho-
mogeneous Helmholtz equation. This space is denoted as

H1
∆+κ2(Ω) := {u ∈ H1(Ω) : ∆u+ κ2u = 0 in L2(Ω)}. (1.1)

In the remaining part of this section we state some properties for Sobolev spaces,
which will be applied later in the analysis of this thesis. We begin with the Poincaré
inequality.

Theorem 1.3 ([21, Thm. A.6]). Let Ω ⊂ Rd be a bounded domain. Then there exists
a constant cp = cp(Ω) such that

‖u‖L2(Ω) ≤ cp‖∇u‖L2(Ω) ∀u ∈ H1
0 (Ω).
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Remark 1.2 ([21, p.238]). As a consequence, the norms ‖ · ‖H1(Ω) and ‖∇(·)‖L2(Ω) are
equivalent on H1

0 (Ω).

In the next step we recall some trace theorems.

Theorem 1.4 ([26, cf. Thm. 2.21]). Let Ω ⊂ Rd be a Lipschitz domain. Then for
s ∈ (1/2, 3/2) the trace operator γ̃0 : Hs(Ω)→ Hs−1/2(∂Ω) is bounded satisfying

‖γ̃0u‖Hs−1/2(∂Ω) ≤ cT‖u‖Hs(Ω) ∀u ∈ Hs(Ω).

Theorem 1.5 ([26, cf. Thm. 2.22]). Let Ω ⊂ Rd be a Lipschitz domain. Then for
s ∈ (1/2, 3/2) the trace operator γ̃0 : Hs(Ω) → Hs−1/2(∂Ω) has a continuous right
inverse operator

E : Hs−1/2(∂Ω)→ Hs(Ω),

satisfying γ̃0Ew = w for all w ∈ Hs−1/2(∂Ω). Furthermore, the operator is bounded
with

‖Ew‖Hs(Ω) ≤ cIT‖w‖Hs−1/2(∂Ω) ∀w ∈ Hs−1/2(∂Ω).

For boundary value problems with given Dirichlet and Neumann data, we will use
the following theorem.

Theorem 1.6 ([14, cf. Thm. 1.5.1.2]). Let Ω ⊂ Rd be a bounded domain with a C1,1–
boundary ∂Ω and let γ denote the operator defined by γu = u|∂Ω for u ∈ C∞(Ω).
Furthermore, n is the outward pointing normal vector with respect to Ω. Then the
mapping

u 7→
{
γu, γ

∂u

∂n

}
,

which is defined for u ∈ C∞(Ω) has a unique continuous extension as an operator from

H2(Ω)→ H3/2(∂Ω)×H1/2(∂Ω).

In addition, this operator has a right continuous inverse.

Remark 1.3 ([14, Thm. 1.5.2.1]). The unique continuous extension of the operator in
Theorem 1.6 holds for bounded domains Ω ⊂ R2 with polygonal boundary as well.

If we assume additional regularity of the Laplacian we can extend the trace operators
to the endpoints s = 1/2 and s = 3/2. Therefore, the space

Hs
∆(Ω) := {u ∈ Hs(Ω) : ∆u ∈ L2(Ω)}, s ≥ 0,

has to be introduced.
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Lemma 1.7 ([5, Cor. 3.7]). Suppose Ω ⊂ Rd is a bounded Lipschitz domain. The
restriction of γ̃0 to the space Hs

∆(Ω) induces a well–defined, linear and continuous
operator

γ0 : Hs
∆(Ω)→ Hs−1/2(∂Ω) ∀s ∈

[
1

2
,
3

2

]
,

and it holds that

ker(γ0) ⊆ H3/2(Ω).

Lemma 1.8 ([5, Cor. 5.7]). Let Ω be a bounded Lipschitz domain and let n denote the
outward pointing normal vector. The Neumann trace map defined as u 7→ ∂u

∂n
|∂Ω for

u ∈ C∞(Ω) can be uniquely extended to a linear and continuous operator

γ1 : Hs
∆(Ω)→ Hs−3/2(∂Ω) ∀s ∈

[
1

2
,
3

2

]
,

and it holds that

ker(γ1) ⊆ H3/2(Ω).

Furthermore, we introduce the space

H2
0 (Ω) := {u ∈ H2(Ω) : γ0u = 0, γ1u = 0 on ∂Ω}, (1.2)

which will be equipped with the norm ‖∆(·)‖L2(Ω).

Remark 1.4. The norm ‖∆(·)‖L2(Ω) is an equivalent norm on H2
0 (Ω) since it holds that

‖u‖2
H2(Ω) = ‖u‖2

L2(Ω) + ‖∇u‖2
L2(Ω) + ‖∆u‖2

L2(Ω) ≤ (c2
p + cp + 1)‖∆u‖2

L2(Ω),

where cp is the Poincaré constant from Theorem 1.3.

In the next theorem we recall the Rellich–Kondrachov theorem for the space Hs(Ω).

Theorem 1.9 ([1, cf. Thm. 6.2]). Let Ω ⊂ Rd be a bounded Lipschitz domain. For
integers s ≥ 1 and s̃ ≥ 0 with s > s̃, the embedding

Hs(Ω) ↪→ H s̃(Ω),

is compact.

We will employ this theorem for s̃ = 0 and obtain that the embeddings

H2(Ω) ↪→ L2(Ω) and H1(Ω) ↪→ L2(Ω),

are compact.
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1.4 Auxiliary Definitions and Results

In this section we gather some auxiliary tools as well as some properties. First of all
we define the Fourier transform.

Definition 1.13 (cf. [25, IX.1]). Let f ∈ L2(Rd) and ξ ∈ Rd. The Fourier transform of
f in ξ is defined as

(Ff)(ξ) = f̂(ξ) =
1

(2π)d/2

∫
Rd
f(x)e−ix·ξ dx.

Moreover, there holds the Plancherel formula

‖Ff‖L2(Rd) = ‖f‖L2(Rd). (1.3)

The subsequent lemma is an important property of the Fourier transform.

Lemma 1.10 ([25, Thm. IX.12]). The Fourier transform of a compactly supported
function f ∈ L2(Rd) is analytic.

In addition, we formulate a theorem from complex analysis, which is called identity
theorem.

Lemma 1.11 ([4, Cor. 6.10]). Let f and g be two analytic functions defined on a
domain U 6= ∅. If the set {x ∈ U : f(x) = g(x)} has an accumulation point in U , then
f = g on U .

Finally, Holmgren’s theorem, which is a unique continuation result, is stated.

Theorem 1.12 ([16, Thm. 5.3.1]). Let P =
∑
|α|≤m aα(x)Dα be a linear differential

operator of order m with real analytic coefficients aα defined on an open set Ω ⊂ Rd.
Moreover, let ϕ ∈ C1(Ω) be a real valued function and x0 ∈ Ω such that

pm(x0,∇ϕ(x0)) 6= 0,

where pm(x, ξ) :=
∑
|α|=m aα(x)ξα is the principal symbol of P . Then there exists a

neighbourhood Ω′ ⊂ Ω of the point x0 such that any distribution u satisfying

� Pu = 0 in Ω,

� u = 0 for all x ∈ Ω with ϕ(x) > ϕ(x0),

vanishes in Ω′.
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One of the most important partial differential equations of second order is the Helm-
holtz equation, which describes the propagation of waves, such as acoustic or elec-
tromagnetic waves [8]. It can be derived from the scalar wave equation using a time
harmonic wave with frequency ω [22]. In our framework the inhomogeneous Helmholtz
equation will be given on a bounded Lipschitz domain Ω ⊂ Rd with d = 2, 3, as

−∆u(x)− κ2u(x) = z(x) for x ∈ Ω,

where κ ≥ 0 is the wave number and the right hand side satisfies z ∈ L2(Ω). Further-
more, we consider a Bi–Helmholtz–type equation, which is given by

∆2u(x)− κ4u(x) = z(x) for x ∈ Ω.

In the following subsections we study the Dirichlet and Neumann boundary value
problem for the Helmholtz equation as well as the boundary value problem for the
Bi–Helmholtz–type equation with Dirichlet and Neumann data. Our aim is to derive
unique solvability for these boundary value problems, which is crucial in order to
understand the inverse problem discussed afterwards in Section 3.

2.1 Dirichlet boundary value problem

The subsequent assumptions are imposed throughout this section.

Assumptions 2.1.

(A1) The source satisfies z ∈ L2(Ω).

(A2) The Dirichlet datum fulfils g ∈ H1/2(∂Ω).

(A3) The wave number κ ≥ 0 satisfies that κ2 is not an eigenvalue of the Dirichlet
Laplacian, i.e.,

−∆u(x) = κ2u(x) for x ∈ Ω,

u(x) = 0 for x ∈ ∂Ω,
(2.1)

has only the trivial solution u = 0.

We consider the Dirichlet boundary value problem for the Helmholtz equation, given
by

−∆u(x)− κ2u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω.
(2.2)

21
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The following theorem establishes unique solvability of the Dirichlet boundary value
problem for the Helmholtz equation.

Theorem 2.1. Let g ∈ H1/2(∂Ω) and z ∈ L2(Ω) be given. Under the Assumptions 2.1
there exists a unique weak solution u ∈ H1(Ω) of the Dirichlet boundary value prob-
lem (2.2), satisfying

‖u‖H1(Ω) ≤ c
(
‖z‖L2(Ω) + ‖g‖H1/2(∂Ω)

)
.

Proof. We first rewrite the Dirichlet boundary value problem (2.2) as a variational
formulation. To do so, we consider the Hilbert space X = H1

0 (Ω) with the equivalent
norm ‖∇(·)‖L2(Ω) (cf. Remark 1.2). Furthermore, we define the manifold

Vg := {v ∈ H1(Ω) : γ̃0v = g on ∂Ω},

where γ̃0 : H1(Ω) → H1/2(∂Ω) denotes the Dirichlet trace operator as defined in
Theorem 1.4. Multiplying the partial differential equation in (2.2) with a test function
v ∈ H1

0 (Ω), integrating over Ω and applying integration by parts leads to∫
Ω

z(x)v(x) dx =

∫
Ω

[−∆u(x)− κ2u(x)]v(x) dx

=

∫
Ω

∇u(x) · ∇v(x)− κ2u(x)v(x) dx−
∫
∂Ω

∂

∂n
u(x)γ̃0v(x) dsx

=

∫
Ω

∇u(x) · ∇v(x)− κ2u(x)v(x) dx,

where n ∈ Rd denotes the outward pointing normal vector with respect to Ω. Then
the variational formulation is: find u ∈ Vg such that∫

Ω

∇u(x) · ∇v(x)− κ2u(x)v(x) dx =

∫
Ω

z(x)v(x) dx ∀v ∈ H1
0 (Ω).

Applying the inverse trace theorem (Theorem 1.5) we obtain for the Dirichlet datum
g ∈ H1/2(∂Ω) a bounded extension ug ∈ H1(Ω) satisfying γ̃0ug = g on ∂Ω. Hence, the
variational formulation can be rewritten as: find u0 := u− ug ∈ H1

0 (Ω) such that

a−κ2(u0, v) =

∫
Ω

z(x)v(x) dx− a−κ2(ug, v) ∀v ∈ H1
0 (Ω),

where for any µ ∈ R

aµ(·, ·) : H1(Ω)×H1(Ω)→ R

(u, v)→
∫

Ω

∇u(x)∇v(x) + µu(x)v(x) dx.
(2.3)
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For the following analysis we use the Gelfand triple (cf. Def. 1.5)

H1
0 (Ω) ⊂ L2(Ω) ⊂ H−1(Ω).

In the next step we have to verify the properties of Theorem 1.2 for the operator
A−κ2 : H1

0 (Ω) → H−1(Ω) induced by the bilinear form a−κ2(·, ·). The operator is
given by 〈A−κ2u0, v〉Ω = a−κ2(u0, v). It is linear by definition and the boundedness is
a consequence of the Cauchy–Schwarz–inequality. It remains to show coercivity and
injectivity of A−κ2 . In order to do so, we rewrite a−κ2(u0, v) as

a−κ2(u0, v) = a0(u0, v)− κ2c(u0, v),

where a0(·, ·) is the bilinear form of the Dirichlet Laplacian. This bilinear form is
bounded, symmetric and H1

0 (Ω)–elliptic, which follows from the Poincaré inequality
(cf. Theorem 1.3). Moreover,

c(u0, v) =

∫
Ω

u0(x)v(x) dx = 〈Cu0, v〉Ω,

induces an operator C : H1
0 (Ω) → H−1(Ω). To show compactness of the operator

C let (un)n ⊂ H1
0 (Ω) be a bounded sequence. By the Rellich–Kondrachov embed-

ding theorem (Theorem 1.9) H1
0 (Ω) embeds compactly into L2(Ω), i.e., there exists a

subsequence unk such that unk → u in L2(Ω). Moreover, we get

〈Cunk , v〉Ω =

∫
Ω

unkv dx→
∫

Ω

uv dx = 〈Cu, v〉Ω ∀v ∈ H1
0 (Ω),

which shows that Cunk → Cu in H−1(Ω). Therefore, C is a compact operator. We
can now establish coercivity and injectivity of A−κ2 .

� A−κ2 is coercive:
Adding the compact operator C scaled with κ2 ensures coercivity. This is shown
by

〈(A−κ2 + κ2C)u0, u0〉Ω = a−κ2(u0, u0) + κ2c(u0, u0) = a0(u0, u0)

=

∫
Ω

|∇u0(x)|2 dx = ‖u0‖2
H1

0 (Ω).

Therefore, G̊ardings inequality is satisfied, which implies that A−κ2 is coercive.

� A−κ2 is injective:
In order to prove that the operator A−κ2 is injective, we consider A−κ2u0 = 0 in
H−1(Ω). This implies that

a−κ2(u0, v) = 0 ∀v ∈ H1
0 (Ω),

which is exactly the weak formulation of the Dirichlet eigenvalue problem of
the Laplacian (2.1). Since κ2 is not an eigenvalue of the Dirichlet Laplacian by
Assumption (A3), the only solution is u0 = 0, which shows that A−κ2 is injective.
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As a result, A−κ2 : H1
0 (Ω)→ H−1(Ω) is linear, bounded, coercive and injective. In the

next step we define the right hand side of the variational formulation as

`(v) :=

∫
Ω

zv dx− 〈A−κ2ug, v〉Ω for v ∈ H1
0 (Ω).

If ` ∈ H−1(Ω), then Theorem 1.2 provides unique solvability of the variational formu-
lation and the bound

‖u0‖H1(Ω) ≤ c‖`‖H−1(Ω).

Therefore, we estimate the dual norm by using the Cauchy–Schwarz–inequality, the
Poincaré inequality, the boundedness of A−κ2 and the trace theorem (Theorem 1.4).
Hence, we obtain

‖`‖H−1(Ω) = sup
06=v∈H1

0 (Ω)

|〈`, v〉Ω|
‖v‖H1(Ω)

≤ c
(
‖z‖L2(Ω) + ‖g‖H1/2(∂Ω)

)
,

where c is a generic constant. So far we have

‖u0‖H1(Ω) ≤ c
(
‖z‖L2(Ω) + ‖g‖H1/2(∂Ω)

)
.

Adding ‖ug‖H1(Ω), using the triangle inequality on the left hand side and the trace
theorem (Theorem 1.4) on the right hand side leads to the estimate

‖u‖H1(Ω) ≤ c
(
‖z‖L2(Ω) + ‖g‖H1/2(∂Ω)

)
,

which completes the proof.

2.2 Neumann boundary value problem

Now we want to take a closer look at the Neumann boundary value problem for the
Helmholtz equation. First, we formulate the assumptions for this section.

Assumptions 2.2.

(B1) The source satisfies z ∈ L2(Ω).

(B2) The Neumann datum fulfils f ∈ H−1/2(∂Ω).

(B3) The wave number κ ≥ 0 satisfies that κ2 is not an eigenvalue of the Neumann
Laplacian, i.e.,

−∆u(x) = κ2u(x) for x ∈ Ω,

∂u

∂n
(x) = 0 for x ∈ ∂Ω,

(2.4)

where n is the outward pointing normal vector with respect to Ω, has only the
trivial solution u = 0.
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Let us consider the Neumann boundary value problem for the Helmholtz equation,
given by

−∆u(x)− κ2u(x) = z(x) for x ∈ Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω.

(2.5)

Unique solvability of problem (2.5) is stated in the following theorem.

Theorem 2.2. Let f ∈ H−1/2(∂Ω) and z ∈ L2(Ω) be given. Under the Assumptions 2.2
there exists a unique weak solution u ∈ H1(Ω) of the Neumann boundary value prob-
lem (2.5), satisfying

‖u‖H1(Ω) ≤ c
(
‖z‖L2(Ω) + ‖f‖H−1/2(∂Ω)

)
.

Proof. We start by rewriting the Neumann boundary value problem (2.5) as a vari-
ational formulation. To do so, we use the Hilbert space X = H1(Ω) endowed with
the norm ‖ · ‖H1(Ω). Multiplying the partial differential equation in (2.5) with a test
function v ∈ H1(Ω), integrating over Ω and applying integration by parts leads to∫

Ω

z(x)v(x) dx =

∫
Ω

[−∆u(x)− κ2u(x)]v(x) dx

=

∫
Ω

∇u(x) · ∇v(x)− κ2u(x)v(x) dx−
∫
∂Ω

f(x)γ̃0v(x) dsx.

Using the notation of (2.3) the variational formulation is: find u ∈ H1(Ω) such that

a−κ2(u, v) =

∫
Ω

z(x)v(x) dx+

∫
∂Ω

f(x)γ̃0v(x) dsx ∀v ∈ H1(Ω).

For the following analysis we use the Gelfand triple (cf. Def. 1.5)

H1(Ω) ⊂ L2(Ω) ⊂ H−1(Ω).

In the next step we will verify the assumptions of Theorem 1.2. Hence, we introduce
the operator A−κ2 : H1(Ω) → H−1(Ω). This operator is induced by the bilinear
form a−κ2(·, ·) and given by 〈A−κ2u, v〉Ω = a−κ2(u, v). The operator A−κ2 is linear and
bounded. In order to show coercivity of A−κ2 we use a different splitting of the bilinear
form compared to the Dirichlet boundary value problem in Section 2.1. The bilinear
form a−κ2(u, v) can be rewritten as

a−κ2(u, v) = aκ2(u, v)− 2κ2c(u, v),

where aκ2(·, ·) is bounded, symmetric and H1(Ω)–elliptic if κ2 6= 0. This condition is
satisfied because κ2 = 0 is excluded by Assumption (B3) as it would be an eigenvalue
of the homogeneous Neumann Laplacian with a constant solution u. The bilinear form

c(u, v) =

∫
Ω

u(x)v(x) dx = 〈Cu, v〉Ω,
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induces an operator C : H1(Ω) → H−1(Ω). Compactness of the operator C is shown
as in Section 2.1 but using H1(Ω) instead of H1

0 (Ω). With this compact operator C
we can now show that A−κ2 is coercive and then that it is injective.

� A−κ2 is coercive:
Adding the compact operator C scaled with 2κ2 ensures coercivity. This is shown
by

〈(A−κ2 + 2κ2C)u, u〉Ω = a−κ2(u, u) + 2κ2c(u, u) = aκ2(u, u)

=

∫
Ω

|∇u(x)|2 dx+ κ2

∫
Ω

|u(x)|2 dx

= ‖∇u‖2
L2(Ω) + κ2‖u‖2

L2(Ω) ≥ min{1, κ2}‖u‖2
H1(Ω).

Since κ2 > 0 by Assumption (B3) the constant min{1, κ2} > 0 and hence, we
have shown that A−κ2 is coercive.

