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ABSTRACT

The aim of this thesis is twofold. Firstly, it focuses on the analysis of distributed
optimal control problems constrained by partial differential equations (PDEs) and
state and/or control constraints, with the goal to reach a given target up to some
prescribed accuracy spending minimal costs. Under some natural assumptions on the
involved differential operators, it is shown that this class of problems admits a certain
structure and can be analyzed in an abstract framework. This structure carries over
to the discrete setting, where optimal approximation results are gained, depending on
the regularity of the desired target and the cost parameter. Various model problems,
including a space-time optimal control problem for the wave equation, are shown
to fit into this framework and numerical examples will be given that support the
theory.

Secondly, an approach for the stable solution of (conditionally stable) problems of
PDEs is discussed when using a least squares approach. Again, this will be done in
an abstract framework. Under merely the same assumptions as in the case of optimal
control problems, a full analysis of the continuous and the discrete setting are carried
out, revealing that the approach provides a reliable error estimator under a standard
saturation assumption. As a model problem, we will discuss the application of the
framework to the wave equation and give numerical examples.

ZUSAMMENFASSUNG

Diese Arbeit verfolgt zwei Ziele. Zum Einen liegt der Fokus auf der Analyse von ver-
teilten optimalen Steuerungsproblemen, deren Nebenbedingung durch partielle Diffe-
rentialgleichungen (PDEs) und Zustands- und/oder Kontrollbeschrankungen gegeben
sind. Das Ziel dabei ist es einen vorgegebenen Zustand unter Aufwendung minimaler
Kosten so genau wie gewiinscht zu erreichen. Unter einigen natiirlichen Annahmen
iiber die zugrundeliegenden Differentialoperatoren wird gezeigt, dass diese Klasse von
Problemen eine bestimmte Struktur aufweist und in einem abstrakten Rahmen analy-
siert werden kann. Diese Struktur iibertrégt sich auf die Diskretisierung, wo optimale
Approximationsresultate, abhédngig von der Regularitdt des gewiinschten Ziels und
dem Kostenparameter erzielt werden. Fiir verschiedene Modellprobleme, einschlief-
lich eines Raum-Zeit optimalen Steuerungsproblems fiir die Wellengleichung, wird
gezeigt, dass sie in dieses Setting passen, und numerische Beispiele werden gegeben,
welche die theoretischen Ergbnisse bestétigen.

Zweitens wird ein Zugang fiir die stabile Losung (bedingt stabiler) Probleme von
PDEs, mit der Methode der kleinsten Fehlerquadrate, in einem abstrakten Rahmen



diskutiert. Unter dhnlichen Annahmen wie im Fall der optimalen Steuerungsproble-
men wird eine vollstdndige Analyse der kontinuierlichen und diskreten Formulierung
durchgefiihrt. Unter einer Saturationsannahme liefert dieser Zugang einen effizien-
ten und zuverlédssigen Fehlerschitzer. Als Anwedungsbeispiel wird die Raum-Zeit
Formulierung der Wellengleichung diskutiert und numerische Beispiele werden gege-
ben.
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1 INTRODUCTION

The most common procedure to computationally solve time-dependent partial differ-
ential equations (PDEs) are either the method of lines, built upon first discretizing
in space, e.g., by a finite element method (FEM), see [18, 27, 39, 105, and then
applying a time stepping method, see [60, 61], as discussed in [33, 112]| for Galerkin
finite element methods, or by Rothes method |72, 101], i.e., first applying a suitable
time stepping method and then discretizing in space. In this work though, we will
focus on space time methods, which arise when treating time just as another (spatial)
variable and then discretizing the space time domain at once. Pioneering work dates
already back to Argyris and Scharpf |5], who treated the time in a variational sense,
rather than using a time stepping method, and to Hughes and Hulbert |66, 67|, using
discontinuous Galerkin methods in time. A tremendous collection of recent advances
in space time methods is given in [78], see also [102, 108]. The rising interest in
this methodology can be explained by the advantages it bears, stemming from its
full space time flexibility. Most prominent are adaptivity locally in space and time
simultaneously, see, e.g., [8, 9, 35, 106], the handling of (low) space time regularity
in a natural way, e.g., [62, 110, 111|, parallelization without causality constraints,
see, e.g., [46], and the treatment of moving domains, e.g., [93, 94]. Recent work
shows, that even reduced basis methods apply in space and time simultaneously,
see [13, 104]. When discretized, space time schemes usually lead to huge systems
of (linear) equations, as spatial and temporal degrees of freedom (DoFs) are solved
simultaneously. However, especially the computational advances of the last decade
made it possible to tackle this objective and gave access to the solutions of such
systems. This has lead to major progress in the development of efficient solvers, see
[48, 82, 102] and references therein. Of special interest for this work is, that space
time approaches make it easy to access the whole temporal evolution of a time de-
pendent problem, or its adjoint/backward in time problem, at once. This becomes
particularly handy for optimal control problems, subject to PDE constraints, where
one usually needs the solution of the forward and backward problem [84, 113]. While
applying a time stepping scheme would require to first step forward in time and
then step backward in time, space time approaches lead to a larger system, where
the problem is solved at once |10, 79, 81, 91|. Moreover, having the information on
the whole evolution history, allows to construct residual based error estimators in
space and time simultaneously, see, e.g., [37], which in most cases helps to reduce the
number of DoFs drastically and leads to more efficient schemes. In this thesis we will
address both, optimal control problems as well as the direct solution of PDEs and
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analyze the advantages of space time methods stated above for these applications.
The remainder of this work is structured as follows.

In Chapter 2 we recall some well-established results concerning the unique solvabil-
ity of variational formulations in a functional analytical framework and describe the
(Hilbert) spaces, needed for our space time analysis later on. Further, we discuss the
properties of suitable finite dimensional approximation spaces for a numerical treat-
ment of the problems we investigate. In Chapter 3 we give an abstract framework for
distributed optimal control problems, where we aim to reach a desired target y4, up to
a prescribed accuracy, by a state y,, describing the solution of a PDE By, = u, € X*,
under acceptable costs ||u,||x+. Motivated by the pioneering work of Neumiiller and
Steinbach [95], we first derive relations between the cost parameter ¢ > 0 and the
regularity of the target y,, revealing a connection between optimal control problems
and inverse problems, see, e.g., |24, 92|. Then an abstract discretization, using con-
forming finite dimensional subspaces, is outlined and stability and error estimates are
derived, linking the cost parameter to the best approximation error. In particular, for
a finite element discretization, we can derive the optimal choice o = h?, between the
cost parameter and the mesh size, which is of interest in the design of robust iterative
solvers for optimal control problems, see, e.g., [75, 80, 81|. As in many applications
the incorporation of state and/or control constraints is required, we phrase them in
the abstract framework, in both cases charging us with the task to solve a varia-
tional inequality. The analysis on the continuous and discrete level will be discussed
in detail. Chapter 4 will then show some applications of the proposed framework.
Starting with an elliptic PDE, we will discuss different choices of measuring the con-
trol and compare the approaches with existing examples in the literature. While in
the elliptic case the incorporation of constraints, the applicability of adaptive schemes
and adaptive regularization parameters seems to be more commonly discussed, the
full capacity of the framework will be revealed by considering a hyperbolic optimal
control problem, in Section 4.2. A space time analysis of the problem, will allow to
directly transfer all the ideas of the abstract setting to the hyperbolic case. We just
mention, that for parabolic problems the same analysis applies, as outlined in [81],
see also [79, 80]. As optimal control problems usually aim to minimize convex func-
tionals, they bear a close relation to systems of saddle point structure, as discussed,
e.g., in the tremendous overview by Bochev and Gunzberger [14, 15]. In Chapter
5 we will exploit this relation, to solve the direct formulation of space time PDEs.
In many cases a direct discretization of space time variational formulations leads to
the cumbersome task of finding stable pairs of trial spaces. Recent work by Fiihrer
and Karkulik [43] shows the capacity of least squares methods, as they overcome
certain, unpleasant restrictions in the choice of approximation spaces and come with
inbuilt error estimators. However, to be of practical use, their formulation is based
on a first order reformulation of the problem in order to keep the error estimator in
localizable norm. This, in turns, comes with the disadvantage of introducing addi-



tional DoFs and convergence can only be shown, when assuming higher regularity
on the source term. Although, there are already some workarounds available, see
[45], our approach will be different, in the sense that we can directly set up a prac-
tical least squares/saddle point problem, using the Riesz lift of the residuum, which
does neither need any additional regularity assumptions, nor to introduce unpleasant
DoFs. Using the framework developed for the abstract analysis of optimal control
problems in Chapter 3, we will be able to give a full stability and error analysis and
prove efficiency and reliability of the inbuilt error estimator. To show the capacity
of the method, we consider its application to the wave equation, though many more
applications are covered.






2 PRELIMINARIES

2.1 Functional analytical background

For our analysis, we will consider a well-established setting of spaces, having a certain
structure. The name orgininates from the ,rigged Hilbert spaces® introduced by
Gel'fand and Vilenkin [51, Chapter 4.2|. Though, we will give a slightly more general
definition.

DEFINITION 2.1 (Gelfand triple [42, Definition 4]). We call a triple of spaces X C
H C X* a Gelfand triple if (X, || - ||x) is a separable Banach space, which is dense
in some Hilbert space H, where X* denotes the dual space of X with respect to H.

The following theorems are well-established results, concerning the existence and
uniqueness of solutions of variational formulations. In the case of elliptic differential
equations, this dates back to Lax and Milgram [83], see also [99] for a constructive
proof. To formulate the result, we give a precise definition of the involved operator.

DEFINITION 2.2. Let X C H C X* be a Gelfand triple and let T : X — X* be a
linear operator. We say that T is

e self-adjoint, if
Vo, o' € X : (Tx,2")x- x = (T2, 2)x~ x,

e bounded, if

Jej > 0Vz € X : ||Tx||x- < b ||z x,

e X-elliptic, if
3l > 0Vr € X 1 (T, 7)x-x > cf ||z]|%-

THEOREM 2.3 (Lax-Milgram [39, c.f. Lemma 2.2|). Let X be a Hilbert space and
let T : X — X* be a linear, self-adjoint, bounded and X -elliptic operator. Then, for
every f € X* the problem to find vy € X such that

(Txy,x)x-x = (f,x)x+x, foralzelX, (2.1)

admits a unique solution, satisfying the a-priori estimate

X*-

1
sl < I
1
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We will also need a generalization of the Lemma of Lax-Milgram to the non-elliptic

case. Its foundations were laid by Necas [96] and it was popularized by Babuska
[6, 7], thus we call it BN Theorem.

THEOREM 2.4 (Babuska-Necas c.f. [39, Theorem 2.6]). Let X be a Banach space
and Y be a reflexive Banach space. Further, let T : X — Y™ be a bounded linear
operator, i.e., there exists cX > 0 for all x € X such that

T2y < 3 llzllx,

with the following properties:

(BN1)

T *
3T =00 inf sup SLBYY S r
0£zeX ozyey |7l x]|ylly

(BN2)
Vy e Y\ {0} 3z, € X : (Txy,y)y-y #0.

Then, for every f € Y* the problem to find x5 € X such that

(Txr,y)y=y = (f,y)y=y forallyey,

admits a unique solution, satisfying the a-priori estimate

1
gl < =l fllv-
1

A particular case of the generalized form of mixed ansatz and test spaces X and
Y arises when considering saddle point problems. The structure of these problems
allows for more precise, but equivalent conditions to (BN1)-(BN2), guaranteeing
unique solvability, as stated in the next theorem.

THEOREM 2.5 ([39, Theorem 2.34]). Let X and Y be reflexive Banach spaces and
fe X" and g € Y* be given. Let A: X — X* and B :' Y — X* be bounded linear
operators, i.c., there exist ¢, c® >0 for all ¢ € X and z € Y such that

IAqllx- < cllallx  and ||Bz]lx- < cll2lly,

and let the following properties hold true:

(A-BN1)
A .
Elc’l4 >0 inf sup M > 6114’
07#pEker(B*) 0£qcker(B*) Ipllxllgllx
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(A-BN2)
Vg € ker(B") \ {0} 3p, € ker(B") : (Apg, q)x-x # 0,

(B-BN1)
>c

B
3P =0 inf sup (DaOXX
0£2€Y ozgex lallxl2lly

where ker(B*) :== {q € X : (Bz,q)x+x = 0 for all z € Y}. Then, the variational
formulation to find (p,y) € X XY such that

(Ap, @) x- x+ (By,@)xx = (f,q)x~x forallqe X,

2.2
(B™p, z)y=y = (g,2)y+y forallzeY, (2:2)

admits a unique solution and the following a-priori estimates hold true:

1 A
Il < Aner* (1+ )ngw

1
1 CA CA A
< —(14+= . 1
ol < CB( +CA) Il + o (14 %) ol

REMARK 2.6. If A : X — X* self-adjoint and ker(B*)-elliptic or even X -elliptic
then (A-BN1)-(A-BN2) are fulfilled.

’_‘wa

So far, we only treated variational formulations with equalities. We also want to con-
sider the existence and uniqueness of solutions for a class of variational inequalities,
which, to the best of our knowledge, originated from Lions and Stampacchia [86]. A
good overview can be found in Glowinski [52].

THEOREM 2.7 ([86, c.f. Theorem 2.1|). Let X be a Hilbert space and K C X
a closed and conver subset. Let T : X — X* be a linear, bounded and X -elliptic
operator. Then for every f € X* the problem to find xy € K such that

(Txp,x—xp)x-x > (f,x —xf)xx foralzxeK, (2.3)
admits a unique solution and the map f — ¢ (in general non-linear) is continuous.

REMARK 2.8. e In the case of K = X, the variational inequality (2.3) reduces

to (2.1) and existence and uniqueness of solutions follows by the Lemma of
Laz—Milgram (Theorem 2.3).

o IfT: X — X* is self-adjoint, then (2.3) is equivalent to find vy € K minimiz-
mg
1
J(@) = 5T, 2)x x = (f,2)xx
for given f € X*.
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As known for elliptic partial differential equations, the regularity of the solution
depends on the regularity of the source and properties of the domain, see, e.g., Lions,
Magenes [85], Evans [40] for smoothly bounded domains or Grisvard [59] or Dauge
[30] for more general domains. The following theorem reveals that the regularity of
the solution of the variational inequality admits merely the same properties. The
results date back to Brezis and Stampacchia and can be found in [19, 53].

THEOREM 2.9 (|19, c.f. Theorémeé 1.1, Remarque 1.4, Remarque L.5|).  Let the
assumptions of Theorem 2.7 hold true and let X C H C X* be a Gelfand triple.
Then for f € H the unique solution x¢ € K of (2.3) fulfills

Txye H and ||[Tz¢llp <C < oo,

where C' = C(K, f).