� A−κ2 is injective:
In order to prove that the operator A−κ2 is injective, we consider A−κ2u = 0 in
H−1(Ω). This implies that

a−κ2(u, v) = 0 ∀v ∈ H1(Ω),

which is exactly the weak formulation of the Neumann eigenvalue problem of the
Laplacian (2.4) with homogeneous Neumann datum. Since κ2 is not an eigenvalue
of this problem by Assumption (B3), the only solution is u = 0, which shows that
A−κ2 is injective.

Altogether, the operator A−κ2 : H1(Ω) → H−1(Ω) is linear, bounded, coercive and
injective. In the next step we define the right hand side of the variational formulation
as

`(v) :=

∫
Ω

zv dx+ 〈f, γ̃0v〉∂Ω for v ∈ H1(Ω).

If ` ∈ H−1(Ω), then Theorem 1.2 provides unique solvability of the variational formu-
lation and an additional bound

‖u‖H1(Ω) ≤ c‖`‖H−1(Ω).

We can estimate the dual norm by using the Cauchy–Schwarz–inequality and the trace
theorem (Theorem 1.4). Hence, we obtain

‖`‖H−1(Ω) = sup
06=v∈H1(Ω)

|〈`, v〉Ω|
‖v‖H1(Ω)

≤ c
(
‖z‖L2(Ω) + ‖f‖H−1/2(∂Ω)

)
,

where c is a generic constant. Altogether, we get the estimate

‖u‖H1(Ω) ≤ c
(
‖z‖L2(Ω) + ‖f‖H−1/2(∂Ω)

)
,

which completes the proof.
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We have shown unique solvability of the Dirichlet and Neumann boundary value
problem for the Helmholtz equation. In the next section we focus on the boundary
value problem with Dirichlet and Neumann data for the Bi–Helmholtz–type equation.

2.3 A Bi–Helmholtz–type equation

In this section we assume the following.

Assumptions 2.3.

(C1) The source satisfies z ∈ L2(Ω), where Ω ⊂ Rd, d = 2, 3, is a bounded domain
with C1,1–boundary.

(C2) The Cauchy data satisfy g ∈ H3/2(∂Ω) and f ∈ H1/2(∂Ω).

(C3) The wave number κ ≥ 0 satisfies that κ4 is not an eigenvalue of the Bi–Laplacian
with homogeneous Dirichlet and Neumann datum, i.e.,

∆2u(x) = κ4u(x) for x ∈ Ω,

u(x) = 0 for x ∈ ∂Ω,

∂u

∂n
(x) = 0 for x ∈ ∂Ω,

(2.6)

where n is the outward pointing normal vector with respect to Ω, has only the
trivial solution u = 0.

In this section we consider the boundary value problem for the Bi–Helmholtz–type
equation, given by

∆2u(x)− κ4u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω.

(2.7)

Unique solvability of the boundary value problem (2.7) is stated in the next theorem.

Theorem 2.3. Let g ∈ H3/2(∂Ω), f ∈ H1/2(∂Ω) and z ∈ L2(Ω) be given. Under the
Assumptions 2.3 there exists a unique weak solution u ∈ H2(Ω) of the boundary value
problem (2.7), satisfying

‖u‖H2(Ω) ≤ c
(
‖z‖L2(Ω) + ‖g‖H3/2(∂Ω) + ‖f‖H1/2(∂Ω)

)
.

Proof. We start by rewriting the boundary value problem (2.7) as a variational for-
mulation. To do so, we use the Hilbert space X = H2

0 (Ω) with the norm ‖∆(·)‖L2(Ω)

(cf. Remark 1.4). For the weak formulation we introduce additionally the manifold

Vg,f := {v ∈ H2(Ω) : γ0v = g, γ1v = f on ∂Ω}.
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Multiplying the partial differential equation in (2.7) with a test function v ∈ H2
0 (Ω),

integrating over Ω and applying integration by parts twice leads to∫
Ω

z(x)v(x) dx =

∫
Ω

[∆2u(x)− κ4u(x)]v(x) dx

= −
∫

Ω

∇(∆u(x)) · ∇v(x) dx+

∫
∂Ω

∂

∂n
(∆u(x))γ0v(x) dsx

− κ4

∫
Ω

u(x)v(x) dx

=

∫
Ω

∆u(x)∆v(x) dx−
∫
∂Ω

∆u(x)
∂

∂n
v(x) dsx − κ4

∫
Ω

u(x)v(x) dx

=

∫
Ω

∆u(x)∆v(x) dx− κ4

∫
Ω

u(x)v(x) dx.

We obtain the following variational formulation: find u ∈ Vg,f such that∫
Ω

∆u(x)∆v(x)− κ4u(x)v(x) dx =

∫
Ω

z(x)v(x) dx ∀v ∈ H2
0 (Ω).

By the generalised inverse trace theorem (Theorem 1.6) there exists an extension
ũ ∈ H2(Ω) of the Cauchy data such that γ0ũ = g and γ1ũ = f on ∂Ω. Hence, the
variational formulation can be rewritten as: find u0 := u− ũ ∈ H2

0 (Ω) such that

ã−κ4(u0, v) =

∫
Ω

z(x)v(x) dx− ã−κ4(ũ, v) ∀v ∈ H2
0 (Ω),

where for any µ ∈ R

ãµ(·, ·) : H2(Ω)×H2(Ω)→ R

(u, v)→
∫

Ω

∆u(x)∆v(x) + µu(x)v(x) dx.

For the following analysis we use the Gelfand triple (cf. Def. 1.5)

H2
0 (Ω) ⊂ L2(Ω) ⊂ H−2(Ω).

Next, we want to apply Theorem 1.2 for the operator Ã−κ4 : H2
0 (Ω)→ H−2(Ω) induced

by the bilinear form ã−κ4(·, ·). The operator is given by 〈Ã−κ4u0, v〉Ω = ã−κ4(u0, v)
which is linear by definition. It remains to show boundedness, coercivity and injectivity
of Ã−κ4 . Therefore, we rewrite the bilinear form as

ã−κ4(u0, v) = ã0(u0, v)− κ4c(u0, v),

where

c(u0, v) =

∫
Ω

u0(x)v(x) dx = 〈Cu0, v〉Ω,
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induces an operator C : H2
0 (Ω) → H−2(Ω). Compactness of C can be shown anal-

ogously to Section 2.1 since H2
0 (Ω) embeds compactly into L2(Ω) by the Rellich–

Kondrachov embedding theorem (Theorem 1.9). Now we can prove the remaining
assumptions of Theorem 1.2.

� Ã−κ4 is bounded:
First, we estimate the duality pairing 〈Ã−κ4u0, v〉Ω by

〈Ã−κ4u0, v〉Ω = ã−κ4(u0, v) =

∫
Ω

∆u0(x)∆v(x) dx− κ4

∫
Ω

u0(x)v(x) dx

≤ ‖∆u0‖L2(Ω)‖∆v‖L2(Ω) + κ4‖u0‖L2(Ω)‖v‖L2(Ω)

≤ (1 + κ4)‖u0‖H2(Ω)‖v‖H2(Ω).

Hence, we obtain

‖Ã−κ4u0‖H−2(Ω) = sup
06=v∈H2

0 (Ω)

|〈Ã−κ4u0, v〉Ω|
‖v‖H2(Ω)

≤ (1 + κ4)‖u0‖H2(Ω),

which proves the boundedness of the operator Ã−κ4 .

� Ã−κ4 is coercive:
Coercivity is shown by adding the compact operator C scaled with κ4 and using
the estimate in Remark 1.4. This is shown by

〈(Ã−κ4 + κ4C)u0, u0〉Ω = ã−κ4(u0, u0) + κ4c(u0, u0) = ã0(u0, u0)

=

∫
Ω

|∆u0(x)|2 dx ≥ (c2
p + cp + 1)−1‖u0‖2

H2(Ω),

which shows that Ã−κ4 is coercive.

� Ã−κ4 is injective:
In order to prove that the operator Ã−κ4 is injective, we consider Ã−κ4u0 = 0 in
H−2(Ω). This implies that

ã−κ4(u0, v) = 0 ∀v ∈ H2
0 (Ω),

which is exactly the weak formulation of the eigenvalue problem of the Bi–
Laplacian (2.6). Since κ4 is not an eigenvalue of the Bi–Laplacian by Assump-
tion (C3), the only solution is u0 = 0, which shows that Ã−κ4 is injective.

Now we have shown that Ã−κ4 : H2
0 (Ω) → H−2(Ω) is linear, bounded, coercive and

injective. In the next step we define the right hand side of the variational formulation
as

`(v) :=

∫
Ω

zv dx− 〈Ã−κ4ũ, v〉Ω for v ∈ H2
0 (Ω).
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If ` ∈ H−2(Ω), then Theorem 1.2 provides unique solvability of the variational formu-
lation and the bound

‖u0‖H2(Ω) ≤ c‖`‖H−2(Ω).

We can estimate the dual norm by using the Cauchy–Schwarz–inequality and the
boundedness of Ã−κ4 . Hence, we obtain

‖`‖H−2(Ω) = sup
0 6=v∈H2

0 (Ω)

|〈`, v〉Ω|
‖v‖H2(Ω)

≤ c
(
‖z‖L2(Ω) + ‖ũ‖H2(Ω)

)
,

where c is a generic constant. So far we have

‖u0‖H2(Ω) ≤ c
(
‖z‖L2(Ω) + ‖ũ‖H2(Ω)

)
.

Next, we add ‖ũ‖H2(Ω) and use the triangle inequality on the left hand side. On the
right hand side we apply Theorem 1.6, which yields the estimate

‖ũ‖H2(Ω) ≤ c
(
‖g‖H3/2(∂Ω) + ‖f‖H1/2(∂Ω)

)
.

Altogether, we receive

‖u‖H2(Ω) ≤ c
(
‖z‖L2(Ω) + ‖g‖H3/2(∂Ω) + ‖f‖H1/2(∂Ω)

)
,

which completes the proof.

In summary, we have established unique solvability of the Dirichlet and Neumann
boundary problem for the Helmholtz equation (2.2),(2.5), as well as of the boundary
value problem for the Bi–Helmholtz–type equation (2.7).



3 Source reconstruction from Cauchy
data for the Helmholtz equation

We start by formulating the assumptions for this section.

Assumptions 3.1.

(D1) Let Ω ⊂ Rd, d = 2, 3, be a bounded Lipschitz domain with boundary ∂Ω.

(D2) The Cauchy data g ∈ H1/2(∂Ω) and f ∈ H−1/2(∂Ω) are given.

(D3) The wave number κ ≥ 0 satisfies that κ2 is neither an eigenvalue of the Dirichlet
Laplacian (2.1) nor an eigenvalue of the Neumann Laplacian (2.4). Additionally,
κ4 is not an eigenvalue of the Bi–Laplacian (2.6).

Under Assumptions 3.1 we consider the inverse problem of reconstructing the source
z in the Helmholtz equation as a model problem. The objective is to find the right
hand side z of the partial differential equation

∆u(x) + κ2u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω,

(3.1)

where n denotes the outward pointing normal vector with respect to the domain Ω. As
the functional setting varies throughout this section, the space for the source z is not
fixed a priori. The appropriate space for z will be stated explicitly in the subsequent
sections.
So far we have established unique solvability of the forward problems in Section 2.
Now we are interested in deriving unique solvability for the source z of our model
problem (3.1). This has already been discussed in [3, 11]. While Alves et al. analyse
in [3] the unique solvability for a homogeneous Dirichlet datum in domains with C1–
boundaries, El Badia and Nara study in [11] the unique solvability for different types
of sources in R3. In the latter, point sources, Dirac distributions supported on spheres
as well as characteristic functions on hollow and solid balls are considered.
In this section we will start with an example which demonstrates that it is in general
not possible to reconstruct the right hand side z of the inverse problem from boundary
data measurements at a single wave number. After Example 3.1 the unique solvability
of the inverse problem (3.1) is shown for point sources in Section 3.1.1. Moreover, we
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prove for Dirac distributions supported on spheres and for characteristic sources on a
finite union of (hollow) balls, that we can retrieve some quantities of the source but not
the complete source. In Section 3.1.2 and 3.1.3 we define operators, mapping the source
onto boundary traces. Analysing the mapping properties of these operators leads on
the one hand to constraints regarding the boundary data. On the other hand we obtain
unique solvability of the inverse problem (3.1) if some a priori information is known
about the source z. In Section 3.1.4 a method using a Bi–Helmholtz–type equation is
employed to get rid of the assumptions on the boundary data and to obtain a more
general uniqueness result. Finally, unique solvability of the inverse problem (3.1) from
boundary data at multiple wave numbers is discussed in Section 3.2.

3.1 Uniqueness from boundary measurements at a single

wave number

As mentioned, we now start with an example in order to show, that the inverse problem
is in general not uniquely solvable. We consider κ = 1 and the Helmholtz equation in
Ω ⊂ R2.

Example 3.1 ([3, cf. p.3]). Let Ω = B(0, 1) = {x ∈ R2 : ‖x‖ < 1} be the open unit
ball in R2. We consider the function

u(x) := −‖x‖4 + 2‖x‖2 − 1.

In the first step we calculate the gradient of u. This leads to

∇u(x) = 4(1− ‖x‖2)

(
x1

x2

)
.

For all x ∈ ∂Ω = {x ∈ R2 : ‖x‖ = 1} we get that u(x) = 0 and ∂nu(x) = 0.
Furthermore, we compute

∆u(x) + u(x) = −‖x‖4 − 14‖x‖2 + 7.

We consider the inverse problem (3.1) for κ = 1, g = 0 and f = 0, where the aim is to
find z ∈ L2(Ω) such that

∆u(x) + u(x) = z(x) for x ∈ Ω,

u(x) = 0 for x ∈ ∂Ω,

∂u

∂n
(x) = 0 for x ∈ ∂Ω.

Obviously z = 0 is a solution. As a matter of fact, our calculation above shows that
z = −‖x‖4 − 14‖x‖2 + 7 is another solution. Hence, it is impossible to identify the
source from one pair of boundary data measurements.
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Example 3.1 illustrates, that it is in general not possible to reconstruct the right
hand side z from the boundary data measurements. Therefore, in the following sections
we investigate the unique solvability of the inverse problem (3.1) for different types of
sources and for boundary data given at a single wave number.

3.1.1 Uniqueness results for different types of sources

In this section we investigate uniqueness results for different types of sources from the
Cauchy data at a single wave number. We consider point sources, Dirac distributions
supported on spheres and finally characteristic sources on a finite union of hollow or
solid balls. This analysis is based on [11].

Assumptions 3.2. In addition to Assumptions 3.1 we restrict ourselves to the three-
dimensional case, i.e., Ω ⊂ R3. Moreover, the points yj for j = 1, ..., n considered in
this section are pairwise distinct.

We study the model problem (3.1), where the source term is a linear combination
of point sources. Therefore, the source z can be represented as

z =
n∑
j=1

λjδyj for n ∈ N, λj ∈ C \ {0}, yj ∈ Ω, (3.2)

where δyj denotes the Dirac distribution in yj ∈ Ω.
The following theorem establishes uniqueness of the inverse problem (3.1) if it is known
a priori, that the source is a linear combination of point sources as in (3.2).

Theorem 3.1 ([11, Thm. 1]). Let Assumptions 3.1–3.2 be satisfied and let z1 and z2

be two point sources given as

zi =

ni∑
j=1

λj,iδyj,i for ni ∈ N, λj,i ∈ C \ {0}, yj,i ∈ Ω and i = 1, 2,

with pairwise distinct points yj,i. Furthermore, let z1 and z2 be solutions of the inverse
problem (3.1) such that the corresponding functions are u1 and u2, i.e., γ0u1 = γ0u2

and γ1u1 = γ1u2 on ∂Ω. Then

n := n1 = n2, λj,1 = λj,2, yj,1 = yj,2, for j = 1, ..., n,

and hence z1 = z2.

Proof. In the first step of the proof we deal with the Sobolev regularity of the sources
zi and the corresponding elements ui for i = 1, 2. Since Ω ⊂ R3, the point sources
satisfy zi ∈ H−s(Ω) for all s > 3/2 (cf.[1, p.56]). Furthermore, by [22, Thm. 6.1] the
solutions satisfy ui ∈ Hr(Ω) for all r < 1/2 and are smooth away from the source
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locations yj,i. Next, we briefly argue that each ui ∈ Hr(Ω) for all r < 1/2 and i = 1, 2
is unique. Suppose that ui and ũi solve the same forward problem with source zi and
Dirichlet datum g. Then the difference ūi := ui − ũi solves

∆ūi(x) + κ2ūi(x) = 0 for x ∈ Ω,

ūi(x) = 0 for x ∈ ∂Ω,

for i = 1, 2. By Assumption (D3) κ2 is not an eigenvalue of this problem. Hence,
ūi = 0, which implies the uniqueness of the elements ui for i = 1, 2.
We can now prove the main part of the theorem. The functions u1 and u2 solve the
Helmholtz equation with Cauchy data g and f but with different right hand sides z1

and z2. Thus, we consider the difference ū := u2 − u1 and obtain by linearity of the
problem immediately that ū satisfies the boundary value problem

∆ū(x) + κ2ū(x) =

n2∑
j=1

λj,2δyj,2(x)−
n1∑
j=1

λj,1δyj,1(x) for x ∈ Ω,

ū(x) = 0 for x ∈ ∂Ω,

∂ū

∂n
(x) = 0 for x ∈ ∂Ω.

We will denote the source as z :=
∑n2

j=1 λj,2δyj,2 −
∑n1

j=1 λj,1δyj,1 . In the next step we
apply Holmgren’s theorem (Theorem 1.12) and verify its assumptions. Our differen-
tial operator is linear and has constant coefficients, which are in particular real and
analytic. Since the principal symbol of the Helmholtz operator is given by

p2(x, ξ) = ‖ξ‖2
2 for ξ ∈ Rd,

which vanishes only for ξ = 0, the operator has no real characteristics. Hence, the
boundary ∂Ω is a non–characteristic surface. Thus, by Holmgren’s theorem, the solu-
tion of the differential equation vanishes on the domain without the point sources yj,i,
i.e.,

ū = 0 on Ω \

[(
n1⋃
j=1

yj,1

)
∪

(
n2⋃
j=1

yj,2

)]
.

We can conclude, that on the one hand ū itself is now a linear combination of Dirac
distributions. On the other hand ū solves the Helmholtz equation, where the source
term z is the difference of point sources. By the regularity results discussed at the
beginning of the proof we know that z ∈ H−s(Ω) for all s > 3/2 and ū ∈ Hr(Ω) for
all r < 1/2. However, since ū is a linear combination of Dirac distributions, it can
not belong to the space Hr(Ω) for all r < 1/2. Hence, it can only hold that ū = 0
in Ω, which implies z1 = z2 as distributions. In the last step we recall that the Dirac
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distributions are linearly independent since the locations yj,i are pairwise distinct.
Therefore, we receive that the coefficients and the locations of our point sources are
identical, which completes the proof.

As shown in Theorem 3.1 we obtain uniqueness of the inverse problem (3.1) if the
source is a linear combination of point sources. The corresponding numerical analysis
and numerical examples will be presented in Section 4.1.
In the next step we consider the inverse problem (3.1), where the source is a linear
combination of Dirac distributions supported on spheres. Our source z can now be
written as

z =
n∑
j=1

λjδ∂B(yj ,rj) for n ∈ N, λj ∈ C \ {0}, yj ∈ Ω,

where ∂B(yj, rj) denotes the sphere with center yj and radius rj. Such sources satisfy
z ∈ H−s for all s > 1/2. This can be shown by using the characterisation of Sobolev
spaces via the Fourier transformation as defined in [1, p.75 f.].
In order to prove the following statements regarding uniqueness we need an auxiliary
lemma and an essential relation between the source and the Cauchy data. This relation
will then be formulated as a definition. We start with the auxiliary lemma, which is
the mean value theorem for the Helmholtz equation. This theorem occurs first in
Weber [27, p.224 (4.)] for a three dimensional domain, see also [19] for a more recent
publication and the results in arbitrary dimensions.