In the following we study the structure of elliptic operators in more detail. In par-
ticular, they can be used to define equivalent norms. This will later on be used to
define interpolation spaces.

LEMMA 2.10. Let X be a Hilbert space and let T : X — X* be a linear, self-adjoint,
bounded and X -elliptic operator. Then ||z||r := \/(Tx,x)x~ x induces an equivalent

norm on X. More precisely,

Azlx < |zllr < /L z||x for allx € X. (2.4)
Furthermore, for all f € X*, || fllx+1 = /{(f, T~ f)x+ x induces an equivalent norm
to
f,.fl? X* X
Il = sup LD
0#£zEX ] x
1.e.,
1 1 .
—=Ifllx= < I Ifllx+ for all f € X", (2.5)

oy < ——
v oS

Proof. The first estimate in (2.4) follows directly from the ellipticity condition. The
second estimate follows from duality and the boundedness, i.e.,

(Tx,x)x« x < ||Tx|

xellzllx < ek,

and we conclude (2.4) by taking the square root. By the Lemma of Lax—Milgram
(Theorem 2.3), we know that there exists a unique solution x; € X of

Txy=f in X",
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and that ||zf||x < %Hﬂ

x+. Thus, we get

2
X*-

(F.T f)x-x = (f,xs)x-x < || f]

1
x-lpllx < =5l f]
G

Moreover, using the definition of the dual norm and (2.4), we estimate

* T *
||f| e = sup <f7 m>X X — su < l'f,$>X X
o£zex  ||7|lx 0£zeX ]|l x
< sup HmeT”xHT < Cg||xf||T-
T 0#zeX (B[P N

Now, we conclude (2.5) by

2
X*

B 1
(F, T f)xex = Ty, xp)x x = ||lzg|7 > C—THﬂ
2

and taking the square root. O

Using the spectral decomposition of elliptic operators, we are can define interpolation
spaces.

LEMMA 2.11 (|85, cf. Definition 2.1, Proposition 2.3|). Let X; C Xy be seperable
Hilbert spaces, such that X, is dense in Xy and continuously embedded, i.e.,
dex >0 ||zl|x, < exllzl|lx, for all z € X;.

Further, define the operator S : dom(S) C Xo — Xy as

<S$,y>X0 - <'r7y>X1 fOT all xayEXlu

where dom(S) == {z € Xy : ®* — (z,2)x,1s continuous for all v € Xy}. Then, for
0 € [0, 1], the interpolation space defined as

Xy = [Xo, X1]g := dom(S?/?),

1s a Hilbert space when endowed with the graph mnorm

]|, = \/va||§<0 + 1159722 x, -
Morover, for all x € Xy there holds

lllx, < cllzll, )k,
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COROLLARY 2.12. Let X C H C X* be a Gelfand triple and let T : X — X* be
a linear, self-adjoint, bounded and X -elliptic operator. Then the interpolation space

Xy for 6 € [0,1] defined by
Xy = [H, X]g := dom(T??),

15 a Hilbert space equipped with the graph norm

]|, = \/lelfq + | T%2x[3;.
In particular, H = Xy and X = X;. Moreover, for all x € X there holds

lllx, < ellll il

We will also need mapping properties of operators defined on the interpolation spaces.
The next theorem shows under which assumptions we can conclude boundedness.

THEOREM 2.13 (|85, cf. Théoréme 5.1]). Let Xy, X3, Yo and Yy be Hilbert spaces,
such that Xg C X1 and Yy C Yy are dense with respect to continuous injection. Let
T:X; =Y, be a bounded linear operator for 1 =0,1. Then

T : [X[))Xl]@ — [%7}/1]9

is a bounded linear operator, for all 6 € [0,1].

2.2 Sobolev spaces

We briefly introduce the function spaces, we will use for the analysis of the variational
(in-)equalities, stated in the previous section. For further reading we refer to [1, 11,
89].

Let Q Cc R?, d € N, be a bounded Lipschitz-domain, i.e., its boundary can be locally
parametrized by Lipschitz continuous functions, see, e.g., [105, Definition 2.1|. In
order to give a self-contained introduction, we introduce the spaces by completion
of infinitely differentiable functions in their corresponding norm. Let a € N4 be a
multiindex, with |a| := a1 + ... + ag and let D (x) = (0,,)"" ... (0z,) " v(z) for
z € Q. Let C(£2) denote the space of continuous functions v : 2 — R and define

C=(Q) :={veC(Q): D € C(Q),for all « € Ni},
Coo(R2) :={v € C™(Q) : supp(v) CC Q},
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where supp(v) := {z € Q: v(x) # 0}. In particular, for v € C§°(€2) it holds v(x) =0
for all x € 92. Now, let us consider functions v : {2 — R, which are square integrable,

and define the norm
1/2
ol = ([ @R ) <o
0

12(Q) = e=(q) 1@ — gyl e,

Then, we define

and note that L?*(Q) is a Hilbert space endowed with the inner product

(U, v) r2(q) = / u(z)v(z)dr for all u,v € L*(Q).
Q

We further introduce the spaces of square integrable functions admitting generalized
derivatives of order m € N. Therefore, consider the norm

1/2

Hm(Q) 1= Z HDQUH%%Q)

laj<m

0]

Then we define the spaces
Hm(Q) - a.o—(m“‘”Hm(Q) and Héﬂ(Q) - MH‘HH’”(Q)‘
Again H™(Q2) and H["(S2) are Hilbert spaces, endowed with the inner product

(U, v) gm Q) = Z (D%, Dv)2(q) for all u,v € H™(Q).

laj<m

Moreover, consider 0 < s = m + o, where m € Ny and o € (0,1) and define the
Sobolev-Slobodeckii norm

0] ) == \/||U||2 miq) + [V %{s(@)v
where
1/2
|Dv(x) — D*v(y)|?
V| s (q) = // dz dy
) laz::m 0 Ja |z — y|d+2e

Then, the intermediate spaces are given as

H(Q) = () " and He(Q) = o) e,
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In particular, for s = 1, there holds the Poincaré inequality,
vl 22() < cpl| V|2 forallv e H;(Q), (2.6)

and we can define an equivalent innner product for u,v € H}(2)

(U V) () == /QVu(x) -Vo(z)dx.
For s > 0, the space H*(€2) is defined, as the dual space of H{(€2), with norm
<f7 U)Q

[fllz-s@) == sup —5——,
0£veHE () [P

where (-, -)q denotes the duality paring, as extension of the L?-inner product.
Properties: Due to the inclusion C§°(£2) C C*(Q2) we have that
Hi(Q) c H°(Q2) for all s > 0.
Further, due to the definition of the norm, we have that
H*(Q)) C H" () C L*(Q), forall s >7r>0.
If 2m > d, there holds by the Sobolev embedding theorem, e.g., [1, Theorem 5.4],
HT™(Q) C C7(Q2), for all j € Ny,

i.e., the functions are continuous up to the boundary of €2 and pointwise evaluation
is well-defined. Moreover, the inclusion H*(Q) < L?(Q) is continuous for all s > 0,
as

HU“LQ(Q) < |v||gsy forall v e H¥(Q).

For the dual spaces, we have by standard properties of duality, that
L*(Q) Cc H"(Q)c H*(Q) foralls>r>0.

By definiton, we see that H*(2) and HS(Q) are dense subspaces of L?(€2). In partic-
ular, for all s > 0,

H™5(Q) C L*(Q) C Hi ()

is a Gelfand triple. Thanks to the assumptions on the domain €2, the intermediate
spaces H*(2) and H{(Q2), 0 < s < m, m € N, can be equivalently characterized by
the interpolation spaces, see, e.g., [11, 89|, with 0 = = € (0, 1),

H*(Q) = [L*(Q), H™(Q))y and  H(Q) := [L*(Q), Hg"()]p-

The abstract boundedness of operators of Theorem 2.13 can be transferred to Sobolev
spaces as follows.
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THEOREM 2.14. Let 0 <1y <711 and 0 < sy < s be given. Assume that the operator
T:H"(Q) — H*(Q) is bounded for i = 0,1, i.e., there exists constants M; > 0 such
that

1T

mei) < Mil|ullgri)  for allw € H™(2) and i = 0, 1.
Then T : HU=0mot0r () — [U=050+0s1(Q)) s bounded for all 6 € [0,1] and it holds
||Tu||H(1—9)SO+881(Q) < CM&_QMle”uHHu—e)ro-s-erl Q-

Proof. The statement can be proven defining equivalent norms on Sobolev spaces
using the K-method. This goes beyond the scope of this work. For details we refer
to McLean [89, Theorem B.2]. O

2.3 Sobolev spaces in the space time domain

Let 0 < T < oo and Q C RY, d € N, be a Lipschitz domain. In order to define
Sobolev spaces on the space time cylinder @ := Q x (0,7), we will first introduce
the concept of Bochner spaces, see, e.g., 26, 85, 116]. We will briefly state the main
results. Let X be a seperable, real Hilbert space. Then we define

T

L*(0,T; X) := {v :(0,T) — X measurable w.r.t dt : / |v(t)||3 dt < oo} :
0

As in the case of spatial Sobolev spaces, we can ask for generalized derivatives in
time, by defining

H™0,T;X) :={ve L*0,T;X): (0)*v € L*(0,T; X), V0 < k < m}.

The intermediate spaces for 0 < s < m, m € N, are defined by function space
interpolation as

H*(0,T; X) := [L2(0,T: X), H™(0,T; X)]y, 0=- € (0,1).

m

Now, for r,s > 0, we can define the anisotropic Sobolev spaces
H™(Q) = L*(0,T; H™(Q)) N H*(0, T L*(2)),

which are Hilbert spaces, endowed with the inner product

<WMW@:AW@%Wﬁ%@ﬁﬁbwwM@Mmmwﬁ
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To incorporate boundary conditions on the spatial boundary, we consider the space
Hy(Q) = L2(0,T: Hy () 1 H*(0,T; L(2).

Additionally, we will also need initial and terminal conditions. For s > % recall, that
H*(0,T) C C([0,T]). Thus, the spaces

H;(0,T) := {v € H*(0,T) : v(0) = 0} and H(0,T) := {v € H*(0,T) : v(T) = 0}

are well-defined for s > £. Similarly, H*(0,T; L*(Q)) C C([0,T]; L*(Q)) for s > 1,

and the spaces

H§ (0,T; L*(Q)) :== {v € H*(0,T; L*(2)) : v(0) =0 in L*(Q)},
H5(0,T; L*(Q)) := {v € H*(0,T; L*()) : v(T) =0 in L*(Q)},

are well-defined. With this reasoning, we define the spaces incorporating spatial and
intitial /terminal conditions for » > 0 and s > % by

Hy (Q) = L2(0, T; Hy(9) 1 H (0,75 L*(92)
HE(Q) = L2(0, T5 Hy(9)) 1 H}(0,T; L(9).

In particular, for s =r =1, H&;&(Q) and Hé;’})(Q) are Hilbert spaces, which, due to
the Poincaré inequality, can be endowed with the inner product

<U, U>H1(Q) = <(9tu, 8tU>L2(Q) + <VIU, VIU>L2(Q)
and the induced norm
vla@) =1/ (v,v) ()

The dual spaces, [H&’S}(Q)]* and [HS;}O(Q)]* are characterized by completion of L*(Q)
with respect to the norms

{9:v)e

g 11 . = sup
9l 0 opoet @ lVm@)”
v)

(f;
11l [He b(@) = sup <
0£veHY Y (Q) vl @)

9

where (-, )¢ denotes the duality pairing, as extension of the L?(Q)-inner product.
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2.4 Approximation error estimates

The following section shall give an overview of results concerning a finite dimensional
approximation of the infinite dimensional problems discussed in the preceeding sec-
tion. We start with the well known results for elliptic problems.

THEOREM 2.15 (|105, Theorem 8.1 (Cea’s Lemma)|). Let the assumptions of Theo-
rem 2.3 hold true and let X, C X be a conforming subspace. For the unique solution
Tfp € X5 Of

(Twpn, ) x+x = (fron)x=x  for all ), € Xy,

there holds the stability estimate
1
2 snllx < =71l x+
Sl

and the error estimate

T
3 .

_ < 2 _
|z s $fh||X—c1Tx:g)f<thf Tyl x,

where xy € X denotes the unique solution of (2.1).

For the approximation of variational inequalities, we can give a similiar result, de-
pending on the approximation of the space and the set of constraints.

THEOREM 2.16 (|41, c.f. Theorem 1]|). Let X C H C X* be a Gelfand triple,
T:X — X* be a linear, self-adjoint, bounded and X -elliptic operator and let f € H.
Further, let X, C X be a conforming subspace and Ky C X}, a closed and convex set.
Then for the unique solution x g, € Ky, of

<T£L’fh,ﬂ?h — xfh>X*,X > <f, XTp — szh>X*,X fOT’ all x), € K,
there holds the error estiamte
9 /
los = zpullr < {Ileg = 2nll3 + 205 = Taglla llos = @l + llog — zlu] }

for all x, € Kj, and x € K, where x5 € K denotes the unique solution of (2.3).

2.5 Approximation spaces

The quasi-optimal error estimates derived in the last section depend on the best
approximation of the finite dimensional space X, in X. In the following we will
give a brief overview on the construction of such finite dimesionsal approximation
spaces, using the finite element method, and state their approximation properties.
For further reading we refer to [18, 23, 39, 105].
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2.5.1 1D approximation spaces

Let 0 < L < oo and consider the interval I = (0,L). In order to define a finite
dimensional approximation space, let M € N be any number and consider the nodes
0=x9p <21 <...<uxpy = L. Then, we can divide the interval into subintervals
Tk = (Tr_1, %), Kk =1,..., M, for which

M
-Un
k=1

holds. We say that 7, is an element, and denote by hy = |m| = xx — x_ for
k=1,...,M and by h = maxy—1,_._a hi the local and global mesh size respectively.
To achieve approximation spaces of arbitrary order, we are going to use the theory
of B-splines, following [69]. Let us start with the approximation space of piecewise
constant, globally discontinuous functions

S90,L) = {U €I*0.L): v, . € Po([xk_l,xk))},

where Py([zr_1,2%)) is the space of all constant functions (polynomials of degree
p =0) on [z;_1, ;). Obviously, this space is spanned by piecewise constant functions,
ie.,

L, o <x<wpp

0, else,

Sp(0, L) :=span{¢)  }plot,  with @) (2) = {

and each v, € SY(0, L) admits the representation

M-1
k=0
with coefficients (vo,...,vp—1) = v;, € RM. This allows to uniquely identify each

function with a vector SP(0, L) 3 vy, <+ v, € RM and is called the finite element iso-
morphism. Note, that the basis functions are defined on half-open intervals [z, Tj11)
rather than on the elements 7,41 = (2, xx41). This ensures right continuity in the
left point of the interval and will be necessary later on, to define functions of higher
order and higher regularity. For ease of presentation we might drop the dependency
of the basis funtions on % in the following, writing ¢} , = ¢}. Since functions in
S9(0, L) are in general discontinuous, by the Sobolev imbedding H*(0, L) C C([0, L])
for 2s > 1 we see that Sp(0,L) C H*(0,L) only for s < 1. In order to achieve
conformity also in Sobolev spaces of higher order, we will define B-splines of higher

order, see, e.g., [31, 69]. The space of B-splines of degree p € N will be denoted by
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S7(0, L) and is spanned by basis functions ¢, which can be contructed recursively
as

T—Th— p—1 T —x p—1 .
p(x) — xk_zkippgpk‘fl(x) + zk+1kjal¢k+17p(pk (-T)a k: = 07 ey M +p - 1,
0, else,

starting from ¢). Here we use the convention that x_; = g and )1, = x), for all
j € N and fractions with zero denominators are zero. In order to avoid asymmetry,
we enforce continuity at the right endpoint, i.e., we define

Pr(L) = limpi(z), k=0,...,M+p—1.

<L

In particular, for the B-splines of degree p = 1 the basis functions {¢}}M  are given
as

1 — X
goé(x) = h—wg(x)a
1
T — Tk Tkl — X
pp(z) = ———@p 4 (z) + ———@p(z), k=1,...,M—1,
D, P
T —TMmM-1
Phile) = =0 (@),
M

Whereas for p = 2 we get the basis functions {?}12" defined as

dile) = L Ll(a),
pi(z) = h—lsﬁo@) + m%@),

2 Tiy1 — T 4
= — —_— k=2 ... M-—1
Sok($) hk—l + hk @k—l(x) + 2 (1’), ) ) y

THEOREM 2.17 (|69, c.f. Theorem 4]). It holds that S%(0,L) C CP~([0, L]), p € N.
In particular,

S}0,L) c HY(0,L) and S7(0,L) C H*(0,L).
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REMARK 2.18.

e [t holds, see [69, Theorem 6], that

SP(0,L) = {v e ([0, L)) - e Py([wnr,zp), k=1,..., M —1,

vl
[Tr—1,2k)

€ Pylfenr1zar)) |-

U| [xar—1,2 1]

e For p =1 the basis functions ). correspond to the Lagrangian basis functions/
hat functions

17 Tr = Tk,
90116(3:) = 07 T = Ty, Z#ka
linear, else,

and thus S} (0, L) is the well-known space of piecewise linear, globally continuous
functions.

e The support of the basis functions grows with the degree of the B-splines, i.e.,
supp(@l) = [Th—ps Tht1], with the convention x_; = xy and Tp4; = xTpr for
JjeN.

e The B-splines are non-negative and positive inside their support. Further, for
each x € [0, L] the B-splines satisfy the partition of unity

Z oh(x) =1, for allp € Ny,

see [69, p. 6, p. 21].

REMARK 2.19. Though, we are only considering functions on an interval, approx-
imation spaces for higher dimensions can be defined by a tensor product structure,
i.e., for an orthotope R = (0,L;) x ... x (0, Ly) C R%, one can define the space

SHR):=57(0,L1) ®...®S57(0,Lq), pe€N.

2.5.2 Approximation properties

In order to show how well a given function v : (0, L) — R of sufficient regularity can
be approximated using splines, we will construct an approximation v, € S} (0, L) by
introducing a suitable quasi-interpolation, following the presentation in [69]. Before
we proceed, we need an auxiliary result, concerning the approximability of functions
by polynomials.
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LEMMA 2.20 (]69, cf Theorem 15]). Letv € H™"([a,b]), m € Ny, for some interval
[a,b] C [0, L], and let

g(x) = Thv(zr;a) = Z (z— a)zaiv(a), x € [a,b],

1=0

7!
be the Taylor polynomial of degree m in a. Then
105(v = 9l 210y < c(m, 5)(b = @)™ 0T 0|2 gy, 7 =0, m.

Proof. By the integral representation of the remainder we have that

v(x) — g(x) =v(x) — Th(x;a) = % /m(x _ y)m8;”+lv(y) dy, x € |a,b)].

Differentiating and a Cauchy—Schwarz inequality gives

=0 = [z [ @)

’m

1 ! 2m3) g\ g
W( (z—y) dy) 105" 0|2 .
(b — a)m=it1/2

(m = j)2(m = j) + 1)/2

102 0| 12 ((a,8)) -

Now, after squaring and integrating over [a, b] we arrive at

H@ﬁ;(v - 9)”%2([@1)}) <c(m,j)(b— @)Q(mfﬂl)’|3£H1U’|%2([a,b]),

from which the result immediately follows. O
Let us introduce some useful notation before we proceed. For k£ = 0,..., M recall
that 7, = (xj_1, ;) and consider Iy, = (2y_p—1,Zk4p) With the convention that

r_j = wg and xpr4; = xp for j € N Moreover, let hymin = argming,c;,  |7¢| and
similarly Ay max := arg maxy,cy, , |7¢[. The next lemma shows, under which conditions
a quasi-interpolation will give a good approximation.

LEMMA 2.21. Let p € Ny and II¥ : L*(0, L) — S?(0, L) be a projection, i.e.,
Myvp, = vy, for all v, € S}(0, L),

with the following properties:
(QI1) There exist cp > 0 for allv € L*(I}.,), k=0,..., M, such that

1910 L2ry) < enthyhinllVllzeg,,):  5=10,....p.
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(QI2) II} reproduces P,. More precisely, for each g € Py(Iy,), k = 0,...,M, it
holds
(Ih9)(z) = g(z), € Ik,

Assume that % < cp. Then forve H™(I,), m =0,...p, there holds

h;n+1_j|‘a£1+lv||[12(]k,p), ] = 0, <., M.

Haajc(v - HIZ’U)HLz(Tk) < C(pamaj7 Cr, CL)
Moreover, if v € H™(0,L), m =0,...,p, we get

107 (v — I 0)| 220,y < c(p,m, J, e, cL)hm+1_j||8;”+lv||Lz(0,L), j=0,...,m.
Proof. For any g € P,(I;,) we compute for j =0,...,p, using (QI1) and (QI2)
105.(v = )| L2ryy + Hai(ﬂ’i(v = Iz
1020 = 9)lL2(ry) + iy mminllv = 9l 2y -

102 (v = T 0)l|L2ry <
<

By Lemma 2.20, choosing g = T,,v(2; 25—p—1) € Pp(Ix,) as the Taylor polynomial
of degree m in x;_,_1, we can bound the first term as

o

193(v = 9)llz2(n < e(m, j) Vllz2ry)

and the second term by

e(m)(@hep — Tr—p-1)" 07 0l 21, ,)

<
< e(m)(2p+ 1) 0T | 2y -

k,max

v —9gllz2(z,)

The estimates together with the assumption that g max < crhg min give the desired

local bound. The global bound follows by squaring and summation. O

An operator fulfilling (QI1)-(QI2) can be constructed. We follow |69, Section 1.5.3.1].

Therefore, we define
M+p—1

Mu(@) = ) Aep(v)ef(2), (2.7)

with coeflicients

p .
1 Tht1 T — XTp_ i
Akp(V) = ———— (Zak,i(—p > )v(m) dz,
Li41 = Lh—p Jay,_, i—0 Tp41 — Tk—p

where ay;, 7 = 0,...,p, are chosen such that we have for each j =k —p,...,k+1

1, j=k

0, else.

Ak,p(@?) = {
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Note, that the representation
T — ik
<—_p) = Z Ckﬂvjso‘zj)(x)? T E I:xk; p7xk+1) Z = 0,"'7p’

Th+1 — Lk—p j=k—p

holds true, and thus (2.8) is equivalent to require

T—Tp—p \°
/\k,p<<—> = Ck,ik-
Ti+1 — Tk—p

The operator II} has the following properties.

LEMMA 2.22. Let p € Nyg. The operator (2.7) is a well-defined projection for func-
tions in L*(0,L), i.e., II¥ : L*(0,L) — S¥(0, L) satisfies

M+p—1

(T 2)( Z Mep(D5)on(w) = @5(x)  for allz €[0,L], j=0,...,M+p—1.

Moreover, it fulfills the assumptions (QI1)-(QI2).

Proof. The proof is technical and exceeds the scope of this work. A detailed proof
can be found in |69, Section 1.5.3.1] O

We summarize our findings in the main theorem of this section.

THEOREM 2.23. Let p € Ny and let v e H™ (0, L) form =0,...,p. Then

inf Haj(’l)—vh)HLQ 0,L) < Chm+1 ]”am+11}|’L2(07L), j :O,...,m,
UhESZ(QL)

holds, where ¢ > 0 is a constant independent of the mesh size h.

We also want to have best approximation error estimates in the broken Sobolev-spaces
H*(0,L), s >0, s ¢ Ny. For this purpose we will first introduce projection operators,
which realize the best approximation. Combined with the given approximation error
estimate and the interpolation result of Theorem 2.14, we will then be able to derive
the desired estimates.

We denote by Q) : L*(0,L) — S?(0,L), p € Ny, the L?-projection onto S¥(0, L)
defined as

<QZ’U,, Uh>L2(0,L) = <u, Uh)LQ(O,L)y for all Vp € SZ(O, L)

It admits the well-known properties.



29 2 Preliminaries

LEMMA 2.24. Let u € L*(0,L). Then, the following properties hold true:
(i) [1@pullz20.0) < llullz20.n)
(ii) llu— Quullrzo,r) < llullz2o,r)

(iti) inf,, csro.n) 1w — vallzeo.n) = llu — Qpullr2(0.)

We further denote by P! : H'(0,L) — S?(0,L), p € N the H'-projection onto
S7(0, L) defined as

(P, vn) 20,0y + (0o (PPu), O30n) 12(0,) = (U, Un)r20,1) + (Oxt, OUn) 12(0,L)

for all v, € SP(0,L). Note, that by Theorem 2.17 S?(0,L) c H*(0,L), p > 1, and
thus the projection is well-defined. As the L2-projection, it admits the following,
well-known properties.

LEMMA 2.25. Let u € H'(0,L). Then, the following properties hold true:
(1) [IPyull o,y < llullmio,n)
(i) [lu = Pyull o,y < llullmio,n)
(ii) inf,, csro.r) | — vallmo.n) = lu = Phullmo.r)
The interpolation error estimates, for a discretization that is fine enough, i.e., h < 1,

are stated in the next theorem.

THEOREM 2.26. Let the assumptions of Theorem 2.23 hold true. Assume that u €
H*(0,L) with0 < s <p-+1. Then,

inf uU—v =|lu—Q%u < ch®||ul| gsco.1)- 2.9
et lu = vnllr2(0,0) = || nullzz0.2) < ch®llullm=o,r) (2.9)

Moreover, forp>1and 1 < s<p+1, we get
inf ||u — UhHHl(O,L) = Hu — P,quHl(O,L) < ChsilHu‘ Hs(0,L)- (2.10)

v, €SY(0,L)
Proof. For u € L*(0, L) we get by Lemma 2.24 (ii) that
lu = Qyullzz2e0,z) < llullr2o,n)-
Further, for u € HP*(0, L), we have, using Lemma 2.24 (iii) and Theorem 2.23 that

_ P _ : _ p+1
Hu QhuHLQ(QL) = vhe}g%{o,L) Hu UhHLQ(O,L) S ch HuHHp+1(07L).
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Thus, the operator I — Q% : H"(0, L) — L*(0,L), i = 0,1, is bounded for 0 = ry <
r1 = p+ 1. Now, with Theorem 2.14 we get that [ — Q) : H"(0,L) — L*(0,L) is
bounded for all s = (1 —0)ro+60r; =60(p+1) € [0,p+ 1], for 6 € [0, 1], and

lu — Qhull 20,0y < A D7) fu]

Hs(0,L) — Chs||U| Hs(0,L)

which gives (2.9). The inequality (2.10) can be derived analogously, using Lemma
2.25. O

2.5.3 Space(-time) approximation spaces

In the last section we discussed approximation spaces on intervals, which can be
extended by tensor products to higher dimensions. For several reasons we will now
discuss other discrete trial spaces that fulfill the same approximation properties as
discussed in the one dimensional case, but can be defined on a simplicial decompo-
sition of a d-dimensional domain. Firstly, for a more complex geometry an approx-
imation with orthotopes might not be accurate. Secondly, when we want to define
adaptive schemes, we will need to have local refinements, which are easily realizable
on simplicial meshes. For further reading we refer to [23, 39, 105].

In the following let D C R", n € N, denote a bounded Lipschitz domain, and assume
that D is polygonally (n = 2), polyhedrally (n = 3) or polychorally (n = 4) bounded.
Further, let 7, = {7/}, denote a decomposition of D into non-overlapping, simplicial
elements 7, CR", ¢/ =1,..., N, ie.,

N
D= Uﬁ, with 7, N7 =0, for all k # £.
=1

A simplex 7, C R” is defined as the interior of the convex hull of n 4+ 1 vertices
{x;}74}, for which the vectors {zy — 21, ..., Z,41 — 21} are linearly independent. The
collection of all vertices are the nodes of the decomposition 7, which are denoted
by {z}),. Further, we denote by h, = |7|"/", £ = 1,..., N the local mesh size
of each element and by h = hpa.x = maxe—;__n hs the maximal global mesh size
and by hmyin = maxe—; .y he the minimal global mesh size. We assume that the

decomposition fulfills the following properties:

(D1) (Admissibility) Neighboring elements share either anode n = 1,2,3, 4, an edge
n =2,3,4, a face n = 3,4 or a tetraeder n = 4, i.e., we avoid ,hanging nodes".

(D2) (Shape regularity) We define the diameter of each element as

dg := sup |z —y|

xT,YETY
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and its radius as
re :=argmax{r > 0: B,.(x) C 7, for any = € 7},

i.e., the radius of the largest ball that can be inscribed in 7,. Then we say that
Ty is shape regular if

szCFTg, forallle,...,N,
with a constant independent of the decomposition 7.
We say that Ty, is globally quasi-uniform if

h
== < g,
hmin

for a constant ¢ > 0 independent of h and Ty, is locally quasi-uniform if

for all neighboring elements 7; N 7; # () and a constant ¢, > 0 independent of h.