Lemma 3.2 ([19, Thm. 2.1]). Let ∂B(y, r) ⊂ Ω ⊂ R3 be a sphere with midpoint y and
radius r. Furthermore, let u solve the homogeneous Helmholtz equation

∆u+ κ2u = 0 in Ω,

with κ ∈ R \ {0}. Then

u(y)
sin(κr)

κr
=

1

4πr2

∫
∂B(y,r)

u(x) dsx.

Now we want to determine the relation between the source z of the inverse prob-
lem (3.1) and the Cauchy data. Therefore, we use a test function v ∈ H1

∆+κ2(Ω), as
introduced in (1.1), and integrate by parts twice, which leads to∫

Ω

zv dx =

∫
Ω

(∆ + κ2)uv dx

= −
∫

Ω

∇u · ∇v dx+ κ2

∫
Ω

uv dx+

∫
∂Ω

γ1uγ0v dsx

=

∫
Ω

(∆ + κ2)v︸ ︷︷ ︸
=0

u dx−
∫
∂Ω

γ0uγ1v dsx +

∫
∂Ω

γ1uγ0v dsx

=

∫
∂Ω

fγ0v dsx −
∫
∂Ω

gγ1v dsx =: R(v).

(3.3)
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As this equation is essential for the subsequent analysis the following definition for-
malises this relation.

Definition 3.1 ([10, cf. p.656]). For any v ∈ H1
∆+κ2(Ω) the reciprocity gap functional

is defined by

R(v) :=

∫
∂Ω

(fγ0v − gγ1v) dsx,

where f is the Neumann datum and g is the Dirichlet datum of the inverse prob-
lem (3.1).

With these two considerations we can now formulate the following theorem. It states
that the intensities and radii of a source distributed on spheres cannot be determined
separately. However, the number n of such sources and the centers yj of the spheres
can be uniquely recovered from boundary data at a single wave number κ.

Theorem 3.3 ([11, Thm. 3]). Let Assumptions 3.1–3.2 be fulfilled. Then the following
statements hold.

1. If z = λδ∂B(y,r) is the source of the inverse problem (3.1), it is not possible to
uniquely determine both the intensity λ and the domain ∂B(y, r) from boundary
data measurements at a single wave number κ.

2. If z =
∑n

j=1 λjδ∂B(yj ,rj) with n ∈ N is the source of the inverse problem (3.1),

then the number n, the centers yj of ∂B(yj, rj) and the expressions λjr
2
j

sin(κrj)

κrj

can be uniquely determined from the Cauchy data at a single wave number κ.

Proof. We start by proving the first statement. Therefore, we have to construct two
different sources zi = λiδ∂B(y,ri) for i = 1, 2 such that the corresponding functions ui
satisfy

∆ui + κ2ui = zi in Ω,

and γ0u1 = γ0u2 and γ1u1 = γ1u2 on ∂Ω. We choose the same center y but differ-
ent radii for our spheres. Hence, our sources differ. Let us consider ui solving the
Helmholtz equation with the right hand side zi for i = 1, 2 and γ0u1 = γ0u2. The
difference ū := u2 − u1 solves by linearity

∆ū+ κ2ū = z2 − z1 in Ω, (3.4a)

γ0ū = 0 on ∂Ω. (3.4b)

We multiply the right hand side in (3.4a) with a test function v ∈ H1
∆+κ2(Ω), use (3.3)

and apply γ0ū = 0 on ∂Ω. This leads to∫
Ω

(z2 − z1)v dx =

∫
Ω

(∆ū+ κ2ū)v dx

=

∫
∂Ω

γ1ūγ0v dsx −
∫
∂Ω

γ0ūγ1v dsx =

∫
∂Ω

γ1ūγ0v dsx.
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Our aim is now to obtain a vanishing left hand side in this equation by choosing the
scalars λ1 and λ2 as explained in the following. Therefore, we multiply the right hand
side in (3.4a) with a test function v ∈ H1

∆+κ2(Ω), use the representation of the sources
z1 and z2 and apply Lemma 3.2. This leads to∫

Ω

(z2 − z1)v dx = λ2

∫
∂B(y,r2)

v dx− λ1

∫
∂B(y,r1)

v dx

= 4π

(
λ2r

2
2

sin(κr2)

κr2

− λ1r
2
1

sin(κr1)

κr1

)
v(y).

Since the radii r1 and r2 are distinct, we can choose the intensities λ1 and λ2 such that

λ1r
2
1

sin(κr1)

κr1

= λ2r
2
2

sin(κr2)

κr2

.

This choice ensures that

0 =

∫
Ω

(z2 − z1)v dx =

∫
∂Ω

γ1ūγ0v dsx ∀v ∈ H1
∆+κ2(Ω).

In particular, this gives us z2 − z1 ∈ H1
∆+κ2(Ω)⊥. Furthermore, we obtain that∫

∂Ω
γ1ūγ0v dsx = 0. We note that v solves the homogeneous Helmholtz equation in Ω,

but on the boundary v can represent any function. Thus, we can conclude that γ1ū = 0
on ∂Ω. Since ū has vanishing Dirichlet and Neumann trace, we have constructed two
functions u1 and u2 with identical Cauchy data but different sources z1 and z2. This
completes the proof of the first statement.
To prove the second claim we start by using the reciprocity gap functional as in Defi-
nition 3.1. Applying (3.3) and the representation of the source leads to

R(v) =
n∑
j=1

λj

∫
∂B(yj ,rj)

v(x) dx ∀v ∈ H1
∆+κ2(Ω).

The right hand side can be rewritten by making use of Lemma 3.2 as

R(v) =
n∑
j=1

4λjπr
2
jv(yj)

sin(κrj)

κrj
∀v ∈ H1

∆+κ2(Ω). (3.5)

We note that for a point source z =
∑n

j=1 λjδyj the reciprocity gap functional is
R(v) =

∑n
j=1 λjv(yj). Since we have proven uniqueness for point sources in Theo-

rem 3.1, we compare the two expressions for the reciprocity gap functional with each
other. Consequently, we obtain that the right hand side of (3.5) represents a linear

combination of n point sources with centers yj and intensities 4λjπr
2
j

sin(κrj)

κrj
. Therefore,

the number n, the centers yj and the intensities 4λjπr
2
j

sin(κrj)

κrj
are uniquely determined.

Dividing these intensities by 4π we also have determined the expression λjr
2
j

sin(κrj)

κrj
,

which completes the proof.
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Finally, we consider the inverse problem (3.1), where the source term is a linear
combination of characteristic functions. We denote the source by

z =
n∑
j=1

λjχωj for n ∈ N, λj ∈ C \ {0},

where χωj is the characteristic function of

ωj := {x ∈ R3 : 0 ≤ rj0 < ‖x− yj‖ ≤ rj1}.

Here yj ∈ Ω denotes the center of the ball and rj0 and rj1 are radii for j = 1, ..., n. If
rj0 = 0 we call ωj a solid ball otherwise a hollow ball. The source satisfies z ∈ L2(Ω).
To prove the following theorem we require an auxiliary lemma. This is the mean
value theorem for the Helmholtz equation for balls. It is derived from Lemma 3.2 by
integrating with respect to the radius over the interval [r0, r1].

Corollary 3.4 ([19, Cor. 2.1]). Under the same assumptions as in Lemma 3.2 we obtain

4πu(y)

∫ r1

r0

r2 sin(κr)

κr
dr =

∫
ω

u(x) dx,

where ω := {x ∈ R3 : 0 ≤ r0 < ‖x− y‖ ≤ r1}.

Now we are able to formulate the following theorem. As in Theorem 3.3 we cannot
determine the intensities and the radii of the balls separately. However, the number
and the centers of the balls can be uniquely recovered from boundary data at a single
wave number κ.

Theorem 3.5 ([11, cf. p. 7 and Thm. 2]). Let Assumptions 3.1–3.2 be fulfilled. Then
the following statements hold.

1. If z = λχω is the source of the inverse problem (3.1), then it is not possible to
uniquely determine both the intensity λ and the domain ω from boundary data
measurements at a single wave number κ.

2. If z =
∑n

j=1 λjχωj with n ∈ N is the source of the inverse problem (3.1), then

the number n, the centers yj of ωj and the expressions λj
∫ rj1
rj0
r2 sin(κr)

κr
dr can be

uniquely determined from the Cauchy data at a single wave number κ.

Proof. We proceed as in the proof of Theorem 3.3 and only highlight the differences.
We start by proving the first statement. We have to construct two different sources
zi = λiχωi for i = 1, 2 solving (3.1) such that the corresponding functions ui satisfy

∆ui + κ2ui = zi in Ω,
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and γ0u1 = γ0u2 and γ1u1 = γ1u2 on ∂Ω. Now we choose the supports ωi to be either
two solid balls or two hollow balls, where each of them has the center y but different
radii. Since the supports are not identical and the intensities λi are non–zero, it follows
that z1 6= z2. The difference ū := u2 − u1 solves by linearity

∆ū+ κ2ū = z2 − z1 in Ω, (3.6a)

γ0ū = 0 on ∂Ω. (3.6b)

Multiplying the right hand side (3.6a) with a test function v ∈ H1
∆+κ2(Ω) and apply-

ing (3.3) as well as γ0ū = 0 on ∂Ω leads again to∫
Ω

(z2 − z1)v dx =

∫
∂Ω

γ1ūγ0v dsx.

Using the representation of our sources zi and applying Corollary 3.4, we obtain∫
Ω

(z2 − z1)v dx = 4π

(
λ2

∫ r2
1

r2
0

r2 sin(κr)

κr
dr − λ1

∫ r1
1

r1
0

r2 sin(κr)

κr
dr

)
v(y).

Since the radii of the two domains are distinct we can choose the intensities λ1 and λ2

such that

λ1

∫ r1
1

r1
0

r2 sin(κr)

κr
dr = λ2

∫ r2
1

r2
0

r2 sin(κr)

κr
dr.

This choice ensures that

0 =

∫
Ω

(z2 − z1)v dx =

∫
∂Ω

γ1ūγ0v dsx ∀v ∈ H1
∆+κ2(Ω).

The remainder of the argument coincides with the proof of Theorem 3.3. Hence, we
can conclude that ū has vanishing Dirichlet and Neumann trace. Therefore, we have
constructed two functions u1 and u2 having the same Cauchy data but different sources
z1 and z2. This completes the proof of the first statement.
The proof of the second claim follows analogously. Using the reciprocity gap functional
as in Definition 3.1 and Corollary 3.4 we get

R(v) =
n∑
j=1

4λjπv(yj)

∫ rj1

rj0

r2 sin(κr)

κr
dr ∀v ∈ H1

∆+κ2(Ω). (3.7)

Comparing (3.7) with the reciprocity gap functional for point sources leads to unique-

ness of the number n, the centers yj as well as the expressions 4λjπ
∫ rj1
rj0
r2 sin(κr)

κr
dr. Di-

viding the last quantity by 4π we also have recovered the expressions λj
∫ rj1
rj0
r2 sin(κr)

κr
dr,

which completes the proof.
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In summary, we have shown for the inverse problem (3.1) that point sources can be
reconstructed uniquely in a bounded Lipschitz domain Ω ⊂ R3. For sources given by
a linear combination of Dirac distributions supported on spheres or by characteristic
functions on hollow or solid balls, the number of sources as well as the centers can
be uniquely determined. However, we are not able to reconstruct the radii separately
from the intensities.

3.1.2 Operator mapping the source onto the Neumann trace

In Section 3.1.1 we have investigated uniqueness results for point sources, Dirac distri-
butions on spheres as well as characteristic functions on hollow or solid balls. However,
point sources are mostly of theoretical interest when considering idealised models. For
practical applications we will now focus on sources in L2(Ω). This section is based on
the analysis in [3]. The main difference is that Alves et al. have considered domains
with C1–boundary whereas we will allow domains with lower regularity, i.e., with Lip-
schitz boundary. Consequently, regularity results from [5, 6] will be applied.
We suppose that Assumptions 3.1 hold and start by considering the model problem

∆u+ κ2u = z in Ω,

u = g on ∂Ω,

where g ∈ H1/2(∂Ω) and z ∈ L2(Ω). This problem is uniquely solvable by Theorem 2.1
with u ∈ H1(Ω). Since the problem is linear the solution u can be written as u = uz+ug
with uz solving

∆uz + κ2uz = z in Ω,

uz = 0 on ∂Ω,
(3.8)

and ug solving
∆ug + κ2ug = 0 in Ω,

ug = g on ∂Ω.
(3.9)

By Theorem 2.1 the problems (3.8) and (3.9) are uniquely solvable with uz ∈ H1
0 (Ω)

and ug ∈ H1(Ω). We define the operator

ΛN
κ : L2(Ω)→ L2(∂Ω)

z 7→ ∂nuz.

In the inverse problem (3.1) the normal trace satisfies

f = ∂nu = ∂n(uz + ug) = ΛN
κ (z) + ∂nug.

The Neumann boundary condition in the inverse problem (3.1) can be rewritten as

ΛN
κ (z) = f − ∂nug,
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and hence we can determine the source z ∈ L2(Ω) when solving this operator equation.
Thus, we have to characterise the mapping properties of ΛN

κ , especially the kernel and
the range of this operator. With the Dirichlet and Neumann trace operator defined
in Lemma 1.7 and Lemma 1.8, respectively, we can formulate the following lemma
regarding the mapping properties of the operator ΛN

κ .

Lemma 3.6. Let κ ≥ 0 such that κ2 is not an eigenvalue of the Dirichlet Laplacian.
Then

ran(ΛN
κ ) = ran(γ1|ker(γ0)),

is a dense proper linear subspace of L2(∂Ω). Furthermore, for the kernel it holds that

ker(ΛN
κ ) = (∆ + κ2)(H2

0 (Ω)),

where H2
0 (Ω) is defined in (1.2).

Proof. For z ∈ L2(Ω) problem (3.8) admits a unique solution uz ∈ H1
∆(Ω), which has

been defined by

H1
∆(Ω) := {u ∈ H1(Ω) : ∆u ∈ L2(Ω)}.

Furthermore, uz satisfies γ0uz = 0. Therefore, uz ∈ ker(γ0) and by Lemma 1.7 we get

that uz ∈ H3/2
∆ (Ω). So we can write the operator ΛN

κ as

ΛN
κ : L2(Ω)

(∆+κ2)−1

→ H
3/2
∆ (Ω) ∩H1

0 (Ω)
γ1→ ran(γ1|H3/2

∆ (Ω)∩H1
0 (Ω)

).

Since we can characterise the space to which γ1 is restricted as ker(γ0|H3/2
∆ (Ω)

) we get

ran(ΛN
κ ) = ran(γ1|ker(γ0)).

By [5, Lem. 8.2] this is a dense proper linear subspace of L2(∂Ω). In the next step we
want to characterise the kernel of the operator. It holds that z ∈ ker(ΛN

κ ) if and only
if

uz = (∆ + κ2)−1z ∈ ker(γ1|H3/2
∆ (Ω)∩H1

0 (Ω)
)

= {v ∈ H3/2
∆ (Ω) : γ0v = γ1v = 0 on ∂Ω}

= H2
0 (Ω),

where the last equality holds due to [6, Cor. 4.2 (i)].

For a more regular domain than a Lipschitz domain we get some characterisations
for ran(ΛN

κ ).
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Remark 3.1 ([6, Thm. 4.10 (i)]). Let Ω be a C1,r domain for r ∈ (1/2, 1] then it holds
that

ran(ΛN
κ ) = ran(γ1|ker(γ0)) = H1/2(∂Ω).

Remark 3.2 ([6, Thm. 4.9 (i)]). In the case that Ω is a quasi convex domain it holds
that

ran(ΛN
κ ) = ran(γ1|ker(γ0)) = {ψ ∈ L2(∂Ω) : ψn ∈ H1/2(∂Ω)d}.

As a result, we know the range of ΛN
κ as well as that ΛN

κ : L2(Ω)/ ker(ΛN
κ )→ ran(ΛN

κ )
is an isomorphism. Since ker(ΛN

κ ) is a closed subspace we can write L2(Ω) as the
orthogonal decomposition

L2(Ω) = ker(ΛN
κ )⊕ ker(ΛN

κ )⊥.

Lemma 3.7 ([3, Rem. 1]). It holds that

ker(ΛN
κ )⊥ = H∆+κ2(Ω) := {z ∈ L2(Ω) : ∆z + κ2z = 0 in L2(Ω)}.

Proof. Since ker(ΛN
κ ) = (∆ + κ2)(H2

0 (Ω)) we have to specify the functions z ∈ L2(Ω)
such that

〈z, w〉L2(Ω) = 0 ∀w ∈ (∆ + κ2)(H2
0 (Ω)).

Let v ∈ H2
0 (Ω) and write w = ∆v + κ2v, then integration by parts leads us to

0 = 〈z,∆v + κ2v〉L2(Ω)

= 〈∆z + κ2z, v〉Ω + 〈∂nv, z〉∂Ω − 〈v, ∂nz〉∂Ω

= 〈∆z + κ2z, v〉Ω,

which means that ∆z + κ2z = 0 as a distribution on H2
0 (Ω). Since this would also

hold true for v ∈ C∞0 (Ω) we get, that ∆z + κ2z = 0 as a distribution. But the zero
distribution is in L2(Ω) and therefore it holds that ∆z + κ2z = 0 in L2(Ω), which
implies z ∈ H∆+κ2(Ω).

The space L2(Ω) can be written as L2(Ω) = ker(ΛN
κ )⊕ker(ΛN

κ )⊥ and restricting ΛN
κ

to the orthogonal complement of its kernel leads to

ΛN
κ : ker(ΛN

κ )⊥ → ran(ΛN
κ ).

This operator is bijective and hence invertible. With this consideration and the pre-
vious two lemmata we receive the following theorem.

Theorem 3.8. Let κ ≥ 0 and κ2 not be an eigenvalue of the Dirichlet Laplacian. Let
g ∈ H1/2(∂Ω) be given such that γ1ug ∈ ran(ΛN

κ ) and f ∈ ran(ΛN
κ ). Then the inverse

problem (3.1) has a unique solution z̄ ∈ H∆+κ2(Ω). All other solutions are of the form

z = z̄ + w with w ∈ (∆ + κ2)(H2
0 (Ω)).
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We know that ug solves the Dirichlet boundary value problem for the homogeneous
Helmholtz equation in (3.9) with Dirichlet datum g. In order to apply Theorem 3.8
the condition

γ1ug ∈ ran(ΛN
κ ) = ran(γ1|ker(γ0)),

has to be satisfied. Although this condition is difficult to check in practice, it is fulfilled
if ug ∈ ker(γ0), i.e., γ0ug = 0, which implies that g = 0. As a consequence the solution
ug of (3.9) has to be zero and thus, we have an overdetermined system.

Remark 3.3. To ensure unique solvability of the inverse problem (3.1) with this ap-
proach, we restrict ourselves to the case where the Dirichlet datum g = 0.

Hence, in the following we assume g = 0 and that the Neumann datum f is given.
In the next step we consider another ansatz, where we will show a different splitting
of L2(Ω). The idea of this approach is to show at first that the source term z is unique
up to elements in ker(ΛN

κ ). If we can also identify the element in the kernel uniquely,
then our source z is unique. This can be shown if we assume additionally that the
source z satisfies (∆ − κ2)z = F for F ∈ L2(Ω). Hence, we introduce for F ∈ L2(Ω)
the space

H∆−κ2,F (Ω) := {ẑ ∈ L2(Ω) : (∆− κ2)ẑ = F} ⊂ L2(Ω).