Let us first consider the space of globally discontinuous, piecewise constant functions
defined as

Si(Th) = {vn € L*(D) : w| € Py(r) forall £ =1,... N},

where Py(7) is the space of all constant functions on 7,. The space is obviously
spanned by the functions {¢?},, which are given as

1, xe€m,
o (z) = {

0, else.
As in the one dimensional case, by the Sobolev embedding theorem we see that

SY(Tn) ¢ HY(D). So let us define the approximation space of globally continuous,
piecewise linear functions defined as

SHTR) == {vh € C(D) : vh|w ePy(r) forall ¢ =1,... ,N},

where P (7y) denotes the space of all polynomials of degree one on .
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REMARK 2.27.

e The hat functions {@}}M |, defined as

17 T = Tk,
linear, else,

are a basis for Si(Ty), see e.g. [39, Proposition 1.78].

o It holds that S}(T,) C HY (), see [39, Proposition 1.7/].
e Ford=1 we have S}(Ty) = SL(Q), where Q = (0, L).

We now want to derive best approximation results as in the one-dimensional case.
Let us first consider the nodal interpolation operator I, : C(D) — S}(Ty), defined
as

M
Ly(x) = Zv(xk)go}e(x) for all z € D.

k=1

Since, for D C R", n = 1,2,3 we have by the Sobolev embedding theorem that
H?*(D) C C(D) we can state the following result.

THEOREM 2.28. Let Ty, = {7}, be a locally quasi-uniform decomposition of D C R"
forn=1,23 and let v € H*(14), L =1,...,N. Then I, : H*(1;) — SL(Tr) is well-
defined and

lo— IhUH%%Z) + g ||V (v — [hU)Hé(TZ) < chy Z HD%H%?(U)-

|af=2

Moreover, if v € H*(D), Ij, : H*(D) — Si(T) is well-defined and

o= Loy + B2V (0 = 1) By < clit 3 1D%0]3ap,

|a|=2

Proof. As H*(w) C C(w) for all w = 7y or w = D if n = 1,2, 3, the interpolation of
Iy € Si(Ty) of v € H?*(w) is well-defined and the error estimates are well-known,
see |39, Remark 1.105] or [105, Lemma 9.9]. O

The previous Lemma just covers the case for n = 1,2, 3, as for n = 4 the nodal inter-
polation is not a well-defined operator for functions in H?(D). To obtain similar best
approximation estimates, we will construct a quasi-interpolation operator. Before
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we proceed, let us introduce some useful notation. For an element 7,, £ =1,..., N,
define the element patch as

Wy, = U 7, {=1,...,N.

{7=1,...N: 7770}

Moreover, for v € H/(D), j € Ny, we denote the H/(D) semi-norm by

vl mi(p) = \/Z 1D L2 ).

laf=j

For sufficiently regular functions we have the following approximation property of
polynomials.

LEMMA 2.29. Assume that Ty, is locally quasi-uniform. Let v € H™ 1 (w,), m € Ny,

forwg =1 orwy=w,, {=1,...,N. Then
. +1—j .
inf |0 — glmiw,) < clnym,cp,cp)hy™ ulgmiiw,), §=0,...,m.
QGIPM(WZ)

Proof. The result can be proved applying a generalized version of the Bramble-Hilbert
Lemma given in [36, Theorem 7.1]. The details for the application to this specific
case can be found in [103, p. 490]. |

Now, to get a grip on the approximation properties of a quasi-interpolation operator,
we need an auxiliary result, following Ciarlet [23], which deals with the mapping of a
reference setting. Therefore, let 7 C R™, be an arbitrary but fixed simplex, called a
reference element. Then, for each element 7,, ¢ = 1,..., N, there exists an invertible,
affine-linear mapping F; : 7 — 7, given as

Fg(i’) = Bz + bg, B, € Rnxn) by € Rn,
such that Fy(7) = 7.

LEMMA 2.30. If v € H’(7;) for some j > 0 and { = 1,...,N, then © := vo F,
satisfies 0 € HI(7) and, in addition, there exists a constant ¢ = c(j,n,cp,7) such
that .

0] 6137 < chyldet(Be)| (0] i (2.11)

and '
V] g3 (ryy < chy? |det(Be) |20 i s (2.12)

Proof. The mapping properties

[0]137) < €l Bellbldet(Be)|~[0] a1 r,)-
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and .
01113 (ry) < cll B 131det (Be) [Y2[8] 13 5.

are well-known, see, e.g., Ciarlet |23, Theorem 3.1.2|. Moreover, it holds, see [23,
Theorem 3.1.3|, that
d

IBellz < — and [ B2 < e

dy
-
where

dy= sup |zx—y| and d= sup |z — g,

T,YETY T,9€T

and the radii are defined as

re = argmax{r > 0: B.(z) C 7, for any = € 7},

A

7 = argmax{r >0: B.(z) C 7,for any & € 7}.

Now, note that a ball B.(z) C R" with radius r > 0, has the volume

2r, n=1,

r? n =
B I’ — ) )
1B ()] %m’:g, n =3,

7r27‘4’ = 4.

Recall, that the local mesh size of an element 7, C R" is defined as hy = |7,|'/". When
taking (ry, ;) := argmax{r > 0, z € 7, : B,.(x) C 7/}, we have that |B,,(z¢)| < |7|.
By the assumption of shape regularity (D2), we also have the reverse direction, i.e.,
|| < d}f < cprp < ce(n,cr)|By,(x¢)| and thus the relation

crhe < rp < cohy

for constants ¢;(n,cp) > 0, i = 1,2. With this we can estimate

~

d h d d
IBellz < = < cpea— < éhy and  ||Bi'a < — < 7'

'
which completes the proof. O

< ¢hy ',

Now we can state the main result, for the construction of a quasi-interpolation op-
erator.

LEMMA 2.31. Assume that T}, is locally quasi-uniform and let wy, = 74 or wy = W,
(=1,...,N. Let p € Ny and IT}, : L*(D) — S¥(Ty) be a projection, i.e.,

szh =uv, forallv, € Sﬁ(ﬁ);

with the following properties:
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(QI1-d) For all v € L*(wy) there exist cp > 0 , such that

0 0] sy < ety |J0ll 2y 5= 0, p:

(QI2-d) II} reproduces P,. More precisely, for each g € P,(wy), it holds
(Ih9)(x) = g(x), =€ we.

Then for v € H™ Y w,), m =0,...p, there holds

v = I v| gi(r,y < c(n,m, e, ey, CF)hZL+1_j|U|Hm+1(w£), j=0,...,m.
Moreover, if v € H" (D), m =0,...,p, we get

lv = Iv|gipy < c(n,m, cn, cr, cp) K™ 0| gmerpy, 5 =0,...,m.

Proof. Let £ =1,..., N be arbitrary but fixed and let v € H™"!(w,). First, observe,
that by combining (2.11)-(2.12), we get for all j =0,...,m, that

0] 113y < chiy? |det(B) |2 (0] ey < chy? |det(By)| V2 ) [0 Hi(ry)-
1=0

m
me S ey by
=0

Using the local quasi-uniformity, we can further deduce that

[0 5wy < e(m)er Yy [0l (2.13)
i=0
Now, for any j = 0,...,m and any g € P,,(w), using a triangle inequality together

with (QI2-d), (QI1-d) and (2.13), we can estimate
v —Tvlmi) < |v—glaie) + 50 = 9l
< o= glmig,) + enhy? v = gl 2

c(m, cr, ) Z héijlv -9

1=0

IA

Hi(wy)
and the assertion follows, when applying Lemma 2.29. |

In the following we construct quasi-interpolation operators, meeting the assumptions
(QI1-d) and (QI2-d) for the approximation spaces St(T), p = 0,1. For S)(Tx)
consider the L?-projection 119 := QY : L*(D) — SY(Tr), defined as

<Q2U,, Uh>L2(D) = <U,, Uh>L2(D)7 for all v, € 82(7%) (214)

The properties of the projection are summarized in the next lemma.
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LEMMA 2.32. The operator (2.14), is well-defined. Furthermore, it is a projection
onto SY(Ty) and satisfies (QI1-d) and (QI2-d).

Proof. Since the integral exist the operator is well-defined and the projection property
can be shown easily. Moreover, since on each element 7,, £ = 1,..., N, it holds that
(QVu)(z) = copd (), co = ﬁ J., u(z) dx we have that

1QhullZery = (Qhu, Qut)r2(ry) = co{@pu, 97) L2(r,)
= Ce(@%% ¢2>L2(D) = co(u, 802>L2(D>
= colu, 90) r2(r) = (U, Quu) r2(ry)

[l L2 || Q]| 227y

IN

showing (QI1-d). Being a linear projection it holds Q%) = ¢ for all £ =1,... N
and (QI2-d) follows from the fact that each g € Py(7y) can be written as g(x) =
cod(z), c € R. O

For S}(T,) we will construct a quasi-interpolation operator, following Clément [25],
see also [39, Section 1.6.1], [105, Section 9.4] and [3|. For a node xy, k =1,..., M,
we call

Wy, 1= U ™, k=1,...,M,

the node patch and we define the local L*projections Qj, ;. : L*(ws,) — Sj(ws, ) as

(Q,llku, Uh>L2(w;ck) = (U, V) 12(w,,) for all v, € SHwg, )

Using the local projection operators, we now define the quasi-interpolation operator

0}, : L*(D) — S}(Th) as

(Mhu)(z) = Y (Qhpu)(@)pi(x), = €D, (2.15)

k=1
which has the following properties.

LEMMA 2.33. The operator (2.15) is well-defined. Moreover it is projection onto
SHTr) and satisfies (QI1-d) and (QI2-d).

Proof. Since all the local projections @, , are well-defined for functions in L*(D),
so is II}. The projection property IT}v;, = v, € S}(Tr) is easy to check. Moreover,
each g € Py(w,,) can be written as g(z) = Z{j:xjewwk} g(z;)p;(r), € wy, and thus
I} g = g, showing (QI2-d). To prove (QI1-d) first note, that by the inverse inequality
in Lemma 2.37, for all v, € S1(7) it holds that

—n/2
lonll ooy < chy™l|vnll p2cry-
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Therefore, using the boundedness of the local projection, we have for x; € 7, that
—n/2 —n/2
Qb ()] < Qb stllLm(ry < chy Qb sull 2y < chy Pl 2o,y (2.16)
Moreover, since the shape functions satisfy ¢} (z) < 1 for all z € D, we can bound

n/2
okl L2y < |7el? = R}

and using an inverse inequality, see Lemma 2.37, we get

_ n/2—1
IVl 2y < cthy Hlobll 2y < crhy!

resulting overall in
(@bl < chg* 7 5=0,1. (2.17)

Now, we can estimate, using (2.16) and (2.17),

|H,11u|Hj(Tz) < Z |Qllz,ku(x1€)||¢llc|Hj(Tz)

{kil,...,M:Z‘k€7g}
< ey R e,
{k=1,...M:z,€T,}

< chy?|ull ),
for j = 0,1, from which we can deduce the bound (QI1-d). This finishes the proof.[]

REMARK 2.34. The Clément quasi-interpolation 11} defined in (2.15) is suitable for
showing the approrimation properties, but does mot preserve boundary conditions.
This problem can be avoided when using the Scott-Zhang interpolation operator given
in [108], with the drawback that this operator is only well-defined for functions in
HY(D). A quasi-interpolation of minimal reqularity, preserving boundary conditions,
was constructed by Bernardi [12].

We can now summarize the approximation property of the spaces in higher dimen-
sions n € N.

THEOREM 2.35. Let T, be a locally quasi-uniform decomposition of the domain D C R”,
n=1,2,3,4. Further, let p=0,1 and let v € H™"(D) form =0,...,p. Then

inf |v— 'Uh|HJ'(D) < Chm+17j’(U|Hm+1(D)’ 7=0,...,m,
UhESiL)('D)

holds, where ¢ > 0 is a constant independent of the mesh size h.
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In order to achieve estimates in Sobolev spaces of real order, we proceed as in the one
dimensional case, by defining the global L*-projection Q% : L*(D) — S¥(T), p = 0,1
by

<Qzu, Uh>L2(D) = <u, Uh>L2(D)7 for all vy € Sﬁ(ﬁ)
and the global H'-projection P! : H'(D) — S.(D) by
(Pyu,vn) 120y + (V(Pyw), Vup) 2oy = (u, vs) r2(p) + (Vu, Vo) 12y,

for all v, € SL(Ts). They admit the same properties as in the one dimensional
case, see Lemma 2.24 and Lemma 2.25. Using a space interpolation argument and a
discretization that is fine enough, i.e., h < 1, we can state the following theorem.

THEOREM 2.36. Let p=0,1 and u € H*(D) with 0 < s <p+ 1. Then

inf |lu—w = |lu— QYu < ch®||ul| g (py- 2.18
vhesgm)n nllz2o) =1l nullzzo) < ck’|[ullas(o) (2.18)

Moreover, let u € H*(D) with 1 < s < 2. Then

inf |ju —vpllppy = [Ju — P}%'U/HHI('D) < chs’1||u|

s(D)- 2.19
v €S} (Th) H(D) ( )

Proof. The proof follows the lines of the one dimensional case in Theorem 2.26, using
the approximation results of Theorem 2.35, the properties of the projections @} and
P! and the interpolation in Sobolev spaces (Theorem 2.14). O

2.5.4 Inverse inequalities

It is well-known that on finite dimensional spaces all norms are equivalent. The goal
of on inverse inequality is to specify the equivalence constants for S} (7;) depending
on the mesh size. This will be a powerful tool for the error analysis later on. We
refer to |39, Section 1.7].

LEMMA 2.37. Let v, € SL(Ty). Then for each { = 1,...,N there hold the local

inverse inequalities

VRl L2(ry < erhy H[onll 2(ry -

and

1 1
n(=—=
p q

||Uh||Lp(Tg) S Ch@ ||Uh||Lq(Tg)7 p,.q4= 1,...,00,

where
1/p
(S, @ dz) ™, 1<p <o,

lvallLe () =
SUP,er, |UR(2)], p = oo.
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Moreover, we can estimate

N
IVoR]|Z20py < 1 Z hy 2 llonllZ2ryy-
—1

If Ty, is globally quasi-uniform there holds the global inverse inequality
vahHLQ(D) S CIhilHUhHLQ(D)-

Proof. The proof relies on the mapping properties to a reference setting, see Lemma
2.30, and the fact that in finite dimensions all norms are equivalent. Details can be
found in [39, Lemma 1.138, Corollary 1.141|. See also [105, Lemma 9.6, Lemma 9.§|
for sharp constants. (|



3 A UNIFIED ANALYSIS FOR OPTIMAL CONTROL
PROBLEMS WITH ENERGY REGULARIZATION

In this chapter we will give a unified framework to analyze optimal control problems,
which admit a certain structure. To phrase the problem statement, let us consider
the Gelfand triples

YCHyCY* and X C Hy C X".

Then, for a given target y; € Hy, a given cost parameter ¢ > 0 and an operator
B:Y — X* we want to minimze the cost functional

1 4
j(ygaug) = §Hyd_y9‘|§{y +§||“Q|?X*7 (3.1)
over all y, € Y and u, € X* that fulfill
By, =u, in X", (3.2)

In general, we cannot compute the solution directly as y, € Y but y; € Hy ¢ Y.
So, we aim to find a good approximation of the target y; under acceptable costs for
the control u,. Since dom(B) =Y C Hy, B : H — X* is in general unbounded
and the minimization of ||yq — y, |3, subject to (3.2) is ill-conditioned. This is well-
known in inverse problems, see [38, 68|. A remedy is to add a regularization term,
e.g. Tikhonov regularization, see [100], or a suitable norm of the state, see, e.g., [20].
We note, that the reconstructed state and control depend on the choice of the norm.
For some applications it is favorable to have solutions of low regularity, which can be
realized by using norms in Banach spaces and is known as directional sparsity, see,
e.g., [63]. In our case, the cost term of the control £||u,||%- serves as a regularization
and is crucial for the analysis of the problem. The cost parameter is then related to
a regularization parameter, which should fulfill certain properties to have an optimal
balance of the regularization and minimization term.

Let us assume that B : Y — X* is an isomorphism. Then the norm equivalence

[tollx+ = 1 Byollx == llyelly

holds true. Thus, the operator induces a norm on the space of the control, the
so called emergy morm. Therefore, we call this setting the energy regularization.

33
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Many problems can be casted into this framework, including energy regularization of
elliptic distributed optimal control problems [17, 73, 80, 95|, elliptic optimal control
problems with boundary control [4, 54, 97| and parabolic distributed optimal control
problems [79] as well as hyperbolic distributed optimal control problems [87, 91| in
the context of space-time methods, to mention some of them. The rest of this chapter
is structured as follows. In Section 3.1 we will analyze the continuous problem (3.1)-
(3.2), stating the assumptions on the operator B in more detail. We will also discuss
the relation of the regularity of the target y; to the cost/regularization parameter
0 > 0. Moreover, we will introduce a conforming discretization in finite dimensional
subspaces X, C X and Y, C Y of the continuous setting, analyze unique solvability
and derive quasi-optimal error estimates for the computable state y,, € Y. The
section ends with a discussion on a discrete reconstruction of the control u,y €
Upg C X* from a given, computed state y,;, € Y. In Section 3.2 we will discuss the
handling of constraints in the abstract setting of optimal control problems with energy
regularization. We will again start with the analysis of the continuous setting. In
particular, we will derive analogous relations between the regularization parameter
and the regularity of the target. We finally conclude, by analyzing the discrete
setting.

3.1 The energy regularization

For ease of presentation, we will henceforth restrict ourselves to the case Hx =
Hy = H. As already mentioned in the introduction a crucial property of the energy
regularization is to assume that B : Y — X* is an isomorphism. In view of the
BN-Theorem (Theorem 2.4), we will make the following assumptions:

ASSUMPTION 3.1. Let B :Y — X* fulfill the following properties:
(B1) (Boundedness) 3cP > 0: ||By|x- < Bllylly foralyey,
(B2) (Injectivity) 3cf > 0: cf|lylly < supgreex % forally ey,

(B3) (Surjectivity) Vg € X \ {0} Jy, € Y : (By,, @) # 0.

Using the assumptions (B1) and (B2) we have for all y € Y that

Byaq H
Flylly < sup LLDT g < Blyly, (3.3)

0#qeY HC]HX

and thus ||y|ly ~ ||Byl||x~. As a next step we want to give a computable realization
of the norm on X*. Therefore, we introduce an operator A : X — X*, for which we
make the following assumptions.
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ASSUMPTION 3.2. Let A: X — X* fulfill the following properties:
(A1) (Boundedness) 3ci > 0: ||Aq|lx- < cit|lqllx  for all g € X,
(A2) (Self-adjointness) (Ap,q)u = (p, Aq)g  for all p,q € X,
(A3) (Ellipticity) 3¢ > 0: (Aq, ¢} > ctllql|%  for all g € X.

By Lemma 2.10 we know that for all ¢ € X and all v € X*

lalla :==V{Aq,q)r and |[v]la— = v/ (v, A" v) g,

define equivalent norms on X and X™* respectively, with norm equivalence constants

1

Vei!

Now, using the operator constraint (3.2) and the fact, that B : ¥ — X* is an
isomorphism, we can replace ||u,||x+ = ||u,y]|a-1 = || By,||a-1 and consider the reduced
cost functional

x < [vla1 <

1
A A
cillallx < llglla < 4/cgllgllx  and —||v]| [vllx (3.4)
V G

- 1 0
j(yg) = EHZ/Q - yd”%[ + EHBZ/g”irl (3.5)
1 0 _
= §<y@ —Yd, Yo — yd)H + §<By9, A lByg>H- (36)

Then the problem is to find y, € Y such that

J(y,) <J(y) foralyeY,
Thus, y, € Y must fulfill the gradient equation
0B*A7' By, + (Yo —ya) =0 in Y, (3.7)
where B* : X — Y™ is the formally adjoint operator of B : Y — X*.

REMARK 3.3. Since B : 'Y — X* is an isomorphism, we can also consider the
operator constraint (3.2) as y, = B~ u, and the reduced cost functional

~

[ 0
I (u,) = §||B 1Ug—yd||§{+§l|ug||i,1 .

1, _ 0, , _
:§<B 1ug—yd,B lug—yd>H+§<A lug,ug>H.

Then, we want to find u, € X* fulfilling

J(uy) < T (W) forallve X*,



36 3 A unified analysis for optimal control problems with energy regularization

which 1s characterized by the gradient equation
(B (B u, — ya) + 0A ™ u, = 0.
Defining p, = (B*)""(B'u, — ya) € X we thus need to solve the optimality system
By, =u, in X*, B'p,=y,—ya i Y* p,+ 0A  u,=0in X, (3.9)

consisting of the forward problem, the adjoint/backward problem and the gradient
equation. Eliminating the control by By, = u, we derive the equivalent system, to
find (pp,y,) € X XY such that

o 'Ap,+ By,= 0 in X"
_B*pg‘l' Yo = Yd n Y*>

which reads in variational form

0 H{Apy, ) ut+ (Byy q)u = 0 forallqeX, (3.10)
—(B*po, 2)ut+  (Ypy2)u = (Ya,2)m, foralz€ey. '
Now, eliminating the adjoint state p, = —pA~* By, we arrive at the Schur comple-

ment system to find y, € Y such that
oB*A'By, +y,=yq inY"

which is again (3.7). Note, that this approach is of interest when considering control
constraints.

In order to show that a unique solution to (3.7) exists, let us consider the following
auxiliary result.

LEMMA 3.4. The operator S := B*A™'B : Y — Y* is self-adjoint, bounded and Y -
elliptic. In particular, |ly||s := \/(By, A"'By)y defines an equivalent norm on Y,
1.€.,

Vearliylly < llylls < +/ellylly,

B12 B12
with constants ¢} = %]— and ¢§ = ez ]
2

Proof. As A is self-adjoint by (A2), sois S. Using (3.3) and (3.4) we get for ally € YV’
that
B)2

e
e > L yIe,
&)

B 1
(Sy,y)ur = (By, A" By)yr = || By||}-1 > Byl
2
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which gives ellipticity. For boundedness, consider

<Sya Z)H - su <ByaA71BZ>H

1Sylly- = sup = =
o£cy |2y 0#£z€Y 2]l
< | By||a-[| Bzl 4~
T o#zey I2]ly
[Bz|4-1
< B||By||a-r sup T——F—
2 || ||A Oszey HBZ‘ -
B
< —=|B « SUp =—r—
Cf‘” vllx 0#£z€Y | Bz||x-
[cF]?
< lylly
cft ’
which concludes the proof. O

Using the operator S := B*A™'B: Y — Y* we consider (3.7) as variational formu-
lation to find y, € ¥ such that

0(SYp, 2Vt + (Ypy 2)gr = (Ya, ) forall z €Y. (3.11)

LEMMA 3.5. Let y; € H be given. Then (3.11) admits a unique solution y, € Y and
the stability estimates

lWollr < llyaller and  \/ollyolls < ||yalln (3.12)
hold true.

Proof. The unique solvability of (3.11) follows directly from the Y-ellipticity of T" :=
0S+1:Y — Y* see Lemma 3.4, and the Lemma of Lax—Milgram (Theorem 2.3).
For the estimates, consider (3.11) with test function z =y, € Y. Then

llYells + 19ellzr = (yas vodir < |[yallarllyellzr.

from which we first get

1Yol < Nlyall,

and subsequently deduce that

VollYolls < llvalla- O

Note, that for ¢ — 0 the bound ||y,|ly < \/L@Hyd”H explodes and we cannot expect

that y, € Y if y; € H but y; € Y. Hence, the stabilization, i.e., o > 0, is crucial in
this case.
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3.1.1 Regularization error estimates

In the following, we will derive error estimates for ||y, — ya||z depending on the
regularization parameter ¢ and the regularity of the target y,, as was done in [95] for
elliptic problems, in [81] for parabolic problems and in [87| for hyperbolic problems.

LEMMA 3.6. Let yq € H be given. For the unique solution y, € Y of (3.11) there

holds
190 — vallu < llyallm-
Further, if yg € Y, then

1o — vallz < Vollvalls  and ||y, — valls < ||yalls-

Moreover, it holds
1Yells < llyalls-
At last, if yg € Y such that Sy, € H it holds

1Yo = vallm < ollSvallz  and  [ly, — yalls < VellSyalla,
and, in this case we also have
1Syl < 1Syallar-

Proof. Testing (3.11) with z =y, € Y gives

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

ool = 0(SYp Yo) it = Wa — Yo Yo) it = Ya — Yo Ya) it — (Yd — Yo, Ya — Yo)H

and reordering terms and using the Cauchy-Schwarz inequality gives

ollvoll® + 1va — vollzr = Way va — vodu < lvallellya — vol &,

from which we conclude (3.13).

If ys €Y, we get with z = yg in (3.11), that (Y4, ya — Yo)u = 0{Y4, SY,)m and thus

ollvoll& + 1ya — voll3r = (War Ya — Yoy ur = 0Wa, Syoyrr < 0llyallsllolls:

showing (3.15). Moreover, choosing z = y4 — y, € Y in (3.11) we can compute

1Ya = Yol = (Ya = Yor Ya — Yo) it = 0(SYor Ya — Vo)1t
= 0(SYda, Ya — Yo)u + 0(S(Ya — Yp)s Yo — Ya)H-

Again reordering gives

lya — Yoll7r + 0llva — Yollz = 0(SYds va — Yo) -
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and estimating (Sya, Yo — Vo) < ||yallsl|va — vollx we conclude (3.14), i.e.,

192 = Yolls < llyalls and [lya = yollm < V/ellyalls-

If additionally Sy, € H we can estimate (Sva, Ya — Yo)ur < ||Syallm||ya — yollm to get
(3.16), i.e.,

1Ya = Yollr < ol|Syalle  and  |[ya — yolls < /ol Syalln-
From (3.7) we know that oSy, = ys — v, € H if y4 € H and therefore we have
ollSyollr = N1ya — Yol a- (3.18)
Together with (3.16), this shows (3.17). O

COROLLARY 3.7. If we reconsider (3.18), used in the previous proof, together with
(3.13) and (3.14), we get

Hlyallm, if ya € H,
1SYollr < 4 4 . (3.19)
7§HdeS> ifya €Y.

Using the above results we can bound the objective functional, depending on the
regularity of the target.

COROLLARY 3.8. With the norm representation |u,l|a-1 = ||y,lls and the stability
bounds (3.13)-(3.14) and (3.12) we derive that

lyallZ, i ya € H,

1 0
T Wor o) = =|lya — YollTr + Zllupl3=s < .
e 2 el T glirela ollval%, ifva €Y.

We can also bound the adjoint state, depending on the regularization parameter.

LEMMA 3.9. Let y; € H be given and let (p,,y,) € X X Y be the unique solution of

(3.10). Then
0 1/2 1/2
Ipellx </ Z5llve — vall iy llall 1 (3.20)
1

Proof. Choosing z =y, and ¢ = p, in (3.10) gives
ci 2 1 *
5 IPellic = 2 {APes Po) it = =(BYor Do)t = = (B Pos Yol = (ya = Yo, Yol

and with a Cauchy-Schwarz inequality and (3.12) we conclude

et llpells- < ollye = vallmllyeller < ellye = yallllyellar O
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3.1.2 Discretization

We will now proceed with a discretized setting, that will later on be the starting
point for the numerical computation of solutions of the optimal control problem.
Let therefore Y;, C Y denote a finite dimensional subspace and let us consider the
Galerkin variational formulation to find y,, € Y}, such that

Q<Sy9h, Zh>H -+ <ygh7 Zh>H = <yd7 Zh>H, for all Zn € Yh. (321)

LEMMA 3.10. The discrete variational formulation (3.21) admits a unique solution
Yo € Yn. Moreover, the quasi-optimal error estimate (Cea’s Lemma)

ollye = onlls + llye = venllir < _inf [ollyo = 2alls + lye = 2allz]
holds true.

Proof. The operator T := oS + I : Y — Y™ is self-adjoint, bounded and Y-elliptic.
Thus, the statement is a direct consequence of Lemma 2.15. |

The main statement of this section is the following theorem.

THEOREM 3.11. Let y; € H. For the unique solution y,, € Yy of (3.21) there holds
the error estimate

1Yor — valle < [lyallu- (3.22)

If additionally, yq € Y, there holds
lven = wallwr < e(Vallualls + inf [ollva =zl + llva = =lli] ™) (3:28)
and
Vollyon — valls < e(Vollyalls + Zifgh (ollva — zll% + llva — zal1%] 7). (3.24)
Moreover, if yg € Y and Syq € H we have the error estimates
v — vallir < e(ellSvall + inf [ollva = zalls + s — =0l7]"")  (3.25)

and

. 1/2
Vellya = walls < e(elSyalla + ot [ellga = z0l3 + lya = z0)%]"). (3:26)
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REMARK 3.12. Note, that the assumptions yq € Y and Sy; € H are regularity as-
sumptions on the target y,. Therefore, the estimates of Theorem 3.11 give a connec-
tion of the reqularization parameter o > 0, the approximation property of Y, C Y
and the regularity of the target.

Proof. Let yq € H. Choosing zj, = y, in (3.21) we get that

ollyorlls = 0(Syons Yor) it = (Ya — Yons Yor) it = ~|Ya — Yonllzr + (Ya — YonYon) -
Reordering and using a Cauchy—Schwarz inequalit we then get
ollyenlls + 1ya — yenllzr < lyallllya — youll s,
which gives (3.22).