For this class of sources the reconstruction by boundary data measurements at a single
wave number is unique and the method to reconstruct the source involves solving a
Bi–Helmholtz–type equation. Firstly, we start with the splitting of L2(Ω).

Lemma 3.9 ([3, Lem. 3.1]). We introduce the following space

H∆−κ2(Ω) := {z ∈ L2(Ω) : ∆z − κ2z = 0 in L2(Ω)}.

Now let κ ≥ 0 and κ4 not be an eigenvalue of the Bilaplacian. Then the splitting

L2(Ω) = H∆−κ2(Ω)+̇(∆ + κ2)(H2
0 (Ω)),

holds and +̇ denotes a direct sum in the sense of linear spaces.

Proof. Let z ∈ L2(Ω) be arbitrarily given. For uz the solution of (3.8) we get that

uz ∈ H3/2
∆ (Ω) ∩ H1

0 (Ω) and γ1uz = ΛN
κ (z) ∈ ran(γ1|ker(γ0)). Furthermore, we have to

show that the Bi–Helmholtz–type equation

∆2v(x)− κ4v(x) = 0 for x ∈ Ω,

v(x) = 0 for x ∈ ∂Ω,

∂v

∂n
(x) = ΛN

κ (z) for x ∈ ∂Ω,
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is well–posed in H
3/2
∆ (Ω). By Assumption (D3) κ4 is not an eigenvalue of the Bilapla-

cian. Therefore, we split the Bi–Helmholtz–type equation as

0 = (∆2 − κ4)v = (∆− κ2)(∆ + κ2)v.

Now either (∆ − κ2)v = 0 or (∆ + κ2)v = 0 with γ0v = 0 on ∂Ω has to be satisfied.
Since κ2 is not an eigenvalue of the Dirichlet Laplacian, the operator (∆ + κ2) with
Dirichlet boundary conditions is invertible. Hence, (∆ − κ2)v = 0 and v having

homogeneous Dirichlet datum has to be satisfied. This implies v ∈ H
3/2
∆ (Ω). With

v, uz ∈ H3/2
∆ (Ω) we define w := uz − v ∈ H3/2

∆ (Ω). Moreover, it holds that γ0w = 0
and γ1w = γ1uz−γ1v = 0. By [6, Cor. 4.2] we derive that w ∈ H2

0 (Ω). We can rewrite
z as

z = (∆ + κ2)uz = (∆ + κ2)(v + w)

= (∆ + κ2)v︸ ︷︷ ︸
∈H∆−κ2 (Ω)

+ (∆ + κ2)w︸ ︷︷ ︸
∈(∆+κ2)(H2

0 (Ω))

,

and obtain that an arbitrary L2(Ω) function is the sum of a function in H∆−κ2(Ω) and
a function in (∆ + κ2)(H2

0 (Ω)). Hence, L2(Ω) = H∆−κ2(Ω) + (∆ + κ2)(H2
0 (Ω)) and it

remains to check that

H∆−κ2(Ω) ∩ (∆ + κ2)(H2
0 (Ω)) = {0}.

Let u be an element in this intersection. Then it holds true that

∆u− κ2u = 0 and u = (∆ + κ2)v for v ∈ H2
0 (Ω).

Combining these two properties leads to

0 = ∆u− κ2u = ∆(∆ + κ2)v − κ2(∆ + κ2)v = ∆2v − κ4v.

Since the Cauchy data of v are given and by Assumption (D3) we know that κ4 is not
an eigenvalue of the Bi–Laplacian, we obtain by Theorem 2.3 that the unique solution
is v = 0. This implies that u = 0, which completes the proof.

With the splitting from Lemma 3.9 it holds that L2(Ω)/ ker(ΛN
κ ) = H∆−κ2(Ω). Now

we define

ΛN
κ : H∆−κ2(Ω)→ ran(ΛN

κ ),

which is bijective and hence invertible. In this setting we get the same result as in
Theorem 3.8 but this time we get a unique solution z ∈ H∆−κ2(Ω), which means that
our source satisfies

(∆− κ2)z = 0.
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Theorem 3.10 ([3, cf. Lem. 2.2]). Let κ ≥ 0 and κ4 not be an eigenvalue of the
Bilaplacian (2.6). Let g = 0 and f ∈ ran(ΛN

κ ) be given. Then the inverse problem (3.1)
has a unique solution z̄ ∈ H∆−κ2(Ω). All other solutions are of the form

z = z̄ + w with w ∈ (∆ + κ2)(H2
0 (Ω)).

Our goal is now to determine the element in (∆ + κ2)(H2
0 (Ω)). Hence, we use the

additional information that our source satisfies z ∈ H∆−κ2,F (Ω) for F ∈ L2(Ω). By
Lemma 3.9 we get the decomposition of L2(Ω) into

L2(Ω) = H∆−κ2(Ω)+̇(∆ + κ2)(H2
0 (Ω)).

Therefore, taking h ∈ H∆−κ2(Ω) and vF ∈ H2
0 (Ω) we can write z ∈ L2(Ω) as

z = h+ (∆ + κ2)vF .

Knowing that z ∈ H∆−κ2,F (Ω) and h ∈ H∆−κ2(Ω) we obtain

F = (∆− κ2)z = (∆2 − κ4)vF for vF ∈ H2
0 (Ω).

Since F ∈ L2(Ω) and the boundary data for vF are known, we can determine vF
uniquely. As a consequence also

wF = (∆ + κ2)vF ∈ L2(Ω),

is uniquely determined. This implies that z can be written as z = h+ wF .

Corollary 3.11 ([3, Thm. 2.3]). Let g = 0 and f ∈ ran(ΛN
κ ) be given. The inverse

source problem to find z ∈ H∆−κ2,F (Ω) such that

∆uF (x) + κ2uF (x) = z(x) for x ∈ Ω,

uF (x) = 0 for x ∈ ∂Ω,

∂uF
∂n

(x) = f(x) for x ∈ ∂Ω,

(3.10)

admits a unique solution.

Proof. We have shown in Theorem 3.10 that z is unique up to elements in ker(ΛN
κ ).

With z̄ ∈ H∆−κ2(Ω) uniquely determined, we we can write

z = z̄ + w with w ∈ (∆ + κ2)(H2
0 (Ω)).

By the previous discussion, we get that this arbitrary w satisfies w = wF and is
therefore unique. As a consequence, the source z as sum of two uniquely determined
functions is unique.
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Let the boundary data measurement f ∈ H1/2(∂Ω) ⊂ ran(ΛN
κ ) be given. If we

have the source z ∈ H∆−κ2,F (Ω), we can reconstruct it by applying (∆ − κ2) to our
partial differential equation in the inverse problem (3.10). This leads to the following
Bi–Helmholtz–type equation with the right hand side F

∆2uF (x)− κ4uF (x) = F (x) for x ∈ Ω,

uF (x) = 0 for x ∈ ∂Ω,

∂uF
∂n

(x) = f(x) for x ∈ ∂Ω.

Here we can determine uF by solving the Bi–Helmholtz–type equation and as a con-
sequence we receive the source z by computing z = ∆uF + κ2uF .

3.1.3 Operator mapping the source onto the Dirichlet trace

As we have seen in Section 3.1.2 we need further information about our source z to
ensure unique solvability of the inverse problem (3.1). In addition, the condition from
Remark 3.3 requiring the Dirichlet datum g = 0 is sufficient. In the following we want
to circumvent the constraint g = 0. Contrary to the previous approach, where we have
only considered the Dirichlet datum for our derivation we now investigate an ansatz,
where the Neumann datum is used. Hence, our next step is to do the analysis for this
approach. We suppose that Assumptions 3.1 hold and start by considering the model
problem

∆u+ κ2u = z in Ω,

γ1u = f on ∂Ω,

where f ∈ H−1/2(∂Ω) and z ∈ L2(Ω). This problem is uniquely solvable by Theo-
rem 2.2 with u ∈ H1(Ω). Since the problem is linear the solution u can be written as
u = uz + uf with uz solving

∆uz + κ2uz = z in Ω,

γ1uz = 0 on ∂Ω,
(3.11)

and uf solving

∆uf + κ2uf = 0 in Ω,

γ1uf = f on ∂Ω.
(3.12)

The problems (3.11) and (3.12) are uniquely solvable with uz, uf ∈ H1(Ω) by Theo-
rem 2.2. Now let us introduce the operator

ΛD
κ : L2(Ω)→ L2(∂Ω)

z 7→ γ0uz.
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In the inverse problem (3.1) the Dirichlet trace satisfies

g = γ0u = γ0(uz + uf ) = ΛD
κ (z) + γ0uf .

The Dirichlet boundary condition in the inverse problem (3.1) can be rewritten as

ΛD
κ (z) = g − γ0uf ,

and hence we can determine the source z ∈ L2(Ω) when solving this operator equation.
Therefore, we have to characterise the mapping properties of ΛD

κ , especially the kernel
and the range of this operator.

Lemma 3.12. Let κ ≥ 0 such that κ2 is not an eigenvalue of the Neumann Laplacian.
Then

ran(ΛD
κ ) = ran(γ0|ker(γ1)),

is a dense proper linear subspace of H1(∂Ω). Furthermore, for the kernel the same
characterisation as in Lemma 3.6 holds, namely

ker(ΛD
κ ) = (∆ + κ2)(H2

0 (Ω)).

Proof. For z ∈ L2(Ω) problem (3.11) admits a unique solution uz ∈ H1
∆(Ω) with

γ1uz = 0. Therefore, uz ∈ ker(γ1) and by Lemma 1.8 we get that uz ∈ H
3/2
∆ (Ω).

Consequently, we can write the operator ΛD
κ as

ΛD
κ : L2(Ω)

(∆+κ2)−1

→ H
3/2
∆ (Ω) ∩HN,0(Ω)

γ0→ ran(γ0|H3/2
∆ (Ω)∩HN,0(Ω)

),

where

HN,0(Ω) := {v ∈ H1
∆(Ω) : γ1v = 0 on ∂Ω}.

Since we can characterise the space to which γ0 is restricted as ker(γ1|H3/2
∆ (Ω)

) we get

ran(ΛD
κ ) = ran(γ0|ker(γ1)).

By [5, Lem. 8.2] this is a dense proper linear subspace of H1(∂Ω). In the next step
we want to characterise the kernel of the operator. It holds that z ∈ ker(ΛD

κ ) if and
only if

uz = (∆ + κ2)−1z ∈ ker(γ0|H3/2
∆ (Ω)∩HN,0(Ω)

)

= {v ∈ H3/2
∆ (Ω) : γ0v = γ1v = 0 on ∂Ω}

= H2
0 (Ω),

where the last equality holds due to [6, Cor. 4.2 (i)].
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For a more regular domain than a Lipschitz domain we get some characterisations
for ran(ΛD

κ ).

Remark 3.4 ([6, Thm. 4.10 (ii)]). Let Ω be a C1,r domain for r ∈ (1/2, 1] then it holds
that

ran(ΛD
κ ) = ran(γ0|ker(γ1)) = H3/2(∂Ω).

Remark 3.5 ([6, Thm. 4.9 (ii)]). In the case that Ω is a quasi convex domain it holds
that

ran(ΛD
κ ) = ran(γ0|ker(γ1)) = {ϕ ∈ H1(∂Ω) : ∇tanϕ ∈ H1/2(∂Ω)d},

where the tangential gradient operator is defined as

∇tan : H1(∂Ω)→ L2(∂Ω)d

u 7→

(
d∑
j=1

nj(nj∂k − nk∂j)u

)T

k=1,...,d

.

So we know the range of ΛD
κ as well as that ΛD

κ : L2(Ω)/ ker(ΛD
κ ) → ran(ΛD

κ ) is an
isomorphism. Since ker(ΛD

κ ) is a closed subspace we can write L2(Ω) as the orthogonal
decomposition

L2(Ω) = ker(ΛD
κ )⊕ ker(ΛD

κ )⊥.

Due to the equality ker(ΛN
κ ) = ker(ΛD

κ ), we know that their orthogonal complements
have to be identical. This means that

ker(ΛD
κ )⊥ = H∆+κ2(Ω).

Restricting the operator ΛD
κ to the orthogonal complement of its kernel leads to

ΛD
κ : ker(ΛD

κ )⊥ → ran(ΛD
κ ).

This operator is bijective and hence invertible. With this consideration and the pre-
vious lemma we get the following theorem.

Theorem 3.13. Let κ ≥ 0 and κ2 not be an eigenvalue of the Neumann Laplacian. Let
g ∈ ran(ΛD

κ ) and f ∈ H−1/2(∂Ω) be given such that γ0uf ∈ ran(ΛD
κ ). Then the inverse

problem (3.1) has a unique solution z̄ ∈ H∆+κ2(Ω). All other solutions are of the form

z = z̄ + w with w ∈ (∆ + κ2)(H2
0 (Ω)).

We know that uf is solving the Neumann boundary value problem for the homo-
geneous Helmholtz equation in (3.12) with Neumann datum f . In order to apply
Theorem 3.13 the condition

γ0uf ∈ ran(ΛD
κ ) = ran(γ0|ker(γ1)),

has to be satisfied. This condition is difficult to verify in practice. However, it is
satisfied if uf ∈ ker(γ1), i.e., γ1uf = 0, which implies f = 0. As a consequence the
solution uf of (3.12) has to be zero and thus, we have an overdetermined system.
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Remark 3.6. To ensure unique solvability of the inverse problem (3.1) with this ap-
proach, we restrict ourselves to the case where the Neumann datum f = 0.

In the following we assume f = 0 and that the Dirichlet datum g is given. We
now consider the approach using Lemma 3.9 for the splitting of L2(Ω), which states
L2(Ω) = H∆−κ2(Ω)+̇(∆+κ2)(H2

0 (Ω)). In this case L2(Ω)/ ker(ΛD
κ ) = H∆−κ2(Ω) holds.

Now we define
ΛD
κ : H∆−κ2(Ω)→ ran(ΛD

κ ),

which is bijective and hence invertible. In this setting we get the same result as in
Theorem 3.13 but this time we get a unique solution z ∈ H∆−κ2(Ω).

Theorem 3.14. Let κ ≥ 0 and κ4 not be an eigenvalue of the Bilaplacian. Let
g ∈ ran(ΛD

κ ) and f = 0 be given. Then the inverse problem (3.1) has a unique
solution z̄ ∈ H∆−κ2(Ω). All other solutions are of the form

z = z̄ + w with w ∈ (∆ + κ2)(H2
0 (Ω)).

To get a unique solution our goal is now to determine the element in (∆+κ2)(H2
0 (Ω)).

Therefore, we make use of the information that our source satisfies z ∈ H∆−κ2,F (Ω)
for F ∈ L2(Ω). This leads by the same argumentation as before Corollary 3.11 to the
following Corollary.

Corollary 3.15. Let g ∈ ran(ΛD
κ ) and f = 0 be given. The inverse source problem to

find z ∈ H∆−κ2,F (Ω) such that

∆uF (x) + κ2uF (x) = z(x) for x ∈ Ω,

uF (x) = g(x) for x ∈ ∂Ω,

∂uF
∂n

(x) = 0 for x ∈ ∂Ω,

(3.13)

admits a unique solution.

Proof. This can be proven analogously to Corollary 3.11.

Let the boundary data measurement g ∈ H3/2(∂Ω) ⊂ ran(ΛD
κ ) be given. If the

source satisfies z ∈ H∆−κ2,F (Ω), we can reconstruct it by applying (∆ − κ2) to our
partial differential equation in the inverse problem (3.13). This leads to the following
Bi–Helmholtz–type equation with the right hand side F

∆2uF (x)− κ4uF (x) = F (x) for x ∈ Ω,

uF (x) = g(x) for x ∈ ∂Ω,

∂uF
∂n

(x) = 0 for x ∈ ∂Ω.

Here we can determine uF by solving the Bi–Helmholtz–type equation and as a con-
sequence we receive the source z by computing z = ∆uF + κ2uF .
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3.1.4 Method via a Bi–Helmholtz–type equation

In Section 3.1.2 and 3.1.3 we have considered two approaches to show that under
the assumption z ∈ H∆−κ2,F (Ω) the inverse problem (3.1) admits a unique solution.
In the first approach we have imposed the restrictions g = 0 (see Remark 3.3) and
f ∈ ran(ΛN

κ ). In contrast, in the second ansatz we restrict ourselves to f = 0 (see
Remark 3.6) and g ∈ ran(ΛD

κ ). The goal of this section is to investigate the inverse
problem without imposing g = 0 or f = 0 by using a Bi–Helmholtz–type equation. For
this purpose, additional regularity assumptions on the domain Ω and the boundary
data g and f are required. We start by formulating the assumptions for this section.

Assumptions 3.3.

(E1) Let Ω ⊂ Rd, d = 2, 3, be a bounded domain with C1,1–boundary ∂Ω.

(E2) The Cauchy data g ∈ H3/2(∂Ω) and f ∈ H1/2(∂Ω) are given.

(E3) The wave number κ ≥ 0 satisfies that κ2 is neither an eigenvalue of the Dirichlet
Laplacian (2.1) nor an eigenvalue of the Neumann Laplacian (2.4). Additionally,
κ4 is not an eigenvalue of the Bi–Laplacian (2.6).

Recall that, for fixed F ∈ L2(Ω), the space H∆−κ2,F (Ω) is defined by

H∆−κ2,F (Ω) = {ẑ ∈ L2(Ω) : (∆− κ2)ẑ = F}.

With this notation we can formulate the following Lemma concerning the uniqueness
of the source reconstruction.

Lemma 3.16. Let g ∈ H3/2(∂Ω) and f ∈ H1/2(∂Ω) be given. Under the Assump-
tions 3.3 the inverse source problem: find z ∈ H∆−κ2,F (Ω) such that

∆u(x) + κ2u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω,

(3.14)

admits a unique solution.

Proof. We apply the operator (∆ − κ2) to the Helmholtz equation and make use of
z ∈ H∆−κ2,F (Ω). Hence, we obtain that

(∆2 − κ4)u(x) = (∆− κ2)z(x) = F (x) for x ∈ Ω,

and u satisfies the boundary conditions γ0u = g and γ1u = f . The Bi–Helmholtz–type
equation for the fixed right hand side F ∈ L2(Ω) and the given boundary data has a
unique solution u ∈ H2(Ω) as shown in Theorem 2.3. Hence, the source z is uniquely
determined by z = (∆ + κ2)u.
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Contrary to the previous two sections we are now able to solve problem (3.14)
without setting the Dirichlet datum or the Neumann datum to zero, i.e., we can solve
it now for general boundary data assuming additional regularity on the domain and
the Cauchy data.

3.2 Uniqueness from boundary data at several wave

numbers

In Section 3.1.1 we have shown that we can determine point sources from the boundary
data at a single wave number. However, for Dirac distributions supported on spheres
and characteristic functions on hollow and solid balls it is only possible to retrieve
the centers and expressions, which include both the intensities and the radii. Hence,
we can not recover this type of sources for a single wave number. Afterwards, we
have proven in Section 3.1.4 that the inverse problem (3.1) is uniquely solvable from
boundary data measurements at a single wave number, provided that some additional
information about the source is available. In this section we are interested in whether
the source can be determined uniquely from boundary data at multiple wave numbers.
The analysis in this section is based on [3, Sec.3].
We assume z ∈ L2(Ω) and κ ∈ I, where I ⊂ R+ is an open non empty interval. For
each κ ∈ I we consider the problem

∆uκz + κ2uκz = z in Ω,

uκz = 0 on ∂Ω,
(3.15)

and the map ΛN
κ (z) = γ1u

κ
z on ∂Ω, which is depending on various wave numbers κ ∈ I.