Let y; € Y. Adding and subtracting y,, using a triangle inequality and Holders
inequality, i.e., (a + b)? < 2(a® + b?) we can estimate

ollyon — vall& + llyen — wall %
2 2
< 0(llyon — Yolls + llve — walls)” + (1von — Yollar + llve — vallu)
<2 {QHth - yQH% + ”ygh - y@”%{ + QHyQ - yd”% + Hyg - yd”l%l}

Now, with Lemma 3.10 and adding and subtracting y; we can estimate the first term

QHygh - y@”% + Hygh - yQH%{
< inf [ollgp — =013 + I — 2013

f
Yh
< 2(ollye — yall + llye — vallz + Zifellfvh lollya = zulls + lya — 2nllz])-
With the regularization error estimates of Lemma 3.6 (3.14) we thus get

ollyen = yalls + llyen = vallis < 120llyalls +4 it [ollya = zalls + lya = 2allz);

from which we get (3.23) and (3.24). Whereas, for y; € Y such that Sy; € H we can
use Lemma 3.6 (3.16), to estimate

ollYen = yall + l1yen — yallzr < 120%(Swallfy + 4 inf [ollya — anlls + llya — 2l

which gives (3.25) and (3.26). O

As last part of this section, we are going to replace the continuous operator S =
B*A7'B Y — Y* by a computable approximation and derive error estimates for
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the solution of the resulting variational formulation. Therefore, we define S:Y »5Yv*
by Sy = B*py, where p,, € X}, C X is the solution of

(Apyn, an)g = (By,qn)m  for all ¢, € Xj.

Then we consider the perturbed variational formulation to find g, € Y}, such that

Q(SQQ}Z, Zh>H + <ngh> Zh>H = <yd, Zh>H7 fOI‘ all Zn € Yh. (327)

REMARK 3.13. The computable approzimation S is exactly the Schur complement
operator, when discretizing the system (3.10) directly, i.e., (3.21) is equivalent to find
(Pohs Yon) € X X Yy, such that

0 "(Apon,an) +{BUg,,an)u =0 for all g, € Xy,

N 3.28
—(B*pohs 2n) e+ Goh, 20y =(Ya, 2n) 1 for all z, € Yy, (3.28)

LEMMA 3.14. The perturbed operator S :Y — Y* is self-adjoint, bounded and posi-
tive semi-definite. Furthermore, the perturbed variational formulation (3.27) admits
a unique solution Yo, €Yy, C H.

Proof. For arbitrary z € Y, let p,, € X} be defined as unique solution of
(Apzn; qn)r = (Bz,qn)u, for all g, €Y},

In order to show that S is self adjoint, take y,z € Y arbitrary but fixed. Using
definition of S and the self-adjointness of A : X — X* (A2) we compute

<gy7Z>H = <B*pyh72>H - <Bz>pyh>H
= <Ap2h’pyh>H = <Apyhvpzh>H
= (BY,pzn)u = (B Dens Y) 1

= (

SZa?/)H

To show boundedness, first note that for all z € Y

Apanlly < (Apan, pan)a = (Bz, pndu < c2lzlly |Ipanllx

implies that

CB

Ipanllx < Zllzlly
&
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Thus, we can estimate

- . B*pz ,
1Sz]ly= = || B*panlly= = sup (B i
0#£yeY HZJHY
Byapzh CBZ
— gup By oy BT
ozvey  |ylly &t

Moreover, for arbitrary but fixed z € Y we compute that
(Sz,2)n = (B*pan, 2y = (B2, pan) it = (Apen, o) = |panlli > 0,

which shows that S > 0. Unique solvability now follows, since T :=05S+1>1,
which is at least H-elliptic. O

Using a Strang Lemma argument, we can give error estimates for the solution of the
perturbed system (3.27), which now additionally depends on the approximation of
the operator.

THEOREM 3.15. Let yq € H. Then the unique solution g, € Yy of (3.27) admits
the estimate

9on — Yallm < llyalla- (3.29)
Let yg €Y and let p,, € X be the unique solution of

(Apy,. ) = (Bya, @) for all ¢ € X.

Further, assume that for all z;, € Y}, the inverse inequality
lzally < et znlla, (3.30)

holds. Then we get

[7n = vallsr < e [h 0+ v/elllualls + h~"e_inf Ilpy, = anllx
an€Xp

B . ) 5 11/2 (3.31)
W+ 1] ot [ollva = =l + lva — 0l 7).
Moreover, if yg € Y and Syq € H we have the error estimate
150 = vallar < e( (176" + o] Syalln +h e inf Ip,, — anllx
;R (3.32)

— . 1/2
W7+ 1] ot [ollva = =l + lva — 20l 7).



44 3 A unified analysis for optimal control problems with energy regularization

REMARK 3.16. Note, that the inverse inequality (3.30) is defined for the full norm
and thus, thinking of a discretization using finite elements, requires a globally quasi-
uniform mesh. When applying an adaptive refinement though, the global quasi-
uniformity will in general degenerate, even when starting with a globally quasi-uniform
mesh. However, if Y and H are Sobolev spaces of positive order we can localize the
norm and a local quasi-uniform mesh is sufficient to derive the estimate. Moreover,
we are able to show quasi-optimal error estimates for adaptive schemes, when con-
sidering a mesh dependent regularization parameter o for elliptic problems in Section
4.1.1.

Proof. Choosing z, = §,n, € Y}, as test function in (3.27), we get
(ST Ton) 11 = (Ya — Toh: Toh )
= (Ya — Yoh> Ya) 1 — (Ya — Yoh> Yd — Yoh) H-

Reordering terms and using a Cauchy-Schwarz inequality we thus get

(STons Gon)r + 1Ya = Tonllt = Ya = Tons Gen)rr < Ya — Fonllarllyall s,
which, using the positive-semidefiniteness of S, gives (3.29).
Subtracting the perturbed variational formulation (3.27) from (3.21), gives

0 (SYoh — STohs )1 + Yon — Jons znyr = 0 for all z, € Yy,
ie.,
0{(S = 5)Yons 2n) 1 + Won — Gons 2n) 1t = 0 (S(on — Yon), 1) for all 2, € Y.

In particular for 2z, = y,n — y,n we further conclude

0 S 0 <S(?jgh - y.gh)v ggh - y.gh)H
= 0 <(S - S)ygh’ ggh - ygh>H + <ygh - ggh’ ggh - ygh>H7

i.e., reordering and using the assumed inverse inequality (3.30) in X},

|Fon — Z/th%{ < o((S— S)Z/gh, Yoh — Yoh)H (3.33)
0 <B*(pygh - pyghh)’ Yoh — Yoh) H
= 0 <pygh — Pyonhs B@gh - ygh)>H
05 [Gon = Yonlly [1Pygs = Pygrllx

crcy oW [Gon — Yol i l|Pyyn — Pygunllx-

IA A

Hence, with a triangle inequality, this gives
1o = Yorllr < coh™ [Ipy,, = Pygunllx (3.34)
< coh™! ||pygh — Pyallx + 1Pys — Pyanllx + [[Pyan — pyehhHX :
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For the first term we further have

Cf||pygh - pyd“?X < <A(pygh - pyd)7pygh - pyd>H
= <B(ygh - yd)apygh - pyd>H
< |I1B(Yon — ya) llx Py, — Puallx
< &3 1Yoh — Yallx1Pypn — Pyallys

i.e.,

B B /
Cy C

1Pyor = Pyallx < A||ygh villx < ——= o = 1Yon — valls = 5~ yor — yalls-
et/ 7o

Thus, with Theorem 3.11 (3.24) we conclude that for y4 € Y

1/2
[Py~ = (Vallualls + inf [ollva = 20l + llva — 23] )

pyd”X — \/—

and if additionally Sy, € H holds, we get, using (3.26), that

1/2
[Py - —=(liSuall + nf [ollva = zall3 + llva = =l%]").

pyd”X — \/—

Analogously, we can estimate the third term by
c . 1/2
_ < & 2 2 )
1Pyan = Pygunllx < NG (x/Ellydlls + inf lollya = zulls + llya — znllE] ),

if y; € Y, and if additionally Sy, € H holds

& . 1/2
I = Pl < - (ellSualln + inf, Tellva = 2alfs + lla = 2] ).

To estimate the remaining term, let us first recall that p,, € X solves
(Apy,, Q) = (Bya, ) for all g € X,
while p,,, € X}, solves
(APysn, an)a = (Bya, gn)mr  for all g, € X
Thus, we conclude the Galerkin orthogonality

(A(py, — Pyan), qnyr =0 for all g, € X,
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and Cea’s lemma,

||pyd - pythX < qhig)f(h ||pyd - QhHX'

Altogether, we have for y,; € Y, that

1o = vl < ch™ (ellyalls + ©_inf Ilpy, = anllx
an€Xp

. 1/2
+ o inf [ollya— zul3 + llva — 24l13]"%)
ZhEYh

and for y, € Y such that Sy, € H we get
1o = vl < ch™ (021 Syallss + 0 inf 1py, — anllx
ah€Xp

. 1/2
v/ _inf [ollya— =ll3 + llva — z0l3]?)-
zn €Yy

Using the triangle inequality
19on — yallr < o — Yol + 1Yon — allm

together with the estimates (3.23) and (3.25) of Theorem 3.11 the proof is con-
cluded. a

COROLLARY 3.17. Reconsidering (3.34) in the previous proof, replacing p,, and py,,
by py, and py,, respectively, and redoing the same steps, we can prove the estimate

190n = vollir < con™ (lyan = volls + _inf [1py, — anllx). (3.35)
qn€Xp
For the adjoint state p,, we have an analogon to the continuous estimate in Lemma
3.9.

LEMMA 3.18. Let yq € H be given and let (Gon, pon) € Yn X Xj, be the unique solution
of (3.28). Then

0~ 1/2 1/2
lpenllxc </ 1en = valli*llyall i (3.36)
1
Proof. The proof follows the lines of Lemma 3.9 choosing zj, = y,, and g, = p,, in
(3.28). |

COROLLARY 3.19. From Lemma 3.9 and Lemma 3.18 and a triangle inequality we
easily conclude

0 1/2 ~ 1/2 1/2
1pe = ponllx <y /5l = vall® + 1don = vallir")llwalli”. (3.37)
1
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3.1.3 Reconstruction of the control

As an application of this framework, we have optimal control problems in mind.
Thus, one is usually interested in the control u,, which is given as

u, = By, in X" (3.38)

Since B : Y — X* is an isomorphism, the control is uniquely determined. For a
computable reconstruction, we consider yet another finite dimensional conforming
space Uy C X* and want to find u,nz € Uy as solution of

<UQH7 q}L>H - <ngh) Qh>H7 for all qn € Xh‘ (339)

Using the finite element isomorphism Uy > wu,m < upm € RdmUn) and v} >
Yoh > Yon € RIm(%) - the system matrix is a discretization of the identity, i.e.,

(ot qn) o = (MhuQH, Y,n)2- Though, in general, there does not exist a unique solu-
tion if dim(Uy) # dim(Y}). Thus, we reformulate (3.38) by equivalently finding the
control u, € X* as the minimizer of

1 1 -
u = arg min o [[v — By,||. = arg min = (v — By,, A (v — By))u,

where we used the equivalent representation of the dual norm (3.4) induced by A~
Then, u, € X* satisfies the gradient equation

A~ (u, — By,) = 0.

Introducing p = A~*(By, — u,) € X, noting that p = 0, this is equivalent to the
solution (p,u,) € X x X* of the system

<Aﬁ7 q>H + <u97 Q>H = <By97 Q>H7 <U,]3>H = 07 (340)
for all (¢,v) € X x X*.

Thus, the discrete reconstruction u,; € Uy can be computed as solution of the
discretized saddle point formulation of (3.40) replacing y, by g, i.e., we seek to find
the solution (P, Uen) € Xp x Ug of

(Aﬁm Qh>H + <7:Z'QH7 Qh>H = <ngha Qh>H7 <UHaﬁh>H =0, (341)

for all (gn,vy) € X X Ug. The unique solvability and errror estimates are given in
the next theorem.
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THEOREM 3.20. Let the discrete inf-sup stability condition

. S Sup <UH7 Qh>H

for all vy € Uy (3.42)
0#gneXy, ||Qh||X

csllvil

hold true, for some cg > 0. Then the discrete variational formulation (3.41) admits
a unique solution (P, Uyn) € Xp X Uy and the estimate

[ty — @iy || 3 < (1+—1 [1+—Cz]> inf [Ju,— v || x- + -2 [1+—C2}||~ —y,|ly (3.43)
u u * m u v * .
o oH || X* = cs 014 on el o HI|X cs (3114 Yoh —Yolly

holds, where (p,u,) € X x X* denotes the unique solution of (3.40).

Proof. Unique solvability follows from Theorem 2.5, as A : X — X* is elliptic on
Xy C X and the discrete inf-sup stability (3.42) is assumed to hold true. For the
error estimate, first note that by a triangle inequality we have for arbitrary but fixed
vg € Uy

x+ < lug — villx + [[vg — tgn|

g — Torl X+
Further, using (3.42) and (3.40), (3.41) we estimate
csllve — agH’ - < sup (v — UoH, qn)m

07qneXs, llanllx

— s (i, qn) i — (BUoh, Gn) i + (A, n) 1
0qneXs, llanllx

_ sup <UH — Up, Qh>H - <B(ggh - y@)» Qh>H + <A]3h; Qh>H
0#£gr€Yy ||Qh||Y

x+ + SN Gon — Yolly + & [1Bnlx-

< lom = uy)
Now using (3.41), for ||pn||x we have

cMpnllie < (Apn, Duder = (Blgh, Pr)ar — {Tipm, Dn)m

= (B(Yon — Yo)s Pn)u + (o — v, Dn) i — (Uorr — Vi, Pr) i
= (B(Yon — Yo)s Pn) 1 + (o — v, Pr) 1
< (2 llTeh = Yelly + lug — varllx-) 1Bnllx,
which gives ||pp||x < Zi]jﬂggh — Yolly + Zxllup — va||x+ and concludes the proof. O
1 1

REMARK 3.21. Recall, that by the definition of the norm of X* we have

_ <UH7q>H
x+ = Sup ————.
oxgex  llallx

[z ]

Thus, the discrete inf-sup condition (3.42) is fulfilled, if the discrete trial space Y, C
Y is chosen rich enough with respect to the choice of Ug C X*.
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3.2 State and control constraints

In the former section, we found the optimal state y, € Y and control u, € X*
minimizing the functional

s (3.44)

1 0
T (Yo 1) = 5”199 — yall % + §”u9|
subject to
By, =u, in X", (3.45)

for a given target y; € H and p > 0. Though, in many applications, either the
state or the control admits some constraints. In this section we will consider such
constrained optimal control problems and discuss how to handle them within the
abstract framework. In order to incorporate constraints, we need to adapt the ab-
stract setting, in the sense that barrier functions will make sense. Therefore, let the
Gelfand triples X C H C X* and Y C H C Y™ be given as before, but now assume
that the duality is with respect to H = L%*(D), where D = Q C R% d = 1,2,3 is
either some bounded domain, or D = Q x (0,7) is a space-time domain with finite
time horizon T' < co. In case of boundary control, one might also consider D = 0f2
or D =00 x (0,7). Further, let X and Y be Sobolev spaces of positive index, such
that point evaluation almost everywhere is well defined.

State Constraints

Recall, that the solution y, € Y of (3.44)-(3.45), is given as the minimizer of the
reduced cost functional (3.5)

1 0 1 0, _
T (W) = 519 = yall3r + §\|Byg||,24—1 = 5o = Ya, Yo — Ya)u + 5 (A "By, Byo)n.-

2
To impose constraints on the state, we consider
Yo € Ky:={z€Y: g (z) <z(z) <g(a), for aa z €D}, (3.46)

where g1 € Y are given barrier functions, for which we assume g_(z) < 0 < g, (z)
for all z € D. Then, we want to find y, € K, such that

J(y,) < J(z) forallz € K. (3.47)

We easily check, that K, C Y is closed and convex. With Theorem 2.7 and Remark
2.8, choosing T := pS+1:Y = Y*and f = yq € H C Y*, we conclude that y, € K,
is characterized as the unique solution of the variational inequality

0(SYp, 2 = Yoy + Yos 2 — Yo) 1t = (Ya, 2 — Yoy for all z € K, (3.48)

where y; € H is given and S := B*A™'B : Y — Y* is self-adjoint, bounded and
elliptic, see Lemma 3.4.
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Control constraints
In order to include constraints on the control u, € X*, we will minimize the reduced

cost functional (3.8)

~

Lo 0
j(ug) = §||B 1“9 —Yallu + 5””@”?44

1 _ 0 _
= §<B 1“9 — Y4, B IU@ —Ya)u + 5(“9: A 1u9>H

over all functions
up € Usi={veX*: (h_,q)y < (v,q)u < (hy,q)n, forall g € X, ¢ >0}, (3.49)

where hy € H are given barrier functions and we assume that h_(z) < 0 < hy(2)
for a.a. x € D. As in the case of state constraints, we can argue that there exists a
unique minimizer u, € U, fulfilling

j(ug) < j(v), for all v € U,, (3.50)

and that (3.50) is equivalent to find u, € U, as unique solution of the variational
inequality

(B M(B My — ya),v — uphm + 0(up, AN (v —u,))g >0 forallveU. (3.51)

Recall, that B : Y — X* is an isomorphism and that By, = u,, i.e., u, = B y,. If
we introduce

K.:=B'(U,) = {Z €Y : (h,q)n < (Bz,q)n < (hy,q)u, forall ¢ € X, ¢ > 0},

we can equivalently phrase the variational inequality (3.51) as: find y, € K, such
that

(Yo —Yar 2 — Yoy + 0(SUps 2 — Yoy >0 forall z=B v e K,. (3.52)

This is exactly (3.48), but with a different set of constraints.

So both, state and control constraints, admit the same structure. Namely, for a
convex and closed subset K C Y, where 0 € K, and given y,; € H, find y, € K such
that

0(SYp, 2 — Yoyt + (Yo, 2 — Yo) 1 = (Ya, 2 — Yp)m, Tforall z € K. (3.53)

In the following we will thus give abstract stability and regularization error esti-
mates for this variational formulation. Related estimates for elliptic optimal control
problems were studied in [50].
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LEMMA 3.22. Letyy € H be given. Then the unique solution y, € K of (3.53) fulfills

1Yollr < Nlyall and Vellyolls < llyalla- (3.54)

Moreover, if y; € K, it holds
1Yolls < llyalls- (3.55)

Proof. By assumption, we have that z = 0 € K is a valid test function in (3.53) and
gives

llYells + 19ellz < (yas vodrr < [1yallzrllyellsr,
which gives (3.54). Further, if y4 € K, choosing z = y4 in (3.53) we can estimate

ollvolls = 0{SYoYo)mr
= —0(5Yp: Ya — Yo)u + 0(SYp: Ya) 1
< —Wd = Yor Yd — Yoyt + 0(SYe, Ya) -

Now, reordering and using a Cauchy-Schwarz inequality gives

ollvells < ellyells + llye — vallzr < ellyallslvells,

from which we conclude (3.55). O

As in the case without constraints, see Lemma 3.6, we can prove the following regu-
larization estimates.

LEMMA 3.23 (|50, cf Lemma 2.1|). Let yg € H be given. For the unique solution
Yo € K of (3.53) there holds

1Yo = Yallr < llyalln- (3.56)
Further, if yq, € K, then
1ye — yalla < Vellyalls — and [ly, — yalls < llyalls- (3.57)
If in addition Syq € H it holds
1Yo = valla < ollSyalla — and lyo = yalls < v/ol|Syall - (3.58)

Proof. From (3.53) we get that

0(SYpy 2 — Yohti = (Ya — Yor 2 — Yp) 1

for all v € K. In particular, choosing z = 0 this gives

0(SYo, Yoh it < (Ya — Yo Yot = —|lya — vollF + (Ya — Yo Ya) 1-
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Now, reordering and applying a Cauchy—Schwarz inequality gives

ollyoll + llya = volltr < Ilya — yollrllyal

from which (3.56) follows. If y; € K, we can choose z = y; € K in (3.53) to
immediately obtain

lya = yellfr < 0(SYe,ya — Yodtr = (S (Yo — Ya)s Ya — Yo)tr + 0{SYa, Ya — Yo) - (3.59)
Again, reordering and using a Cauchy-Schwarz inequality gives

lya — Yoll7r + 0llva — voll% < ollyallsllva — volls,

from which (3.57) follows. If in addition Sy, € H we can estimate (3.59) differently
to obtain

lya — voll 3 + ollva — voll% < oll Syallullva — vollu,
which gives (3.58). a

3.2.1 Complementarity conditions

In order to derive meaningful complementarity conditions, we will make use of the
following regularity result, which is a direct consequence of Theorem 2.9.

LEMMA 3.24. Let y; € H. Then the unique solution y, € K of (3.53) fulfills
05y, +yo € H and [0Sy, + yollu < C < o0,

where C' = C(K,yq). In particular, Sy, € H.

State constraints

Recall, that the set of constraints in this case is given as
K=K, ={z€Y: g (z) <z) <g4(x), for a.a. z € D},

where g+ € Y, g (x) <0 < gy(x) for a.a. € D and we now additionally assume
that Sg. € H. This assumption is natural, as Sy, € H by Lemma 3.24. We introduce
the auxiliary variable A := 0S5y, + y, — ya € Y*. By Lemma 3.24 and (3.48) we have
that A € H = L?(D) and fulfills

(A, 2 —yp)m >0, forall ze K. (3.60)
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In order to derive complementarity conditions, we further introduce
Dos = {2 €D+ yy(x) = gu(x)} (3.61)
and first consider wy € Y satisfying
0<w_(z) <y,(x) —g-_(r) and 0<wi(r)<gi(z)—y,(zr) foraa. xeD.
Then wy(z) =0 for all z € D, 1 and testing (3.60) with z =y, + w; € K gives
0< N wi)g = (A we)rx o\, ),
while testing with z =y, —w_ € K gives
0> (N w_)g = (N w_)r2p\p_)-
From this we conclude the complementarity conditions

A=0, g-<y,<gs, onD\D;y,
>0, Yo=9-, onD,_, (3.62)
A <0, Yo=9+, onD,y,

which enable us to give an additional regularization error estimate.
LEMMA 3.25. For the unique solution y, € K, of (3.48) there holds
oSyl = 19a — Yol Z2 oo, o) + ENSI-I72m, ) + EPlSGI72(, .-
In particular, if yq € K such that Syy € H, we have that
1Syoller < |[Syaller + 1S9+l + [1S9- -

Proof. From the complementarity conditions (3.62) we get that A = 0Sy,+y,—vya =0
on D\ Dy . Subsequently, we have

0SYo=Ya— Y, onD\ D,
and therefore
ollSyollr2o\p. +) = 1Ya — YollL2(D\D. 1)-
Further, we have that

Sy,(x) = Sgu(x) for a.a. x € Dy
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Thus,

NSl = 1SVl T2 pvp, o) + NSVl T2p, ) + C1SYell 2o, )
= 19a = vollizo\, 1) + NS Z2p, )+ NS94 72, -

If y4 € K, such that Sy, € H, we can use Lemma 3.23 (3.58) to obtain

1/2
ollSyollm < (llya — voll 3 + *11S9-1I7; + 0*[1Sg+113)
1/2
< (11Svall + 1S9 11 + o159+ 1I%)"
< o(ISyallg + 1S9+l + 11S9-1r),
which concludes the proof. O

Control constraints

In this case, the set of constraints is given as
K=K.= {Z eY:(h_,q)g < (Bz,q)y < {(hy,q)y, forall g € X, ¢ > 0},

where hy € H and h_(z) < 0 < hy(z) for almost all (a.a.) = € D. To derive
complementarity conditions we introduce the auxiliary variable wy € X fulfilling

B wy=X=05,+y, —ya € X"

By the regularity of A € H, see Lemma 3.24, we have that B*w, € H and by (3.52),
we get

0< (N z—yo)m = (B wx,z—yo)m = (wx, B(z — y,))u, forallze K. (3.63)
In order to proceed our analysis, we make the following assumption.

ASSUMPTION 3.26. If Sy, = B*A™'By, € H, then u, = By, € H.

This guarantess that point evaluation of u, is almost everywhere (a.e.) well-defined
and we can introduce

Doy :={z€D: uy(z) = hy(z)}.
Further, let z. € Y be the unique solutions of

Bz, = By, + ¢+ in X* and Bz_ = By,—_ in X7,
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where ¢4 € H fulfilling ¢, > 0 and

(W_,q)w < (By,—h_,q)p and (Y1,q)g < (hs — By, @) u,

for all ¢ € X such that ¢ > 0. This guarantees, that z. € K,.. Choosing ¢ € C5°(D,4),
we see that ¢4 (z) =0 for a.a. © € D, 4. Testing (3.63) with z, now gives

0 <Awx, Yy )r = (wr, Yy) 2(>\D..4 ),

whereas testing with z_ gives

0> (wx, Y- )y = (wr,¥_) L2(p\D. _)-
Altogether, we thus conclude the complementarity conditions

wyx=0, h.<By,=u,<hy, onD\D,.q,
wy > 0, By,=u,=h_, onD,_, (3.64)
wy <0, By, =u,=hy, onD,,.

As in the case of state constraints we want to give additional regularization error
estimates. Therefore, we need to make the following assumption.

ASSUMPTION 3.27. There exists ¢, > 0 for ho € H such that
IB* A~ bl < cellhs]la
REMARK 3.28.

e In order to introduce the sets D. i, we need to have pointwise a.e. evaluation
of u,. This is guaranteed by Assumption 3.26. Note, that u, € H 1is always
guaranteed if X* = H and A=1:H — H orif X =Y and A = B (as then
A= B =S5). Otherwise, this needs to be checked for the specific application.

o Assumption 3.27 is fulfilled with c. = 1, whenever X =Y and A= B =S.

LEMMA 3.29. Let the Assumptions 3.26 and 3.27 hold. Then for the unique solution
Yo, € K. of (3.52) there holds

ollSyellir = 19a = vollz2p\p, o) + cco® [Ih-ll7r + 1h+ 7]

In particular, if y; € K. such that Syq € H, we have that

1Syellr < c(lSyallm + sl + 1A=l ).
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Proof. From the complementarity conditions (3.64) we get that wy(z) = 0 for a.a.
x € D\ D, 4 and conclude,

0=Bwux=A=05,+Y,—ya onD\D,..
Thus

05Yy =Ya— Yo onD\D.y.

Subsequently,

1Syl 7 = llya — ng%?(D\Dc,i) + QQHS%H%%DC,,) + 02||53/9H%2(DC,+)~

Now, using the complementarity conditions (3.64) and Assumption 3.27, we can

bound

||Sy9||L2(Dc,:t) = ||B*A_1By9||L2(Dc,:t) - ”B*A_lhiHLz(Dcﬁi)
<|IB*A™ hellu < cellhella

The second estimate can now be shown following the lines of the proof of Lemma
3.25 using the regularization estimate (3.58). a

3.2.2 Discretization

We saw that both, state and control constraints, lead to the same variational for-
mulation (3.53), but with different sets of constraints K € {K,, K.}. Thus, we only

need to analyze the discrete variational formulation to find the solution y,, € K}
of

0(SYoh, 2h — Yoh) it + (Yohs 2h — Yon) i > (Yds 2n — Yon)u  for all z, € K, (3.65)

where X, C X is a finite dimensional subspace and K; C X, is a convex and closed
set. By Theorem 2.7 we know, that the discrete variational formulation admits a
unique solution. Further, using Theorem 2.16, we can show the following result.

LEMMA 3.30. Lety, € K and y,, € K}, be the unique solutions of (3.53) and (3.65)
respectively. Then

QHZJ@ - y@hH% + Hyg - thH%{

< _inf Jollye — znl% + v, — zall3)
zh€Kp

Hllya = volls + 0*1Syoll3 ).
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Proof. Let T := oS+1:Y — Y* which induces the norm ||2]|2 = o|z||% +|z||%- By
Lemma 3.24 we have that Ty, € H and from Theorem 2.16 we get for all 2z, € K},
and all z € K that

ollve — venllz + lve — vonllH
< Q”yg - zh”% + Hyg - Zh”%f
+2/|ya — Yo — 0SYollu [|lve — 2nll + [lyor — 2]

Now, choosing z = y, € K and using a triangle inequality and the estimate ab <
2a® + % we obtain

ollve — venllz + lve — yonll %
< Q”yg - Zh”% + ||yg - Zh”%] + 2[lyq — yg”H [Hyg — 2nllg + Hygh - ngH}
+20[1Syoll i [ve — 2nller + NWon — voll ]

< e — % + v — 2l + 4l — ol + e — 2l + T s — vl
4GSl + 1l — 2l + 3 v — el

= ollgg — 2l + e — 2l + Al — wolly + 402y
el — welly

<

3
5 (@llge = 2nll5 + llye = 2nllz) + 4llya = ol + 4715w, 1

1
+5 (ellye = vonlls + v = vonll)-
Subtracting %(QHyQ — Yorll% + llyo — ygh||%{) from both sides, multiplying by % and

taking the infimum over all z;, € K} concludes the proof. O

Now we are in the position to state the main theorem of this section, which is an
analogon to the quasi-best approximation result in the unconstrained case in Theorem
3.11.