For κ ∈ I we further define the map

κ 7→ ΛN
κ (z).

The inverse problem consists of recovering the source term z ∈ L2(Ω) from the knowl-
edge of the boundary data gκ = 0 and fκ ∈ H1/2(∂Ω) at multiple wave numbers κ ∈ I.
The uniqueness result is stated in the following theorem.

Theorem 3.17 ([3, Thm. 3.1]). Let z ∈ L2(Ω) and further let κ ∈ I be in some open,
non empty interval I ⊂ R+. If the map κ 7→ ΛN

κ (z) is known for every κ ∈ I, then the
source z is uniquely determined in the L2(Ω) sense.

Proof. We show injectivity of the operator ΛN
κ . Therefore, let z1, z2 ∈ L2(Ω) be

arbitrary such that

ΛN
κ (z1) = ΛN

κ (z2) ∀κ ∈ I,
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where uκzi ∈ H1
0 (Ω) for i = 1, 2 is the solution of (3.15). Using the reciprocity gap

functional from Definition 3.1 for a test function v ∈ H1
∆+κ2(Ω) and equation (3.3)

leads, for i = 1, 2, to ∫
Ω

ziv dx =

∫
∂Ω

Λκ(zi)γ0v dsx.

Because of the assumption ΛN
κ (z1) = ΛN

κ (z2) we derive∫
Ω

(z1 − z2)v dx = 0 ∀v ∈ H1
∆+κ2(Ω).

As test functions we choose plane waves, which are defined by

v(x) = vκ,ξ(x) = e−iκx·ξ for κ ∈ I, ξ ∈ ∂B(0, 1). (3.16)

We can easily check that vκ,ξ ∈ H1
∆+κ2(Ω). Using the plane waves as test functions

leads immediately to the Fourier transformation as defined in Definition 1.13. For
every κ ∈ I and every ξ ∈ ∂B(0, 1) it holds that

0 =

∫
Ω

(z1 − z2)(x)e−iκx·ξ dx

=

∫
Rd
χΩ(x)(z1 − z2)(x)e−ix·κξ dx

= (2π)d/2F [(z1 − z2)χΩ](κξ),

where χΩ denotes the characteristic function of Ω, defined by

χΩ(x) =

{
1, if x ∈ Ω,

0, if x /∈ Ω.

Hence,

F [(z1 − z2)χΩ](κξ) = 0 on I × ∂B(0, 1),

and is analytic on Rd due to Lemma 1.10. In order to derive equality on Rd we
will apply the identity theorem (Theorem 1.11). Since the set I × ∂B(0, 1) has an
accumulation point in Rd we get

F [(z1 − z2)χΩ] = 0 on Rd.

Applying Plancherel’s formula (1.3) leads to

0 = ‖F [(z1 − z2)χΩ]‖2
L2(Rd) = ‖(z1 − z2)χΩ‖2

L2(Rd) = ‖z1 − z2‖2
L2(Ω),

and from this we derive z1 = z2 almost everywhere. Therefore, the source is determined
in the sense of L2(Ω), which completes the proof.

As shown in Theorem 3.17 we obtain uniqueness of the inverse problem (3.1) in the
L2–sense if the boundary data are given for multiple wave numbers κ ∈ I. The corre-
sponding numerical analysis and numerical examples will be presented in Section 4.2.
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The results of Section 3 have demonstrated that the reconstruction of a source is unique
if we consider point sources at a single wave number or if the boundary data are given
for multiple wave numbers. To complement this theoretical analysis we now present
numerical methods for both settings. We start by considering the reconstruction of
point sources from boundary data measurements at a single wave number in Sec-
tion 4.1. Afterwards in Section 4.2 a numerical method for reconstructing L2–sources
from the Cauchy data at multiple wave numbers will be discussed. Both sections are
complemented by numerical examples.

4.1 Numerical method for the reconstruction at a single

wave number

We have shown in Section 3.1.1 that the reconstruction of Dirac distributions on
spheres and characteristic functions on balls is not unique since it is not possible
to recover the intensities and the radii at the same time. However, Theorem 3.1
demonstrates that point sources solving the inverse problem (3.1) can be identified
uniquely. Thus, in the numerical part we discuss an algebraic method to reconstruct
point sources from boundary data measurements at a single wave number, based on El
Badia and Nara in [11]. As mentioned above, we conclude this section by presenting
numerical examples.

Description of the numerical method

We consider the inverse problem of the Helmholtz equation for a bounded Lipschitz
domain Ω ⊂ R3 under Assumptions 3.2. The inverse problem is formulated as follows:
find the point source z =

∑n
j=1 λjδyj such that

∆u(x) + κ2u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω,

(4.1)

where n ∈ N , yj ∈ Ω and λj ∈ C \ {0}. The goal is to reconstruct the source by
determining the number of point sources n, the intensities λj and the coordinates of

53
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the point sources {yj,1, yj,2, yj,3} for j = 1, ..., n from the Cauchy data g and f at a
single wave number κ ∈ R+. This will be achieved by applying an algebraic method,
based on the reciprocity gap functional, which has been defined in Definition 3.1 by

R(v) =

∫
∂Ω

(fγ0v − gγ1v) dsx, ∀v ∈ H1
∆+κ2(Ω).

The starting point of this method is the equation outlined in (3.3), where plugging in
the representation of our source leads to

n∑
j=1

λjv(yj) = R(v), ∀v ∈ H1
∆+κ2(Ω). (4.2)

In the next step we define two families of test functions in H1
∆+κ2(Ω) given by

vm := (x+ iy)m exp(−iκz), wm := (x+ iy)m exp(iκz) for m ∈ N0. (4.3)

It can easily be checked, that vm, wm ∈ H1
∆+κ2(Ω) for all m ∈ N0. We start by using

the test functions vm. Inserting vm into (4.2) gives us the following system of equations

n∑
j=1

λj(yj,1 + iyj,2)m exp(−iκyj,3) = R(vm), ∀m ∈ N0.

Denoting Pj := yj,1 + iyj,2, cj := λj exp(−iκyj,3) and αm := R(vm) leads to

n∑
j=1

cjP
m
j = αm ∀m ∈ N0. (4.4)

The values αm can be computed numerically for all m ∈ N0. The following theorem
states that the source can be reconstructed if an upper bound N ∈ N is known such
that the number of point sources satisfies n ≤ N .

Theorem 4.1 (cf. [10, Thm. 2]). Suppose, that an upper bound N for the number
of point sources n is known. Then the quantities n, λj and yj for j = 1, ..., n are
determined by 2N numbers αm for 0 ≤ m ≤ 2N − 1.

The proof of this theorem is omitted and can be found in [10, Sec.4]. Instead, the
main steps of the derivation are presented. The first step is to determine the number
of sources n. In [10, Lem. 2] it is shown that the Hankel matrix H ∈ CN×N defined
by

H =


α0 α1 α2 · · · · · · αN−1

α1 α2 α3 · · · · · · αN
α2 α3 α4 · · · · · · αN+1

...
...

...
...

...
...

αN−1 αN αN+1 · · · · · · α2N−2

 ,
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has rank n. As outlined in [10, Rem. 3] computing the rank of H as the number
of linearly independent columns is numerically unstable. Hence, this approach is not
applicable since the entries of H are computed numerically. However, one can do
a singular value decomposition with a numerical threshold ε > 0. The number of
singular values greater than ε gives the estimate of n.
With the number of point sources identified we proceed to recover the remaining
quantities in (4.4), which are Pj and cj for j = 1, ..., n. Therefore, we have to introduce
three auxiliary matrices. Namely the Vandermonde matrix V , which is defined as

V =


1 1 1 · · · · · · 1
P1 P2 P3 · · · · · · Pn
P 2

1 P 2
2 P 2

3 · · · · · · P 2
n

...
...

...
...

...
...

P n−1
1 P n−1

2 P n−1
3 · · · · · · P n−1

n

 ,
and the two diagonal matrices, which are given by

C = diag(c1, ..., cn) and D = diag(P1, ..., Pn).

An essential property is that the Vandermonde matrix V is invertible as our point
sources are pairwise distinct. Because only the values αm for m ∈ N0 are known,
we have to relate them with these matrices. One can verify that V CV T = H0 and
V DCV T = H1, where the Hankel matrices H0, H1 ∈ Cn×n are defined by

H0 =


α0 α1 · · · αn−1

α1 α2 · · · αn
...

...
...

...
αn−1 αn · · · α2n−2

 , H1 =


α1 α2 · · · αn
α2 α3 · · · αn+1

...
...

...
...

αn αn+1 · · · α2n−1

 .
The diagonal matrix C has non–zero entries and is therefore invertible. Thus, the
equality H0 = V CV T implies that H0 is invertible. In the next step we compute

H1H
−1
0 = (V DCV T )(V CV T )−1 = V DCV TV −TC−1V −1 = V DV −1.

Hence, the computable matrix H1H
−1
0 is similar to D and as a consequence it has

the same eigenvalues. Therefore, the eigenvalues of H1H
−1
0 are Pj for j = 1, ..., n.

Computing the real and the imaginary part of the eigenvalues leads to the source
coordinates yj,1 and yj,2. Next, we can easily compute the expression cj by solving the
linear system (4.4), which is equivalent to solving

V


c1

c2

...
cn

 =


α0

α1

...
αn−1

 . (4.5)
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Since the values cj := λj exp(−iκyj,3) for j = 1, ..., n are now known it remains to
determine the intensities λj and the coordinates yj,3. To do so, we use the test functions
wm defined in (4.3). Plugging wm into (4.2) leads to

n∑
j=1

djP
m
j = R(wm) =: βm ∀m ∈ N0,

where dj := λj exp(iκyj,3) for j = 1, ..., n. The values βm can be computed numeri-
cally for all m ∈ N0 and Pj for j = 1, ..., n has been determined previously. Hence,
computing the expressions dj is equivalent to solving the linear system

V


d1

d2

...
dn

 =


β0

β1

...
βn−1

 . (4.6)

At this point we have 2n equations

cj = λj exp(−iκyj,3), dj = λj exp(iκyj,3),

and 2n unknowns λj and yj,3 for j = 1, ..., n. A direct computation yields

cjdj = λ2
j ,

dj
cj

= exp(2iκyj,3),

for j = 1, ..., n. To avoid taking a square root in the computation of λj, the missing
quantities of the point source are instead determined by

yj,3 = <
(

ln(dj/cj)

2iκ

)
, λj = dj exp(−iκyj,3) for j = 1, ..., n. (4.7)

Thus, we are able to reconstruct all the parameters of the linear combination of point
sources from the Cauchy data at a single wave number algebraically.

Numerical examples

In this section we apply the algebraic reconstruction method from El Badia and Nara
in [11] to different numerical examples. First, we start by reconstructing one point
source from the boundary data at a single wave number. Subsequently, we increase
the complexity of the numerical examples by considering a higher wave number, mul-
tiple point sources and noisy boundary data. This demonstrates the capabilities and
limitations of this method.
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We consider the domain Ω = B(0, 1) ⊂ R3 and recall that the source z of the inverse
problem (3.1) can be represented as

z(x) =
n∑
j=1

λjδyj(x) for x ∈ Ω,

where n ∈ N, yj ∈ Ω and λj ∈ C \ {0}. First, we are interested in the Cauchy data
on ∂Ω, which can be computed by using the fundamental solution of the Helmholtz
equation. In [22, Thm. 9.4] the fundamental solution in R3 is given by

U∗κ(x, y) = − 1

4π

exp(−iκ‖x− y‖)
‖x− y‖

for x, y ∈ R3,

and satisfies
(∆x + κ2)U∗κ(x, y) = δy for x, y ∈ R3.

A short computation gives us the gradient of the fundamental solution U∗κ(x, y) with
respect to x as

∇xU
∗
κ(x, y) =

1

4π

exp(−iκ‖x− y‖)(iκ‖x− y‖+ 1)

‖x− y‖3
(x− y) for x, y ∈ R3.

Since our source z is a linear combination of point sources and the problem is linear,
the Cauchy data can be expressed as

g(x) = − 1

4π

n∑
j=1

λj
exp(−iκ‖x− yj‖)
‖x− yj‖

for x ∈ ∂Ω,

f(x) =
1

4π

n∑
j=1

λj
exp(−iκ‖x− yj‖)(iκ‖x− yj‖+ 1)

‖x− yj‖3
(x− yj) · x for x ∈ ∂Ω,

where the outward pointing normal vector for the domain Ω = B(0, 1) is n(x) = x.
For all numerical examples the Cauchy data are given at 361 uniformly distributed
boundary points on the sphere obtained from a spherical t–design with t = 18 [7],
which allows exact integration for all polynomials of degree up to t = 18.
We assume that the number of point sources n has an upper bound N = 6. Hence,
we require the basis functions vm for 0 ≤ m ≤ 11 defined in (4.3). By determining the
singular values of the Hankel matrix H ∈ C6×6 defined by

H =


α0 α1 α2 · · · · · · α5

α1 α2 α3 · · · · · · α6

α2 α3 α4 · · · · · · α7

...
...

...
...

...
...

α5 α6 α7 · · · · · · α10

 , (4.8)
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we retrieve the number of point sources n with a suitable threshold. This should sep-
arate the dominant singular values from the non–dominant ones. For a wave number
κ = 1.85 setting the threshold to ε = 0.05 is appropriate as illustrated in Figure 4.1.
The figure shows the singular values of H for n = 1, ..., 6 point sources with the chosen
threshold marked by a red line.
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Figure 4.1: Singular values of the matrix H for N = 6 and κ = 1.85 for a varying
number n of point sources. The threshold of ε = 0.05 is marked by a red
line.

Computing the real and imaginary part of the eigenvalues of

H1H
−1
0 =


α1 α2 · · · αn
α2 α3 · · · αn+1

...
...

...
...

αn αn+1 · · · α2n−1



α0 α1 · · · αn−1

α1 α2 · · · αn
...

...
...

...
αn−1 αn · · · α2n−2


−1

,

leads to the coordinates yj,1 and yj,2 for j = 1, ..., n. Moreover, to reconstruct the
intensities λj and yj,3 we additionally use the basis function wm for 0 ≤ m ≤ n − 1
defined in (4.3). Finally, we solve the two linear systems (4.5) and (4.6) and compute
λj and yj,3 for j = 1, ..., n according to formula (4.7).
In our numerical examples presented below we consider n = 1, ..., 6 point sources. The
exact locations of the point sources are given by

y1 = (−0.7, 0.3,−0.2), y2 = (0.6,−0.3, 0.1), y3 = (0.5, 0.5, 0.2),

y4 = (−0.6,−0.4, 0.0), y5 = (0.0,−0.5, 0.4), y6 = (0.2, 0.7,−0.5),
(4.9)
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with corresponding intensities

λ1 = 1.0, λ2 = exp(iπ/2), λ3 = exp(iπ/4),

λ4 = −1.0, λ5 = exp(2iπ/3), λ6 = exp(−2iπ/5).
(4.10)

For a numerical test with n point sources, we will use the first n locations and inten-
sities from (4.9) and (4.10), respectively.

Reconstruction of a single point source at a small wave number

In the first example we consider a single point source, where the location y1 and the
intensity λ1 are given in (4.9) and (4.10). We want to reconstruct the source from the
exact Cauchy data g and f at a single small wave number κ = 1.85.
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Figure 4.2: Reconstruction of a single point source located in y1 with the wave number
κ = 1.85 and no noise. On the left the xy-plane is depicted and on the
right the yz-plane is shown.

In Figure 4.2 the black cross indicates the exact position of the point source, whereas
the red filled circle represents the reconstructed source location obtained from the
algebraic method. One can see that the reconstruction is accurate for a single point
source and the wave number κ = 1.85. Furthermore, Table 4.1 presents the absolute
error of the exact and the reconstructed intensity. In this and all subsequent tables
only the absolute error is depicted since the exact intensities satisfy |λj| = 1 for
j = 1, ..., n, which implies that the absolute and relative errors coincide. We obtain
that the intensity is recovered accurately with an absolute error of the order 10−4.

Table 4.1: Exact and reconstructed intensity for a single point source located in y1

with the intensity λ1. The wave number is κ = 1.85.

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 0.9998623− 0.0001032i 1.72e− 04
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Reconstruction of a single point source at a high wave number

In the next example we are interested in whether the reconstruction of the same single
point source works if we increase the wave number. To do so, we repeat the previous
test for a single wave number κ = 18.5.
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Figure 4.3: Failed reconstruction of a single point source located in y1 with κ = 18.5.
On the left the xy-plane is depicted and on the right the yz-plane is shown.

In Figure 4.3 the reconstruction of the single point source in y1 with intensity λ1

from (4.9) and (4.10) is illustrated. We see that the reconstruction is not working
properly anymore, as the reconstructed source location indicated by the red filled
circle lies far from the exact source, which is represented by the black cross. This
implies that the accuracy of the method depends on the size of the wave number κ.
This matches the observation from El Badia and Nara in [11]. They have outlined,
that the accuracy depends on the wavelength compared to the distance between the
points, where the Cauchy data are measured. For κ = 1.85m−1 and κ = 18.5m−1, they
have computed the corresponding wavelengths and the number of measuring points
per wavelength. By the formula κ = 2π/ν, where ν denotes the wavelength, we get
that κ = 1.85m−1 corresponds to a wavelength ν ≈ 3.4m, whereas for κ = 18.5m−1 the
wavelength satisfies ν ≈ 0.34m. Thus, the wavelengths also differ by a factor of ten.
Furthermore, we assume that the radius of our domain Ω is equal to 1m. We have 361
uniformly distributed points on the boundary, where the Cauchy data are measured.
By computing

√
361/4π we get that there are approximately 5.36 observation points

per unit length. Multiplying this with the corresponding wavelengths ν leads to 18
observation points per wavelength for κ = 1.85m−1 and to only 1.8 boundary points
per wavelength for κ = 18.5m−1. As a consequence, we need enough observation points
on the boundary per wavelength in order to make this method work. Therefore, all
the subsequent examples will use the wave number κ = 1.85.
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Reconstruction of multiple point sources at a small wave number

So far we know, that the method works for a single point source, if we have enough
observation points on the boundary per wavelength. Hence, in our example with
361 points on the boundary, it works for the wave number κ = 1.85. Now we are
interested in the reconstruction of more point sources. We investigate how accurate
the reconstruction remains if the number of point sources is increased from n = 2 to
n = 6. The locations and the corresponding intensities are given in (4.9) and (4.10).
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(a) n = 2
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(b) n = 3
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(c) n = 4
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(d) n = 5

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

(e) n = 6

Figure 4.4: Reconstruction of n point sources with the wave number κ = 1.85. In each
subfigure on the left the xy-plane is depicted and on the right the yz-plane
is shown. The black cross indicates the exact source location and the red
filled circle the reconstructed one.

Figure 4.4 shows the reconstruction of n = 2, ..., 6 point sources for κ = 1.85. The
reconstruction up to 4 point sources is accurate. However, for n = 5 and n = 6
the reconstructed locations and the exact locations do not coincide anymore. The
corresponding intensities are depicted in Table 4.2. Here we obtain the same behaviour.
For n ≤ 4 point sources the absolute error for the intensities is between 10−4 and 10−2.
Considering n = 5 point sources, we obtain that there occurs a significantly higher
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error. Another observation is that the absolute error of the exact and reconstructed
intensity is increasing with the number of point sources n.

Table 4.2: Exact and reconstructed source intensities for n point sources with the wave
number κ = 1.85 from exact boundary data.

(a) n = 2

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 0.9999557− 0.0009375i 9.39e− 04
2 i 0.0002512 + 0.9992929i 7.50e− 04

(b) n = 3

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 0.9987253− 0.0037878i 4.00e− 03
2 i −0.0041341 + 1.0040032i 5.75e− 03
3 0.7071068 + 0.7071068i 0.7023607 + 0.6997673i 8.74e− 03

(c) n = 4

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0114748− 0.0065258i 1.32e− 02
2 i 0.0017758 + 0.9990397i 2.02e− 03
3 0.7071068 + 0.7071068i 0.7093222 + 0.7071839i 2.22e− 03
4 −1.0 −1.0030609 + 0.0101975i 1.06e− 02

(d) n = 5

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0667709 + 0.0128260i 6.80e− 02
2 i −0.0707122 + 0.9160704i 1.11e− 01
3 0.7071068 + 0.7071068i 0.6801917 + 0.6646930i 5.02e− 02
4 −1.0 −0.9257692 + 0.1888644i 2.03e− 01
5 −0.50 + 0.8660254i −1.0143030 + 0.8763707i 5.14e− 01

(e) n = 6

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0752894− 0.0476099i 8.91e− 02
2 i 0.0352419 + 0.9232421i 8.45e− 02
3 0.7071068 + 0.7071068i 0.9325004 + 0.4996077i 3.06e− 01
4 −1.0 −0.9333504 + 0.0174585i 6.89e− 02
5 −0.50 + 0.8660254i −0.4946991 + 0.8550565i 1.22e− 02
6 0.3090170− 0.9510565i 0.4346387− 0.7714625i 2.12e− 01

We have obtained that in the setting of a small wave number, such as κ = 1.85,
exact boundary data and an upper bound N = 6, the method reconstructs the source
quite accurately up to n = 4 point sources.
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Reconstruction of point sources at a small wave number from noisy boundary data

In the following we are interested in the effect of noisy boundary data on the recon-
struction accuracy. To construct the noisy boundary data we compute the root mean
square of the exact Cauchy data evaluated in all 361 points, scale it with the given
noise level in % and multiply it with a vector of normally distributed random numbers.
Adding this noise term to the exact boundary data leads to the noisy data. Further-
more, in order to make the result more reliable, we repeat the method 10 times for
the same noise level. Then we compute the mean value and the standard deviations
of the reconstructed source locations in each coordinate as well as the mean value of
the reconstructed source intensities.
For the numerical examples we use the parameters κ = 1.85, N = 6 and a noise level
of 1%. In order to make this method work, we again need a suitable threshold to
estimate the number of point sources n first. In Figure 4.5 the singular values of the
Hankel matrix H defined in (4.8) with the values αm for 0 ≤ m ≤ 10 using the noisy
boundary data are plotted.
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Figure 4.5: Singular values of the matrix H with N = 6, κ = 1.85 and a noise level of
1% for a varying number n of point sources. The threshold of ε = 0.05 is
marked by a red line.

We see in Figure 4.5 that a threshold of ε = 0.05 separates the nth and (n + 1)th

singular value for n = 1, ..., 5 point sources. While for n ≤ 4 the gap between the nth

and (n+ 1)th singular value is significant, this gap is noticeably smaller for five point
sources and hence, a reliable estimate of n is not possible. However, we will consider
the reconstruction of five and six point sources, if the number of point sources n is
known a priori.
With this consideration we can compare the results of the method with the exact
quantities of our source given in (4.9) and (4.10). In Figure 4.6 the reconstruction of
the locations for n = 1, ..., 6 point sources is illustrated with a noise level of 1%. The
true point source locations are indicated by black crosses, whereas the reconstructed
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source locations are represented by filled red spheres. The standard deviation of the
estimated locations is illustrated by black dashed ellipses, but they are negligible small
in all figures except for the figure, where 5 and 6 point sources are reconstructed. The
reconstruction is still accurate for n ≤ 4 point sources and visibly identical to the noise–
free examples in Figure 4.4. The reconstructions of n = 5 and n = 6 point sources are
inaccurate again as in the noise–free case. Therefore, comparing the reconstruction
of the point sources from noisy boundary data in Figure 4.6 with the one from exact
boundary data in Figure 4.4 we see, that these two figures are nearly the same.
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Figure 4.6: Reconstruction of n point sources with the wave number κ = 1.85, the
upper bound of point sources N = 6 and noisy boundary data with a noise
level of 1%. In each subfigure on the left the xy-plane is depicted and on
the right the yz-plane is shown. The black cross indicates the exact source
location and the red filled circle the reconstructed one.

Furthermore, we are also interested in the reconstructed source intensities in this
setting. In Table 4.3 the exact intensities as well as the mean value of the reconstructed
intensities are shown for κ = 1.85, different values for n and a noise level of 1%.
Furthermore, the absolute error of the mean value and the exact intensity is depicted.
We see, that the error is getting larger with increasing n. The absolute errors are very
similar compared to Table 4.1 and Table 4.2, where the exact Cauchy data are used.
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Table 4.3: Exact and reconstructed source intensities for n point sources with the wave
number κ = 1.85 from noisy boundary data with a noise level of 1%.

(a) n = 1

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0007272 + 0.0004304i 8.45e− 04

(b) n = 2

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0000536− 0.0006984i 7.00e− 04
2 i 0.0018327 + 1.0005145i 1.90e− 03

(c) n = 3

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0024502− 0.0010088i 2.65e− 03
2 i 0.0045540 + 0.9935502i 7.90e− 03
3 0.7071068 + 0.7071068i 0.7112667 + 0.7118119i 6.28e− 03

(d) n = 4

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0196328 + 0.0120561i 2.30e− 02
2 i −0.0109911 + 1.0097372i 1.47e− 02
3 0.7071068 + 0.7071068i 0.7006884 + 0.7037799i 7.23e− 03
4 −1.0 −1.0310884 + 0.0123541i 3.35e− 02

(e) n = 5

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0787389 + 0.0261184i 8.30e− 02
2 i −0.0615957 + 0.9200630i 1.01e− 01
3 0.7071068 + 0.7071068i 0.6748569 + 0.6651997i 5.29e− 02
4 −1.0 −0.9325405 + 0.2453722i 2.54e− 01
5 −0.50 + 0.8660254 −1.0609109 + 0.7812015i 5.67e− 01

(f) n = 6

Source Exact intensity Reconstructed intensity |λex − λrec|
1 1.0 1.0363171− 0.0929758i 9.98e− 02
2 i −0.0156677 + 0.8670225i 1.34e− 01
3 0.7071068 + 0.7071068i 0.6503753 + 0.4166501i 2.96e− 01
4 −1.0 −1.0181226− 0.0346065i 3.91e− 02
5 −0.50 + 0.8660254i −0.5670009 + 0.6821885i 1.96e− 01
6 −0.50 + 0.50i −0.2863515 + 0.3449765i 2.64e− 01

As for κ = 1.85 and a noise level of 1% the reconstruction is accurate for n ≤ 4, we
are interested in the effect of varying noise levels. In this setting we test with κ = 1.85
and n = 2 point sources. We make 100 repetitions per noise level and compute the
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maximum standard deviations of the reconstructed source coordinates. Figure 4.7
illustrates the results and suggests that there is a direct proportionality between the
standard deviation and the noise level in %.
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Figure 4.7: Maximum standard deviation for two point sources located in y1 and y2 in
dependency of the noise level in %. The wave number is κ = 1.85.

Finally, we investigate the behaviour of the reconstruction accuracy when the dis-
tance between the sources is varying. In this setting we use κ = 1.85, a noise level of
1% and two point sources y1 = (+d, 0, 0) and y2 = (−d, 0, 0) with d ∈ [0.1, 0.7]. For
the intensities we choose λ1 = 1.0 and λ2 = exp(iπ/2). As error computation we use
the relative location error defined as

e := max
j=1,2

‖ȳj − yj‖2

2d
, (4.11)

where ȳj is the mean value of the reconstructed location for the jth exact location.
In Figure 4.8 the relative location error is plotted in dependency of the distance 2d
between the two point sources y1 and y2. We obtain, that the error increases if the
distance between the two point sources is getting smaller. This suggests, that the
method will fail to reconstruct point sources that are close to each other.

Altogether, these numerical examples provide insights into the conditions under
which the reconstruction method succeeds or fails. We have seen that the reconstruc-
tion is highly accurate for small wave numbers and a small number of sources. For
large wave numbers, El Badia and Nara have pointed out in [11] that we need enough
boundary observations per wavelength, which explains why the method fails for the
wave number κ = 18.5. Furthermore, the reconstruction is accurate for n ≤ 4 point
sources in our setting with the upper bound N = 6. Moreover, the results obtained
from the method for noisy boundary data with a noise level of 1% are also satisfac-
tory for n ≤ 4 point sources. The reconstructions are nearly identical to the ones
using exact Cauchy data. In addition, we have observed that the reconstruction error
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Figure 4.8: Reconstruction error defined in (4.11) in dependency of the distance be-
tween two point sources. The wave number is κ = 1.85.

depends linearly on the noise level in %. The limitations of this algebraic method
are as follows. It fails if there are too few observation points on the boundary per
wavelength. For instance, the method could not reconstruct a single point source for
κ = 18.5. Moreover, the reconstruction becomes inaccurate when the number of point
sources approaches the upper bound N , even without noise. In our example, this has
been the case for n = 5 and n = 6 point sources, while the upper bound has been
N = 6. We note that increasing the upper bound N improves the reconstruction
accuracy, however, it makes the choice of a suitable threshold more difficult. Another
disadvantage is that the error increases significantly if two sources are close to each
other.

4.2 Numerical method for the reconstruction at several

wave numbers

We have seen in Section 3.1.1 that reconstructing the source z of the inverse prob-
lem (3.1) from boundary data at a single wave number is unique only if some a priori
information about the source term is known. However, in Section 3.2 we have shown
that the source can be reconstructed in the L2–sense if the boundary data are given at
multiple wave numbers. Motivated by this result, we discuss in this section a numerical
method, which enables the reconstruction of sources z ∈ L2(Ω) when the Cauchy data
are known for several wave numbers. The approach is based on solving a variational
formulation using plane waves as basis functions and has been proposed by Alves et
al. [3, Sec.6.2]. In [3] the authors restrict themselves to homogeneous Dirichlet datum,
but this is not a necessary assumption for the numerical reconstruction. Subsequently,
we provide some numerical examples for this approach. At the end of this section we
briefly discuss another choice of basis functions which has been proposed in [13].
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Description of the numerical method

For this section we consider a bounded Lipschitz domain Ω ⊂ R2. The aim is to
reconstruct the source z ∈ L2(Ω) from given boundary data measurements for the
Helmholtz equation

∆u(x) + κ2u(x) = z(x) for x ∈ Ω,

u(x) = g(x) for x ∈ ∂Ω,

∂u

∂n
(x) = f(x) for x ∈ ∂Ω.

The starting point of this method is the reciprocity gap functional defined in Defini-
tion 3.1 and the essential equation (3.3). This immediately leads to the continuous
variational formulation: find z ∈ L2(Ω) such that∫

Ω

zv dx =

∫
∂Ω

(fγ0v − gγ1v) dsx =: R(v) ∀v ∈ H1
∆+κ2(Ω) =: Yκ. (4.12)

The choice of the test space Yκ is natural, as the reciprocity gap functional is well–
defined on this space. Moreover, for any v ∈ H1(Ω) with ∆v ∈ L2(Ω), the Neumann
trace γ1v exists by Lemma 1.8. We equip Yκ with the norm ‖ · ‖H1(Ω). The continuous
variational formulation (4.12) can equivalently be written as an operator equation:
find z ∈ L2(Ω) such that

〈Az, v〉Y ′κ×Yκ = R(v) ∀v ∈ Yκ, (4.13)

where A : L2(Ω)→ Y ′κ is defined by

〈Az, v〉Y ′κ×Yκ :=

∫
Ω

zv dx.

We want to illustrate by an example that the continuous variational formulation (4.12),
respectively (4.13), is ill–posed. Therefore, we have to show that the operator A does
not admit a bounded inverse, i.e., there does not exist a constant c > 0 such that

‖Az‖Y ′κ ≥ c‖z‖L2(Ω) ∀z ∈ L2(Ω). (4.14)

Example 4.1. We consider the one–dimensional domain Ω = (0, 2π) and fix κ ∈ R.
Let zn(x) = exp(inx) ∈ L2(Ω) for n ∈ N. As test functions we use the plane waves

v+(x) = exp(iκx), v−(x) = exp(−iκx),

which form a basis of Yκ in one dimension. Hence, it is sufficient to estimate the action
of Azn on these two basis functions in order to control the dual norm. We compute

|〈Azn, v±〉Y ′κ×Yκ| =
∣∣∣∣∫ 2π

0

znv± dx

∣∣∣∣ =

∣∣∣∣∫ 2π

0

exp(i(n± κ)x) dx

∣∣∣∣ =

∣∣∣∣exp(i(n± κ)x)

i(n± κ)

∣∣∣2π
0

∣∣∣∣
=

∣∣∣∣exp(2πi(n± κ))− 1

i(n± κ)

∣∣∣∣ ≤ 2

|n± κ|
n→∞−−−→ 0.
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Furthermore, it holds ‖zn‖L2(0,2π) =
√

2π. Hence, there exists no constant c > 0 such
that (4.14) is satisfied, which means that the operator A does not admit a bounded
inverse. Consequently, the problem (4.12), respectively (4.13), is ill–posed.

In the numerical examples, we will restrict both the wave numbers κ and the Fourier
modes n to bounded intervals. This ensures that the operator A admits a bounded
inverse and consequently, that the problem is well–posed at the continuous level.

Discretisation via plane waves

In this section, we discretise the continuous variational formulation (4.13) using plane
waves as basis functions in the test and ansatz space. To allow the reconstruction
from the Cauchy data at multiple wave numbers, we introduce an open non empty
interval I ⊂ R+. The goal is to find the source z ∈ L2(Ω) of the Helmholtz equation
for different wave numbers κi ∈ I such that

∆uκi(x) + κ2
iuκi(x) = z(x) for x ∈ Ω,

uκi(x) = gκi(x) for x ∈ ∂Ω,

∂uκi
∂n

(x) = fκi(x) for x ∈ ∂Ω.

(4.15)

Although the operator A does not admit a bounded inverse, we can still discretise the
variational formulation (4.13). Therefore, we use as basis functions the plane waves
defined in (3.16) as

ϕκξ (x) = e−iκx·ξ for κ ∈ I, ξ ∈ ∂B(0, 1).

With this consideration we define the test space

YN,n = span{ϕκiξj (x)} ⊂ H1
∆+κ2

i
(Ω), for i = 1, ..., N, and j = 1, ..., n,

where ϕκiξj are plane waves with the wave number κi and the direction ξj. It is crucial
that the test space YN,n uses the wave numbers κi from the original problem as the
basis functions must belong to the spaces H1

∆+κ2
i
(Ω). The ansatz space is defined as

XM,m = span{ϕλ`ck (x)} ⊂ H1
∆+λ2

`
(Ω) ⊂ L2(Ω), for ` = 1, ...,M, and k = 1, ...,m,

where ϕλ`ck are plane waves with wave number λ` ∈ I and λ` 6= κi and ck are chosen
directions. Here M denotes the number of distinct wave numbers in the ansatz space
and m is the number of directions. The ansatz space has to be equipped with different
wave numbers to avoid that certain blocks of the system matrix would almost behave
like others. We use this ansatz space XM,m to write a discrete approximation of our
source z as

zM,m(x) =
M∑
`=1

m∑
k=1

zk,`ϕ
λ`
k (x),
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where zk,` are coefficients, which have to be determined. Plugging this into (4.12)
and using the discrete test space leads to the discrete variational formulation: find
zM,m ∈ XM,m such that∫

Ω

zM,m(x)ϕκiξj (x) dx = R(ϕκiξj ) ∀ϕκiξj ∈ YN,n. (4.16)

Solving the discrete formulation (4.16) is equivalent to solve the system of linear equa-
tions

Mhz = f,

where the matrix Mh ∈ RnN×mM is defined blockwise as

Mh :=


Mκ1,λ1 Mκ1,λ2 · · · Mκ1,λM

Mκ2,λ1 Mκ2,λ2 · · · Mκ2,λM
...

...
. . .

...
MκN ,λ1 MκN ,λ2 · · · MκN ,λM

 . (4.17)

One block in this matrix Mh is defined as

Mκi,λ` [j, k] =

∫
Ω

ϕκiξj (x)ϕλ`ck (x) dx,

for j = 1, ..., n and k = 1, ...,m. The vector of the right hand side is defined as

f :=


f
κ1

f
κ2

...
f
κN

 , (4.18)

whose entries are given by

f
κi

[j] = R(ϕκiξj ),

for j = 1, ..., n.
The matrix Mh is likely to be ill–conditioned as the basis functions become nearly
linearly dependent if the directions are almost collinear. Using more wave numbers
does not resolve this problem. Furthermore, in [13] is outlined that the plane waves are
even more linearly dependent as the wave number tends to zero. Next, we present the
condition numbers of the matrix Mh for different choices of the parameters N, n,M
and m. The results are illustrated in Table 4.4, where we use the wave numbers
κ = [1.5, 3.5, 5.5, 7.5, 9.5] in the test space and λ = [2, 4, 6, 8, 10] in the ansatz space.
We note that in our numerical tests we will always use the first n, respectively m
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Table 4.4: The condition number of Mh for varying parameters N, n,M and m.

m M n N cond(Mh)
5 2 5 2 6.39e+01
10 2 10 2 7.92e+05
15 2 15 2 3.80e+09
10 3 10 3 1.50e+07
15 3 15 3 1.05e+11
20 3 20 3 5.65e+15
5 4 5 4 3.66e+02
10 4 10 4 1.56e+08
15 4 15 4 4.19e+11
10 5 10 5 1.21e+09
15 5 15 5 1.09e+12
20 5 20 5 8.24e+15

entries from these sets. Table 4.4 demonstrates that the condition number of the
matrix Mh increases rapidly as the number of wave numbers and the number of used
directions grow. Hence, the system matrix Mh is ill–conditioned.
As the system matrix Mh is not square, because in general it holds Nn 6= Mm, we
interpret the solution in the least–squares sense, i.e.,

z = arg min
w∈RMm

1

2
‖Mhw − f‖2

2.

This is equivalent to solve the least–squares problem

MT
hMhz = MT

h f.

As a consequence of the high condition numbers, as shown in Table 4.4, we have to
regularise our least–squares problem. Therefore, we apply a Tikhonov regularisation.
Introducing a regularisation parameter µ > 0, we consider the minimisation problem

zµ = arg min
w∈RMm

1

2
‖Mhw − f‖2

2 +
µ

2
‖w‖2

2.

This is equivalent to solving (
µI +MT

hMh

)
zµ = MT

h f,

where I denotes the identity matrix [15].
Now, the question arises how to choose the regularisation parameter µ. To this end,
we consider the L–curve criterion. If the problem is over–regularised, the residual
error ‖Mhw − f‖2 becomes large. On the other hand, if we regularise too weakly the
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norm of the solution ‖w‖2 increases significantly. Hence, for different values of µ > 0
the curve

(
log ‖w‖2, log ‖Mhw − f‖2

)
is plotted, which typically exhibits an L–shaped

form. To find a good trade–off between the solution norm and the residual error,
one chooses the value of µ which corresponds to the corner of this curve. Hence, the
optimal regularisation parameter keeps a good balance in minimising both errors [15].

Numerical examples

In this section we present two numerical examples with analytical sources to illustrate
the behaviour of the proposed discretisation using plane waves and Tikhonov regular-
isation. In particular, we investigate the quality of the reconstruction as well as the
L2–error depending on the parameters N, n,M and m. First, we consider an example,
where the Dirichlet datum is vanishing. Afterwards, we investigate a more general
example with non vanishing Cauchy data. For both examples we use the domain
Ω = (−1, 1)2.

Reconstruction of z1 from exact boundary data

In the first example we consider the right hand side

z1(x, y) = sin(πx) sin(πy), (4.19)

which is an eigenfunction of the Laplacian on the square with homogeneous Dirichlet
datum. The corresponding eigenvalue is 2π2, which will not be a wave number in the
ansatz space. In Figure 4.9 the source z1 is illustrated. The solution of the Helmholtz

Figure 4.9: Plot of the original source z1(x, y) defined in (4.19).

equation corresponding to the source z1 for each wave number κi is given by

uκi,1(x, y) =
1

κ2
i − 2π2

sin(πx) sin(πy) for (x, y) ∈ Ω,
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admitting the Dirichlet datum gκi,1 = 0 and the Neumann datum

fκi,1(x, y) =
π

κ2
i − 2π2

(
cos(πx) sin(πy)
sin(πx) cos(πy)

)
· n for (x, y) ∈ ∂Ω.

In order to compute the matrix entries of Mh as well as the entries of the vector f on
the right hand side, we use a quadrature rule, that integrates polynomials of degree
up to 9 exactly [18]. To analyse the numerical behaviour of the proposed method we
consider different combinations of basis functions in the test and ansatz space. This
can be done by varying the number of wave numbers N and the number of directions
n in the test space. Moreover, in the ansatz space the number of wave numbers M and
the number of directions m will be varied. The regularisation parameter is obtained
using the L–curve criterion.
For the reconstructions of the source z1 shown in Figures 4.10–4.12 we first choose
the wave numbers in the test space as κ = [1.5, 3.5, 5.5, 7.5] and those in the ansatz
space as λ = [2, 4, 6, 8]. For n = 10 directions in the test space and m = 5 directions
in the ansatz space the L–curve and the corresponding reconstruction are shown in
Figure 4.10.
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(a) L–curve (b) Reconstruction of z1(x, y) with reg-
ularisation parameter µ = 5.19

Figure 4.10: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 10 in the test
space and λ = [2, 4, 6, 8] and m = 5 in the ansatz space.

The regularisation parameter corresponding to the red circle in the L–curve in Fig-
ure 4.10 is µ = 5.19. This relatively large value is necessary as smaller values lead
to a large solution norm. In the reconstruction plot we observe that the symmetry of
the source is captured, but the reconstruction is inaccurate. Thus, we are interested
in the accuracy if we change the number of directions in both spaces. In Figure 4.11
we see the reconstruction of z1 using n = 17 directions in the test space and m = 13
directions in the ansatz space.
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Figure 4.11: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 17 in the test
space and λ = [2, 4, 6, 8] and m = 13 in the ansatz space.

In this case, the regularisation parameter is set to µ = 4.89e − 08 and the re-
construction accuracy of the source z1 is improved. Nevertheless, the reconstruction
still deviates significantly from the original source near the boundary of the domain
Ω = (−1, 1)2. Increasing the parameters further to n = 30 directions in the test
space and m = 20 directions in the ansatz space leads to a reconstruction, where no
difference to the original source z1 is visible. Hence, the shape as well as the values
on the boundary are recovered well, as illustrated in Figure 4.12. The corresponding
regularisation parameter is µ = 4.50e− 10.
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Figure 4.12: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 30 in the test
space and λ = [2, 4, 6, 8] and m = 20 in the ansatz space.
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Error analysis in dependency of the discretisation parameters

To give a qualitative error analysis, we test the numerical method for different com-
binations of wave numbers and directions in the test and ansatz space. The goal is
to see the capabilities and limitations of this method. In Table 4.5 the reconstruction
error ‖z1− zM,m‖L2((−1,1)2) is presented in dependency of the number of wave numbers
N = M . The number of directions is fixed in both spaces at n = m = 15. As wave
numbers we use in the test space κ = [1.5, 3.5, 5.5, 7.5, 9.5, 11.5] and in the ansatz
space λ = [2, 4, 6, 8, 10, 12]. In the case of N wave numbers we use the first N entries
of κ. We do this analogously for M and λ.

Table 4.5: L2–error ‖z1− zM,m‖L2((−1,1)2) for different values of wave numbers N = M
in test and ansatz space using n = m = 15 directions. The regularisation
parameter µ obtained from the L–curve is also given.

m M n N ‖z1 − zM,m‖L2((−1,1)2) µ
15 2 15 2 5.43e-02 4.87e-11
15 3 15 3 4.62e-02 5.95e-05
15 4 15 4 1.82e-02 1.56e-06
15 5 15 5 8.03e-03 4.92e-08

Table 4.5 confirms the expectation, that the error decreases if we increase the number
of wave numbers. This shows the advantage of choosing more wave numbers in the
test and ansatz space for a fixed number of basis functions per wave number.
We further investigate the reconstruction error when the only free parameter is N ,
which is the number of used wave numbers in the test space. We consider two examples,
where the number of directions is fixed at n = m = 15. In the first example we use
M = 2 with λ = [2, 4] and in the second example we set M = 3 with λ = [2, 4, 6]. Both
examples are shown in Table 4.6, where the error ‖z1 − zM,m‖L2((−1,1)2) is depicted in
dependency of N .

Table 4.6: L2–error ‖z1−zM,m‖L2((−1,1)2) for different values of wave numbers N in the
test space. M = 2 and M = 3 are considered. The number of directions is
n = m = 15. The optimal regularisation parameter µ is also given.

M N ‖z1 − zM,m‖L2((−1,1)2) µ M N ‖z1 − zM,m‖L2((−1,1)2) µ

2 2 5.43e-02 4.87e-11 – – – –
2 3 5.78e-02 2.54e-04 3 3 4.62e-02 5.95e-05
2 4 5.87e-02 5.61e-03 3 4 8.29e-03 1.30e-06
2 5 5.71e-02 6.73e-03 3 5 9.10e-03 7.14e-05
2 6 5.67e-02 8.08e-03 3 6 8.31e-03 1.77e-04

Table 4.6 shows that increasing the number of wave numbers N in the test space
does not necessarily improve the reconstruction accuracy. In the case M = 2, the
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L2–error remains almost identical as N increases. In contrast, for M = 3 a significant
reduction of the reconstruction error is observed when increasing N from 3 to 4, after
which the error nearly stagnates. This suggests that adding a wave number in the test
space can make the system matrix more ill–conditioned.
Now we focus on the effects of the L2–error for varying N and n in the test space while
keeping the ansatz space fixed. We analyse two examples, where the results are given
in Table 4.7 and Table 4.8. In the first example the ansatz space is fixed with m = 10
and M = 3 for λ = [2, 4, 6].

Table 4.7: L2–error ‖z1− zM,m‖L2((−1,1)2) for different combinations of used wave num-
bers N and directions n in the test space. The ansatz space is fixed with
λ = [2, 4, 6] and m = 10. Furthermore, the regularisation parameter µ ob-
tained from the L–curve is given.

m M n N ‖z1 − zM,m‖L2((−1,1)2) µ

10 3 15 2 1.89e-01 8.39e-09
10 3 20 2 1.65e-01 8.57e-07
10 3 25 2 1.65e-01 1.14e-06
10 3 30 2 1.65e-01 1.23e-06
10 3 10 3 1.06e-01 3.70e-07
10 3 15 3 1.30e-01 3.00e-03
10 3 20 3 1.30e-01 3.61e-03
10 3 10 4 1.11e-01 1.59e-03
10 3 15 4 1.11e-01 3.70e-02
10 3 10 5 1.10e-01 3.27e-02
10 3 12 5 1.48e-01 9.17e-02
10 3 10 6 1.09e-01 3.27e-02

We note that in Table 4.7 cases with N = 1 or n < m are not depicted, because they
do not yield a meaningful L–curve. This indicates that these parameter choices are
insufficient to balance both the residual norm and the solution norm. As a consequence,
we restrict our considerations to sufficiently large values of N and n in the test space.
Taking more wave numbers in the test space is advantageous, as it covers a broader
spectrum. Moreover, we will always use at least as many basis functions in the test
space as in the ansatz space. From Table 4.7 we observe that for fixed N , increasing
the number of directions n does not influence the L2–error significantly. Moreover, for
comparable values of n, increasing the number of basis functions N in the test space
decreases the L2–error or leaves it essentially unchanged.
In the second example, for which the results are presented in Table 4.8 we fix the
ansatz space by λ = [2, 4, 6, 8] and m = 15 directions. As explained for Table 4.7, in
this example choosing N ≤ 3 does not yield a meaningful L–curve and is therefore
omitted. We observe from Table 4.8 that for N = 4 and N = 6 the error decreases
if we increase the number of directions n. Moreover, for fixed n = 25, increasing the
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Table 4.8: L2–error ‖z1− zM,m‖L2((−1,1)2) for different combinations of used wave num-
bers N and directions n in the test space. The ansatz space is fixed with
λ = [2, 4, 6, 8] and m = 15. Furthermore, the regularisation parameter µ
obtained from the L–curve is given.

m M n N ‖z1 − zM,m‖L2((−1,1)2) µ

15 4 15 4 1.82e-02 1.56e-06
15 4 20 4 1.27e-02 6.56e-08
15 4 25 4 2.37e-03 2.15e-07
15 4 15 5 2.88e-03 4.92e-08
15 4 20 5 6.01e-03 6.44e-06
15 4 25 5 2.90e-03 1.25e-05
15 4 15 6 3.57e-03 1.30e-06
15 4 20 6 3.30e-03 2.33e-05
15 4 25 6 3.01e-03 3.15e-05

number of wave numbers N does not result in a further improvement of the L2–error,
which remains of order 10−3.

Reconstruction of z1 from noisy boundary data

Next, we investigate how sensitive the L2–error is when reconstructing the source z1

from noisy boundary data. This is more realistic for practical applications. The noisy
datum is computed as the maximum of the absolute value of the corresponding exact
boundary datum multiplied with a uniformly distributed random vector. It is then
scaled by the noise level, which is given in % and added to the exact datum. If the
exact datum is zero a uniformly distributed random vector is used as noisy datum.
The setting for the example with noisy boundary data is the same as in Figure 4.10.
Hence, we use four wave numbers κ = [1.5, 3.5, 5.5, 7.5] in the test space and four wave
numbers λ = [2, 4, 6, 8] in the ansatz space. Furthermore, the test space is equipped
with n = 10 directions and the ansatz space with m = 5 directions. The noise level
which is applied to the Cauchy data is 1%.

In Figure 4.13 the reconstruction of z1 from noisy boundary data is shown. Com-
pared to the reconstruction in Figure 4.10, obtained using the same test and ansatz
space with exact boundary data, no visible difference can be observed. This suggests
that the Tikhonov regularisation yields a stable reconstruction with noisy boundary
data at this noise level.
Now, we investigate the L2–error as a function of the noise level. In Table 4.9 we con-
sider the same settings as in the reconstructions shown in Figures 4.10–4.12. Each test
is repeated 25 times for each noise level and the mean value of the resulting L2–errors
is presented. Table 4.9 shows that for fixed discretisation parameters, the L2–error
increases as the noise level grows. In the case N = M = 4, m = 5 and n = 10 the
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Figure 4.13: Plot of the reconstruction of z1(x, y) for κ = [1.5, 3.5, 5.5, 7.5] and n = 10
in the test space and λ = [2, 4, 6, 8] and m = 5 in the ansatz space and
a noise level of 1%. The regularisation parameter obtained from the L–
curve is µ = 5.19.

Table 4.9: L2–error ‖z1− zM,m‖L2((−1,1)2) for different values of noise level δ in %. The
ansatz space is equipped with M = 4, and the test space with N = 4. The
parameters n and m are varying.

m M n N δ ‖z1 − zM,m‖L2((−1,1)2)

5 4 10 4 0 4.88e-01
5 4 10 4 1 4.89e-01
5 4 10 4 5 4.91e-01
5 4 10 4 10 4.97e-01
13 4 17 4 0 4.94e-02
13 4 17 4 1 6.77e-02
13 4 17 4 5 1.19e-01
13 4 17 4 10 1.77e-01
20 4 30 4 0 1.71e-03
20 4 30 4 1 6.25e-02
20 4 30 4 5 1.01e-01
20 4 30 4 10 1.40e-01
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error remains almost unchanged for each noise level since the reconstruction error for
the exact data is already worse. In contrast, for richer test and ansatz spaces the
reconstruction error grows significantly as the noise level δ increases.
Next, we are interested in the behaviour of the L2–error ‖z1 − zM,m‖L2((−1,1)2) in de-
pendency of the noise level given in %. We use for the test space κ = [1.5, 3.5, 5.5, 7.5]
and n = 17 and for the ansatz space λ = [2, 4, 6, 8] and m = 13. In order to make
a reliable plot, we have made 100 repetitions for each noise level and then computed
the mean value of the L2–errors. This is presented in Figure 4.14. As expected, the
plot indicates that the L2–error grows with increasing noise level. Moreover, the plot
suggests that ‖z1 − zM,m‖L2((−1,1)2) depends linearly on the noise level in %.
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Figure 4.14: Plot of the error ‖z1−zM,m‖L2((−1,1)2) in dependency of the noise level in %
using κ = [1.5, 3.5, 5.5, 7.5] and n = 17 in the test space and λ = [2, 4, 6, 8]
and m = 13 in the ansatz space. The regularisation parameter is obtained
by the L–curve.

Reconstruction of z2 from exact boundary data

As already mentioned at the beginning of this section it is not a necessary assumption
to have homogeneous Dirichlet datum. Therefore, we study a second example, where
the Dirichlet datum is non–vanishing. We consider the source

z2(x, y) = cos(πx) sin(πy), (4.20)

which is an eigenfunction of the Laplacian on the square with mixed boundary con-
ditions. On the top and bottom of the square it fulfils zero Dirichlet datum, whereas
on the left and right side the Neumann datum is vanishing. The corresponding eigen-
value is 2π2, which will not be a wave number in the ansatz space. In Figure 4.15 the
source z2 is shown. The corresponding solution of the Helmholtz equation for each
wave number κi is

uκi,2(x, y) =
1

κ2
i − 2π2

cos(πx) sin(πy) for (x, y) ∈ Ω.
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Figure 4.15: Plot of the original source z2(x, y) defined in (4.20).

Evaluating this for (x, y) ∈ ∂Ω leads to the Dirichlet datum, which is not zero on the
whole boundary ∂Ω. Moreover, the Neumann datum can be computed as

fκi,2(x, y) =
π

κ2
i − 2π2

(
− sin(πx) sin(πy)
cos(πx) cos(πy)

)
· n for (x, y) ∈ ∂Ω.

Hence, the main difference from the first example is that the normal derivatives of our
basis functions are required, since in the reciprocity gap functional

R(v) =

∫
∂Ω

(fγ0v − gγ1v) dsx, ∀v ∈ H1
∆+κ2(Ω),

the Dirichlet datum g is non–vanishing.
For the reconstructions of the source z2 shown in Figures 4.16–4.18 we choose the
wave numbers κ = [1.5, 3.5, 5.5, 7.5] in the test space and λ = [2, 4, 6, 8] in the ansatz
space. The number of directions is changing throughout the figures in both spaces.
For n = 10 directions in the test space and m = 5 directions in the ansatz space
the L–curve and the corresponding reconstruction are shown in Figure 4.16. The
obtained regularisation parameter is µ = 3.18e − 01. The reconstruction plot hardly
has similarities with the original source z2. One can argument, that at least the
symmetry is reconstructed.

For the reconstruction shown in Figure 4.17, the number of directions is increased to
n = 17 in the test space and m = 13 in the ansatz space. We obtain the regularisation
parameter µ = 3.03e− 04. The reconstruction of the source z2 is quite accurate with
visible differences near the boundary of the domain (−1, 1)2.

Increasing the parameters further to n = 30 directions in the test space and m = 20
directions in the ansatz space leads to a reconstruction, where no difference to the
original source z2 is visible. Hence, the shape as well as the values on the boundary
are recovered well, as illustrated in Figure 4.18. The corresponding regularisation
parameter is µ = 2.15e− 07.
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Figure 4.16: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 10 in the test
space and λ = [2, 4, 6, 8] and m = 5 in the ansatz space.
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Figure 4.17: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 17 in the test
space and λ = [2, 4, 6, 8] and m = 13 in the ansatz space.
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Figure 4.18: Reconstruction results for κ = [1.5, 3.5, 5.5, 7.5] and n = 30 in the test
space and λ = [2, 4, 6, 8] and m = 20 in the ansatz space.

Error analysis in dependency of the discretisation parameters

Now we will focus on the behaviour of the L2–error as a function of the parameters
defining the basis functions in the ansatz and test space. In Table 4.10 the reconstruc-
tion error ‖z2−zM,m‖L2((−1,1)2) is presented in dependency of the number of used wave
numbers N = M . The number of directions is fixed in both spaces at n = m = 15.
The wave numbers in the test space are chosen as κ = [1.5, 3.5, 5.5, 7.5, 9.5, 11.5], while
in the ansatz space we use λ = [2, 4, 6, 8, 10, 12]. We observe from Table 4.10 a dif-
ferent behaviour than in the first example shown in Table 4.5, because the error does
not decrease if we increase the number of wave numbers beyond N = M = 3. This
suggests that for this setting using more than 3 wave numbers in both spaces does not
lead to a further improvement of the reconstruction accuracy.

Table 4.10: L2–error ‖z2−zM,m‖L2((−1,1)2) for different values of wave numbers N = M
in test and ansatz space using n = m = 15 directions. Furthermore, the
regularisation parameter obtained from the L–curve is given.

m M n N ‖z2 − zM,m‖L2((−1,1)2) µ
15 2 15 2 7.28e-02 2.86e-05
15 3 15 3 1.68e-02 2.37e-08
15 4 15 4 2.12e-02 1.76e-07
15 5 15 5 4.58e-02 9.65e-06

In the next step we investigate the reconstruction error ‖z2 − zM,m‖L2((−1,1)2) when
the only free parameter is the number of used wave numbers N in the test space. Two
examples are considered, where the number of directions is fixed at n = m = 15. In the
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first example we use M = 2 with λ = [2, 4] and in the second example we set M = 3
with λ = [2, 4, 6]. The results of both numerical tests are presented in Table 4.11. For
M = 2, increasing the number of wave numbers N in the test space leads to an error
reduction. For M = 3, the error is not strictly decreasing, as it can be seen in the step
from N = 4 to N = 5. Furthermore, comparing the results for M = 2 and M = 3
we observe that increasing the number of wave numbers in the ansatz space leads to
a significant reduction of the L2–error.

Table 4.11: L2–error ‖z2 − zM,m‖L2((−1,1)2) for different values of wave numbers N in
the test space. It is considered for M = 2 and M = 3 with n = m = 15
directions. The optimal regularisation parameter µ is also given.

M N ‖z2 − zM‖L2((−1,1)2) µ M N ‖z2 − zM,m‖L2((−1,1)2) µ
2 2 7.28e-02 2.86e-05 – – – –
2 3 6.50e-02 6.27e-07 3 3 1.68e-02 2.37e-08
2 4 5.07e-02 6.32e-04 3 4 1.15e-02 6.64e-09
2 5 4.78e-02 1.09e-03 3 5 1.31e-02 5.58e-06
2 6 4.65e-02 1.57e-03 3 6 8.95e-03 9.64e-06

In the following example we analyse how the L2–error depends on the choice of
different test spaces, by varying N and n. The ansatz space is fixed with m = 10
directions and the wave numbers λ = [2, 4, 6], which means M = 3. We note that in
Table 4.12 cases with N ≤ 2 are not presented, since they do not yield a meaningful
L–curve. The observed behaviour is identical to the results presented in Table 4.7.
For fixed N , increasing n does not influence the error significantly. Furthermore, for
comparable n, increasing the number of wave numbersN leaves the L2–error essentially
unchanged.

Table 4.12: L2–error ‖z2−zM,m‖L2((−1,1)2) for different combinations of used wave num-
bers N and directions n in the test space. The ansatz space is fixed with
λ = [2, 4, 6] and m = 10. Furthermore, the regularisation parameter from
the L–curve is given.

m M n N ‖z2 − zM,m‖L2((−1,1)2) µ
10 3 10 3 2.65e-01 3.20e-04
10 3 15 3 2.90e-01 1.35e+00
10 3 20 3 2.90e-01 1.73e+00
10 3 10 4 2.77e-01 2.32e-01
10 3 15 4 2.64e-01 7.89e-01
10 3 10 5 2.72e-01 8.05e-01
10 3 12 5 2.66e-01 1.12e+00
10 3 10 6 2.72e-01 8.05e-01
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In the second example we fix the ansatz space by λ = [2, 4, 6, 8] and m = 15 direc-
tions. Table 4.13 demonstrates that for fixed N increasing the number of directions n
reduces the error.

Table 4.13: L2–error ‖z2−zM,m‖L2((−1,1)2) for different combinations of used wave num-
bers N and directions n in the test space. The ansatz space is fixed with
λ = [2, 4, 6, 8] and m = 15. Furthermore, the regularisation parameter
from the L–curve is given.

m M n N ‖z2 − zM,m‖L2((−1,1)2) µ
15 4 15 4 2.12e-02 1.76e-07
15 4 20 4 1.11e-02 4.93e-07
15 4 25 4 8.54e-03 1.64e-06
15 4 15 5 4.58e-02 9.65e-06
15 4 20 5 7.62e-03 5.82e-05
15 4 25 5 6.02e-03 1.15e-04
15 4 15 6 2.77e-02 5.29e-04
15 4 20 6 4.88e-03 7.59e-04
15 4 25 6 4.56e-03 1.05e-03

Reconstruction of z2 from noisy boundary data

Subsequently, we consider the reconstruction of the source z2 from noisy boundary
data. We again employ noisy boundary data generated in the same way as for the
source z1. Hence, it is computed as the maximum of the absolute value of the corre-
sponding boundary data multiplied with a uniformly distributed random vector. It is
then scaled by the noise level, which is given in %. We use the same setting as in Fig-
ure 4.16. Therefore, we are using the wave numbers κ = [1.5, 3.5, 5.5, 7.5] in the test
space and λ = [2, 4, 6, 8] in the ansatz space as well as n = 10 and m = 5 directions in
the corresponding spaces. The noise level for this example is 1%. In Figure 4.19 the
reconstruction is very similar to the noise free example in Figure 4.16, obtained using
the same test and ansatz space. However, compared to the original source z2 it is not
accurate at all.
Now, we investigate the L2–error as a function of the noise level. In Table 4.14 we
consider the same settings as in the reconstructions shown in Figures 4.16–4.18. Each
test is repeated 25 times for each noise level and the mean value of the resulting L2–
errors is presented. Table 4.14 demonstrates that for fixed discretisation parameters,
the L2–error increases as the noise level grows. In the next step we are interested in the
behaviour of the L2–error ‖z2 − zM,m‖L2((−1,1)2) in dependency of the noise level given
in %. We have made 100 repetitions for each noise level and then computed the mean
value of the L2–errors. This is presented in Figure 4.20, where κ = [1.5, 3.5, 5.5, 7.5]
and λ = [2, 4, 6, 8] with each 15 directions are used.
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Figure 4.19: Plot of the reconstruction of z2(x, y) for κ = [1.5, 3.5, 5.5, 7.5] and n = 10
in the test space and λ = [2, 4, 6, 8] and m = 5 in the ansatz space. The
noise level is 1%. The regularisation parameter obtained from the L–curve
is µ = 3.18e− 01.

Table 4.14: L2–error ‖z2−zM,m‖L2((−1,1)2) for different values of noise level δ in %. The
ansatz space is equipped with M = 4, and the test space with N = 4. The
parameters m and n are varying.

m M n N δ ‖z2 − zM,m‖L2((−1,1)2)

5 4 10 4 0 4.88e-01
5 4 10 4 1 5.36e-01
5 4 10 4 5 5.36e-01
5 4 10 4 10 5.37e-01
13 4 17 4 0 4.64e-02
13 4 17 4 1 4.76e-02
13 4 17 4 5 5.45e-02
13 4 17 4 10 6.23e-02
20 4 30 4 0 5.85e-03
20 4 30 4 1 3.74e-02
20 4 30 4 5 4.34e-02
20 4 30 4 10 4.65e-02
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Figure 4.20: Plot of the error ‖z2 − zM,m‖L2((−1,1)2) in dependency of the noise level
in % using κ = [1.5, 3.5, 5.5, 7.5], λ = [2, 4, 6, 8], n = 17 and m = 13. The
regularisation parameter is obtained by the L– curve.

As expected, the plot indicates that the L2–error grows with increasing noise level.
Furthermore, we obtain a linear dependency between the L2–error and the noise level
in %.

Alternative discretisation approach

In this section we consider an alternative discretisation approach, as the use of plane
waves has undesirable properties. As discussed by Gittelson et al. [13] in the con-
text of plane wave discontinuous Galerkin methods for solving the forward Helmholtz
problem, the plane wave basis becomes unstable for small wave numbers. Moreover,
plane waves may become nearly linearly dependent if their directions are collinear. As
a consequence, Gittelson et al. introduce an alternative basis, which remains stable
for small wave numbers. An additional advantage of this basis is, that its elements are
orthogonal for a fixed wave number. This basis will be used in the following instead
of the plane wave basis.
We recall the continuous variational formulation (4.12): find z ∈ L2(Ω) such that∫

Ω

zv dx =

∫
∂Ω

(fγ0v − gγ1v) dsx =: R(v) ∀v ∈ H1
∆+κ2(Ω).

In order to discretise this variational formulation we introduce a suitable test and
ansatz space. Therefore, we use the stable basis functions from [13], which are defined
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in polar coordinates (r, θ) by

ψ1 = J0(κr) and ψj =

κ
− j

2<
[
J j

2
(κr) exp(i j

2
θ)
]

for even j,

κ−
j−1

2 =
[
J j−1

2
(κr) exp(i j−1

2
θ)
]

for odd j 6= 1,
(4.21)

where Jk is the Bessel function of order k. One can show, that these basis functions
belong to H1(Ω) and solve the homogeneous Helmholtz equation. Hence, it holds that
ψj ∈ H1

∆+κ2(Ω) for every j ∈ N. In Figure 4.21 the first four basis functions for the
wave number κ = 5.5 on the domain (−1, 1)2 are illustrated.

Figure 4.21: Plot of the first four basis functions as defined in (4.21) with κ = 5.5 on
the domain (−1, 1)2.

Since we allow the use of multiple wave numbers, we define the test space as

ỸN,n = span{ψκij (x)} ⊂ H1
∆+κ2

i
(Ω), for i = 1, ..., N, and j = 1, ..., n,

where κi ∈ I. Analogously, the ansatz space is given by

X̃M,m = span{ψλ`k (x)} ⊂ H1
∆+λ2

`
(Ω) ⊂ L2(Ω), for ` = 1, ...,M, and k = 1, ...,m,

with λ` ∈ I and λ` 6= κi. It is crucial that the test space ỸN,n uses the wave numbers
κi from the original problem as the basis functions must belong to the corresponding
spaces H1

∆+κ2
i
(Ω). In contrast, the ansatz space has to be equipped with different wave

numbers. If identical wave numbers are used in both spaces, the system matrix would
consist of blocks built from basis functions satisfying the same Helmholtz equation.
This would cause certain blocks to become nearly redundant, which may produce linear
dependencies in the system matrix. The remaining derivation is analogous to the plane
wave approach. Thus, we only state the relevant results. The discrete version of our
source z in the ansatz space X̃M,m is given by

z̃M,m(x) =
M∑
`=1

m∑
k=1

z̃k,`ψ
λ`
k (x).
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Table 4.15: Condition numbers of the matrix Ah for a single wave number and varying
parameters n and m. Here, κ and λ denote the wave number in the test
and ansatz space, respectively.

m λ n κ cond(Ah)
5 1.5 5 1.5 2.42e+02
10 1.5 10 1.5 2.10e+07
15 1.5 15 1.5 3.76e+11
5 1e-04 5 1e-04 3.60e+02
10 1e-04 10 1e-04 3.53e+07
15 1e-04 15 1e-04 6.62e+11
5 1e-10 5 1e-10 3.60e+02
10 1e-10 10 1e-10 3.53e+07
15 1e-10 15 1e-10 6.62e+11

Plugging the discrete representation of our source into (4.12) leads to the discrete

variational formulation: find z̃M,m ∈ X̃M,m such that∫
Ω

z̃M,m(x)ψκij (x) dx = R(ψκij ) ∀ψκij ∈ ỸN,n.

Solving the discrete variational formulation is equivalent to solving the system of linear
equations

Ahz̃ = f̃ ,

where Ah ∈ RnN×mM has the same block structure as the matrix defined in (4.17).
One block of the matrix is defined by

Aκi,λ` [j, k] =

∫
Ω

ψκij (x)ψλ`k (x) dx,

for j = 1, ..., n and k = 1, ...,m. The vector of the right hand side has the same
structure as the one in (4.18). The entries of the right hand side are given by

f̃
κi

[j] = R(ψκij ),

for j = 1, ..., n. We first investigate the condition number of Ah for a single wave
number in the test and ansatz space, denoted by κ and λ, respectively, for varying
numbers of basis functions n and m. The results are presented in Table 4.15. It is
evident that the condition number increases rapidly if the number of basis functions
n = m exceeds 5. For n = m ≤ 5, the matrix Ah is well–conditioned for all wave
numbers and a diagonal matrix. However, for larger n = m, this behaviour changes
as some off–diagonal entries in Ah become comparable in magnitude to the diagonal
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entries. Hence, Ah is no longer diagonal. One contributing factor for the high con-
dition number is that the basis functions are not normalised. However, normalising
them leads to a failed reconstruction, for reasons that are currently unclear.
In the next step we investigate the condition number as well as the extremal singu-
lar values of Ah, denoted by σmin and σmax, for several wave numbers. This analysis
is carried out for different choices of the parameters N, n,M and m. The corre-
sponding results are presented in Table 4.16, where we employ the wave numbers
κ = [1.5, 3.5, 5.5, 7.5, 9.5] in the test space and λ = [2, 4, 6, 8, 10] in the ansatz space.
We note that, in each experiment, the first N , respectively M entries of these sets
are used. Moreover, we compare the condition numbers with those obtained from the
approach using plane waves, where the system matrix is denoted by Mh. Thus, the
number of directions in the plane wave approach and the number of basis functions
per wave number in the alternative approach are denoted by n and m, respectively, in
the corresponding spaces. Taking the same values of n, respectively m, makes the two
approaches comparable. Table 4.16 demonstrates that the condition number of the

Table 4.16: Comparison of the condition numbers obtained from the original approach
using the matrixMh and the alternative approach using the matrix Ah with
varying parameters N, n,M and m. Moreover, the maximal and minimal
singular value of Ah are given.

m M n N cond(Mh) cond(Ah) σmax(Ah) σmin(Ah)
5 2 5 2 6.39e+01 1.21e+04 1.54e+00 1.28e-04
10 2 10 2 7.92e+05 3.34e+09 1.54e+00 4.61e-10
15 2 15 2 3.80e+08 9.92e+13 1.54e+00 1.55e-14
10 3 10 3 1.50e+07 1.81e+11 1.54e+00 8.52e-12
15 3 15 3 1.05e+11 1.16e+16 1.54e+00 1.33e-16
20 3 20 3 5.65e+15 1.63e+22 1.54e+00 9.47e-23
5 4 5 4 3.66e+02 1.41e+06 1.54e+00 1.09e-06
10 4 10 4 1.56e+08 4.34e+12 1.54e+00 3.56e-13
15 4 15 4 4.19e+11 5.71e+17 1.54e+00 2.71e-18
10 5 10 5 1.21e+09 6.15e+13 1.54e+00 2.51e-14
15 5 15 5 1.09e+12 1.89e+19 1.54e+00 8.17e-20
20 5 20 5 8.24e+15 6.85e+24 1.54e+00 2.25e-25

matrix Ah using the basis from (4.21) is significantly larger than the condition number
of the matrix Mh obtained with plane waves. This is an interesting observation, as it
was mentioned in [13] that the basis from (4.21) is more stable than the plane wave
basis for solving forward problems. However, Table 4.16 indicates that using the basis
defined in (4.21) leads to a higher condition number of the system matrix. Thus,
this basis does not lead to better stability than the basis of plane waves for inverse
problems of the Helmholtz equation at all.
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Since the matrix Ah is in general not a square matrix and ill–conditioned, we con-
sider the regularised least–squares problem. Therefore, we introduce a regularisation
parameter µ and solve the system(

µI + AThAh
)
z̃ = ATh f̃ ,

where I denotes the identity matrix.

Numerical example

We consider the same source as in the first numerical example of the plane wave
approach, given by

z1(x, y) = sin(πx) sin(πy).

The corresponding boundary data are gκi,1 = 0 and

fκi,1(x, y) =
π

κ2
i − 2π2

(
cos(πx) sin(πy)
sin(πx) cos(πy)

)
· n for (x, y) ∈ ∂Ω.

As we are familiar with the L–curve, which has been briefly explained in the method
using plane waves, we apply this, to select the optimal regularisation parameter µ. For
two different choices of parameters the plot of the L–curve is illustrated in Figure 4.22.
However, we observe, that the plots do not yield a meaningful L–curve.
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(a) κ = [1.5, 3.5, 5.5], n = 20,
λ = [2, 4, 6], m = 15
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(b) κ = [1.5, 3.5, 5.5, 7.5], n = 10,
λ = [2, 4, 6, 8], m = 5

Figure 4.22: Failure of the L–curve plot using varying parameters N, n,M and m and
the basis from (4.21).

This indicates that choosing the regularisation parameter with the L–curve criterion
fails for the discretisation using the basis functions in (4.21). In particular, although
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the basis is a good choice using a single wave number, it does not improve the stabil-
ity when multiple wave numbers are used. While this basis is known to be stable for
forward problems, numerical experiments show that it leads to significantly worse con-
dition numbers in the setting of several wave numbers. Consequently, the alternative
discretisation does not lead to an advantage compared with the plane wave approach
for inverse Helmholtz problems using multiple wave numbers.
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In this thesis, we studied the inverse problem of the Helmholtz equation to reconstruct
the source term from boundary data measurements, at both a single wave number and
multiple wave numbers, in a bounded Lipschitz domain. In general, it is not possible
to reconstruct the source of an inverse problem from a single pair of Cauchy data
uniquely. Hence, the aim was to provide an overview of uniqueness results for differ-
ent types of sources at a single wave number as well as at multiple wave numbers. In
order to gain deeper insights into source reconstruction it was crucial to discuss unique
solvability of the Dirichlet and Neumann boundary value problem for the Helmholtz
equation as well as the boundary value problem for a Bi–Helmholtz–type equation
first. Afterwards, we proved uniqueness results for the inverse problem at a single
wave number under the condition that the source is a linear combination of point
sources. However, for Dirac distributions supported on spheres and for characteristic
functions on hollow or solid balls in R3 the source can not be determined uniquely,
as we obtained an expression including the radius of the domain and the intensity of
the source. To prove these results we applied the reciprocity gap functional and the
mean value theorem for the Helmholtz equation. For more general source terms we
considered another approach by introducing two operators, mapping the source onto
the Neumann datum and the Dirichlet datum, respectively. Analysing the mapping
properties, especially their kernels, orthogonal complements and ranges, led to unique-
ness results but with restrictions on the Cauchy data. Furthermore, we discovered that
without additional assumptions only the harmonic part of the source can be recovered
uniquely. Using a Bi–Helmholtz–type equation and assuming that the source z satis-
fies (∆ − κ2)z = F for F ∈ L2(Ω) results in uniqueness of the inverse problem in a
subspace of L2(Ω) without restrictions on the boundary data. In contrast, when the
boundary data are known for multiple wave numbers, the inverse problem is uniquely
solvable in the L2–sense.
From a numerical point of view, we implemented an algebraic method to reconstruct
point sources from the Cauchy data at a single wave number. This approach re-
constructed the source accurately for small wave numbers, since the accuracy of this
method depends on the number of observation points per wavelength. Moreover, we
discussed a method to reconstruct L2(Ω)–sources from the boundary data at several
wave numbers. This method is based on the reciprocity gap functional and on solv-
ing a discrete variational formulation. The numerical examples demonstrated that
L2(Ω)–sources are reconstructed accurately when using a Tikhonov regularisation and
the L–curve criterion to select the optimal regularisation parameter. Moreover, the
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method also reconstructs the sources accurately if noisy boundary data are used.
Since regularisation was introduced only on the discrete level in this work, an impor-
tant direction for future work is the incorporation of regularisation already on the
continuous level. In this setting, the optimality system can be derived by formulating
the regularised continuous optimisation problem and computing its first–order opti-
mality condition using variational methods. The derivation is briefly outlined below.
Being consistent with the operator framework in (4.13), and applying Tikhonov regu-
larisation with a regularisation parameter µ > 0 on the continuous level leads to the
following optimisation problem: find z ∈ L2(Ω) minimising the functional

J(w) :=
1

2
‖Aw −R‖2

Y ′κ
+
µ

2
‖w‖2

L2(Ω), for w ∈ L2(Ω),

where R ∈ Y ′κ denotes the reciprocity gap functional. Introducing the Riesz–operator
RYκ : Y ′κ → Yκ and its inverse R−1

Yκ
: Yκ → Y ′κ leads to the equality

‖Aw −R‖2
Y ′κ

= ‖RYκ(Aw −R)‖2
Yκ .

The first–order optimality condition is then

0 = δJ(z; v) = (RYκAz,RYκAv)Yκ − (RYκAv,RYκR)Yκ + µ(z, v)L2(Ω), ∀v ∈ L2(Ω),

or equivalently

〈Az,RYκAv〉Y ′κ×Yκ + µ(z, v)L2(Ω) = 〈R,RYκAv〉Y ′κ×Yκ , ∀v ∈ L2(Ω).

Defining p := RYκ(R− Az) ∈ Yκ the previous equation is equivalent to the system

(p, q)Yκ + 〈Az, q〉Y ′κ×Yκ = 〈R, q〉Y ′κ×Yκ , ∀q ∈ Yκ,
〈Av, p〉Y ′κ×Yκ − µ(v, z)L2(Ω) = 0, ∀v ∈ L2(Ω).

Hence, the resulting system to be solved is: find (p, z) ∈ Yκ × L2(Ω) such that

(∇p,∇q)L2(Ω)+(p, q)L2(Ω) + (z, q)L2(Ω) = 〈R, q〉Y ′κ×Yκ , ∀q ∈ Yκ,
(p, v)L2(Ω) − µ(z, v)L2(Ω) = 0, ∀v ∈ L2(Ω),

which can then be discretised and analysed in future work. Further directions for
future research include the derivation of error estimates for the source reconstruction at
multiple wave numbers, the consideration of more complex domains for the numerical
reconstruction and the analysis of the inverse problem for the time dependent wave
equation instead of the Helmholtz equation.
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