THEOREM 3.31. Let y,, € K}, denote the unique solution of (3.65). If yg € H and
0 € K;, then

1Ya = Yorller < \lyalla- (3.66)

In the case of state contraints, if in addition y; € K = Ky such that Syqy € H then
there holds

lva = yanlls < (ol Syalli + el Sg 1 (3.67)

. 1/2
+ it [ollya — 2l + llya — 23] ")
zh€Kp,
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and

Vollva = yarlls < (el Syallir + ol Szl (3.68)
. 1/2
+ inf [ollya = 2l + llya — zal3]"%).
ZhEKh

In the case of control constraints, if the Assumptions 3.26 and 3.27 hold true and
yq € K = K, such that Sy, € H we have

1Ya — Yorlle < C<QH5yd||H+QHhi||H (3.69)
. 1/2
+ it [ollya — 2ullE + llya — zal3]")
zn€Kp,

and

Vollga = varlls < c(ollSyalln + ollhn (3.70)
. 1/2
+ inf [ollya = 2l + llua — zalH] ).
zn€Kp

Proof. By assumption z, = 0 € K, is a valid test function for (3.65). Thus, the
estimate (3.66) can be shown analogously to the continuous case in Lemma 3.23.

Using a triangle inequality, we can first estimate

1ya — yonll 3 + ollya — yorll%
< 2|lya — Yol 3 + 20llya — voll% (3.71)
+2||y@ _thH%{_’_QQ“yQ_th”%' (3'72>

With the regularization error estimates (3.58) of Lemma 3.23 we bound (3.71) by
lya = vell + ollya — vells < 0*11Syall%- (3.73)
For (3.72) we use Lemma 3.30 to obtain the bound

Yo — yth%{ + oy, — ygh”%
< e inf [llyo — =nll7 + ollyo — zall%] (3.74)
zn€Kp

Hlya = yellir + 0*[1Syell7)- (3.75)

Now, for (3.74) we add and subtract y4, apply a triangle inequality and use (3.73) to
get

inf [llye — znl + ellyo — 2l13]

<2 inf [llya = znll7 + ellya = zl15] +2llyo = valltr + 20llyo = valls

<2 inf [||yd — 2|3 + ollya — ZhH%} +20°||SyallF-
zn€Kp,



3.2 State and control constraints 59

As by (3.73) we have that ||ys — v,||% < 0%[|Syall% it remains to bound ¢?||Sy,||% in
(3.75). Therefore, we use Lemma 3.25 in the case of state constraints, i.e., K = Kj,
to get

2
1Svollt < & (I1Syaller + 1Sg1) "
In the case of control constraints K = K. we use Lemma 3.29, to get
2
NSyollzr < co®(1Svallm + 1hallm) ™
This concludes the proof. O
As in the unconstrained setting, we might not be able to realize the operator S =

B*A7lB 1Y — Y* but only a computable counterpart S:Y — Y*, see Remark

3.13. Recall, the definition Sy := B*pyn, where py, € X C X is the unique solution
of

(Apyn; an)u = (By,qn)m  for all g, € Xj,. (3.76)
We consider the perturbed variational formulation to find g,, € K} such that
0(STons 2n = Gon) 11 + (ons 2n — Gon) 1t = (Yas 20 — Gon)ur for all 2, € Ky (3.77)

For each given y; € H the perturbed variational inequality (3.77) admits a unique
solution g,, € K; C H, due to the properties of S, see Lemma 3.14. Moreover,
we can give the following error estimates, as analogon to the unconstrained case in
Theorem 3.15.

THEOREM 3.32. Let yq € H and 0 € Kj. Then for the unique solution g,, € K, of
(3.77) there holds

1Gon = yallr < [yalla- (3.78)
Moreover, let yq € K such that Syq € H and let p,, € X be the unique solution of
(Apy, ) = (BYa, ¢)u, for all g € X.
and assume that for all z, € K}, the inverse inequality
Iznlly < erh™ [z,

holds. Then, in the case of state constraints K = K, we get
19 = wallr < ([0 6" + ) (1Syallir + 11Sgllir) + 170 inf by, — anllx

[ ve+1] inf [ollya— =l + llva — =4l3] ).
(3.79)
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Whereas, in the case of control constraints K = K., if the Assumptions 3.26 and
3.27 hold true, we get

[Gon — vall < C([h Y0* 2 + o) (IISyall + |[hellar) + h_lgqhig)f(h 1Pyy — anllx

3 . ) S (3.80)
+ [h e+ 1] g [ollva = =l + lva — =03 7).

Proof. Since z, = 0 € K}, is a valid test function in (3.77), the estimate (3.78) follows
the lines of the continuous setting of the proof of Lemma 3.23.

Let y,n, € K} denote the unique solution of the unperturbed variational inequality
(3.65) and note that testing (3.65) with y,, € K}, gives

(0SYoh + Yohs Yoh — Uoh) i < Y Yoh — Yoh) H
whereas testing (3.77) with y,, € K}, gives

(0STioh + Tohs Toh — Yohtt < (Yds Toh — Yot
Now, since S > 0 is positive semi-definite, it holds

Hyyh - ggh”?{ < Hth - ﬂgh”%] + Q<‘§(y9h - ggh)>?/gh - ?jgh>H
= <ygh + stgh - (ggh + nggh>7 Yoh — ggh>H
o((S = S)Yoh Yoh — Uon) 1

+< gh + QS?/gha y.gh ggh)H + <ggh + Qgggha ggh - ygh>H
< o((S = S)Yoh Yoh — Yoh) 1
+(Yd, Yoh — Yoh) it + (Yds Toh — Yon) 1

O)z

((

This is exactly the estimate (3.33) as in the unconstrained case and we can proceed
the estimate in the same way. We sketch the main steps. Using the assumed inverse
inequality, we can now derive the bound

S)ygln Yoh — ygh>H

e

Goh — Yonllm < CQhﬁalth - pyghhHX7
where p, , € X is the unique solution of
(APy,> )it = (BYon, ) for all g € X,

and p,,.n € Y}, solves (3.76) for y = y,n. Let p,,n € Y}, denote the unique solution of
(3.76) for y = y4. Then, using a triangle inequality, we can estimate

prgh _pyghhHX < prgh _pdeX + ”pyd _pythX + prdh _pyghhHX'
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We can estimate the terms as in the proof of Theorem 3.15 by

1Pyn — Pyallx < cllyon — walls  and  ||pyn — Pyurllx < cllyon — yalls

and from the Galerkin orthogonality, we can bound
||pyd - pythX S qhiél)f(h ||pyd - Qh”Xa
Using a triangle inequality we get

Gor — yaller < |Fon — Yonllzr + Yor — yall
< coh™ (lyon — walls + inf |Ipy, — anllx) + llven — Yallm
an€Xn

and with Theorem 3.31 (3.67)-(3.68) in the case of state constraints and (3.69)-(3.70)
in the case of control constraints we conclude the proof. O






4 MODEL PROBLEMS AND NUMERICAL ILLUSTRATION
OF THE OPTIMAL CONTROL FRAMEWORK

In this chapter we discuss various examples, where the framework of Chapter 3 is
applicable. Firstly, we consider a distributed optimal control problem subject to the
Poisson equation, for which the analysis on the continuous level leads to well-known
formulations and spaces. We discuss the energy regularization in the case where we
measure the control in H~'(Q), which in some sense turns out to be the natural
choice, and also in the case, where we want to measure the control in L?(Q), as con-
sidered, e.g., by Brenner in [17]. The regularization error estimates in both cases have
already been derived in [95] and fit perfectly to the abstract framework. Moreover,
we will discuss conforming discretizations and give a full stability and error analysis,
out of which we deduce the optimal choice of the regularization parameter o > 0
depending on the mesh size h and the regularity of the target. These dependencies
are of special interest in the design of solvers with optimal complexity [75, 76, 80].
Furthermore, we describe an adaptive finite element method and analyze the choice
of a mesh dependent regularization parameter, similar to [74], which is beneficial in
terms of stability, but still leads to quasi best approximation error estimates. The dis-
cussion of elliptic optimal control problems will be concluded by taking state and/or
control constraints into account. Numerical examples will support our theory.

While space time formulations for parabolic optimal control problems are well-studied
[10, 47, 77, 79| and the energy regularization fits into the abstract framework, see
[81], much less is known in the case of hyperbolic optimal control problems. To
show the full capacity of the abstract theory developed, in the last section we will
consider a distributed optimal control problem subject to the wave equation with
energy regularization. Using a space time setting developed in [111, 116], we redo the
analysis as in the elliptic case, including regularization error estimates, the optimal
choice of o > 0 and adaptive schemes, as well as state and control constraints.

4.1 An elliptic model problem

Let Q C R, d = 1,2, 3 be a bounded Lipschitz domain. Then we consider the optimal
control problem to reach a given desired state y; € L*(f2) as good as possible under

63
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bearable costs, by functions that fulfill the operator equation
—Ay=wuin Q, y =0 on 0. (4.1)
This is modeled, by finding the minimizer (y,,u,) € Y x U of

1 0
T (Yor1) = 5 lva = vallieey + Sl (42)

for some cost/regularization parameter o > 0. In the following, different choices for
the spaces Y and U are discussed. In Section 4.1.4 we will consider the variational
formulation for the operator equation (4.1), leading to the state being in Y = Hj (),
which seems to be the natural setting. Despite of the quiet common approach to
measure the control in L?(f2), to fit the abstract framework, we will see that we
rather need to consider U = H~1(2). This framework will turn out to be especially
useful when considering less regular targets y; € H§(2) for s € [0,1). We will then
derive a discretization and related error estimates, using the results from the abstract
setting. With the a posteriori error estimates we can formulate an adaptive scheme
and, observing that for u, € H'(2) we are able to understand the regularization
parameter as a diffusion coefficient in a reduced optimality system, it will be an easy
task to consider p = o(z) as a function. This will be used to derive an optimal choice
of the parameter for adaptive schemes and give related error estimates. In Section
4.1.3 we discuss the incorporation of state and control constraints. Moreover, in
Section 4.1.4 we will answer the question whether the energy regularization also covers
controls in U = L*(2). Indeed, it turns out that the setting is applicable also in this
case, but leads to higher regularity assumptions on the state. Related discretization
and error estimates follow out of the box, if we can guarantee conforming ansatz
spaces.

4.1.1 The energy regularization in H ()

Since the Laplace operator and its mapping properties are well-understood and more
commonly known, this section aims to be a starting point in the justification of
the abstract framework, derived in Chapter 3. We will redo some of the steps and
derivations already given in the abstract framework, to make the reader familiar with
the tools and approaches used. At some points we will also compare the concept of the
energy regularization with the more common approach for the L?(€) regularization,
to point out the differences. To start with, let us consider the operator equation (4.1)
in a variational sense, i.e., we want to find y € Y := H}(Q) such that

/ Vy-Vzdr = (u,z)q for all z € Hy(Q). (4.3)
Q

Note, that with this choice we already fix Y = H} (). The variational formulation
(4.3) admits a unique solution for all u € H~'(2), as the next lemma shows.
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LEMMA 4.1. The operator —A : H}(Q) — H () is an isomorphism. More pre-
cisely, for each w € H™1(Q) there exists exactly one y € H () solving (4.3) and

||y||§13(9) = ||Vy||i2(sz) = (-Ay,y)a = ||U||%1—1(Q)- (4.4)
Proof. The operator B = —A : H}(Q) — H1(Q) defined as

(By, z)q = / Vy-Vzdr forall y,z € Hi(Q),
Q

is self-adjoint by definition. Since [|y[|g1(q) = [Vyl[12(q), we immediately get bound-
edness and H¢ (Q)-ellipticity with ¢ = cf =1, i.e., for all y, 2 € H} (Q)

(By,y)a = Hyﬁ{g(g) and (By, z)a < ||CUHH3(Q)HZ||H3(Q)-

By the Lemma of Lax-Milgram (Theorem 2.3), for u € H~*({) there exists a unique
solution y € H() of (4.3). This shows the property of being an isomorphism.
Further, we compute that

_ (u,z)o (By, 2)a
|ull -1 = sup ————= sUup T
0#£2€H () HZHH(}(Q) 0£2€HE () HZHHOI(Q)
JoVy-Vzdx
= sup  H_————— < 9l 22 )

0#£2€HE(Q) ||VZHL2(Q)

and vice versa

19113 @) = (By,v)a = (w,9)a < lulla-1@) |yl m o

showing [yl g1 () = l|ullz-10, which gives the desired equality of norms. O
With [[uella-12) = Yellzi) = [IVYellL2) the reduced cost functional now be-
comes

7 1 2 4 2

T o) = 3llve ~ wallaey + LIV (4.5

and the mimizer y, € H}(Q2) has to fulfill the gradient equation
o(Vy,, V2>L2(Q) + (Yp — Ya, Z>L2(Q) =0 forall z ¢ Hé(Q), (4.6)

for given y4 € L*(Q), which is the weak formulation of the Dirichlet boundary value
problem

—0AY, + Y, =yain Q and vy, =0 on 0. (4.7)
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Before we proceed analyzing (4.6), we want to give a different derivation, which
involves the dual problem and will be useful to compare the approach to the common
L2-regularization. Instead of the reduced cost functional (4.5), we can use that
B : Hi () — H () is an isomorphism and substitute y, = B~'u,. Together with
the norm representation (4.4) this gives

~ 1 _ 0
G ) = 218ty — yallzoy + sl e (4.9
1 _ 0 —
— §<B 1ug — Yd, B 1ug — yd>L2(Q) + §(ug, B 1U,g>§27 (4.9)

for which the minimizer u, € H!(Q) fulfills the gradient equation
(B*) " (B 'u, — ya) + 0B 'u, =0 in Hy(Q).
Introducing p, € Hj () as solution of the dual problem
B*p, = B 'u, —ys in H (),
which is by the self-adjointness B = B* nothing but
—Ap, =Y, —yain Q@ and p,=0on 09,

we get the gradient equation

po+ 0B lu, =0 in H)(Q),
and we end up with the optimality system

_Ayg = Uy, _Apg = Yo — Ya, Do + 0Yo = 0 n Q,

4.10
Yo =0, Po =0, on 0, ( )

consisting of the forward equation, the adjoint/backward equation and the gradient
equation. Using the forward equation we can eliminate the control u, = —Ay, and
derive the variational formulation, testing the backward and the gradient equation
with ¢, z € H} (), respectively, and applying integration by parts, which then reads:
find (y,,p,) € H3(Q) x Hy(Q2) such that

o ! / Vp, - Vgdx +/ Vy,-Vgdx =0, for all ¢ € H} (),
@ “ (4.11)
— / Vp, - Vzdz +/ Yoz dx —/ Yqz dx, for all z € H} ().
Q Q Q
Moreover, we can eliminate the adjoint variable p, = —py,, to conclude

—0AY, = Apy = Yq — Yo,

which is (4.7) again.
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REMARK 4.2 (L?-regularization). Instead of measuring the control in H=1(Q), it is
common to consider the cost functional

1 0
0y %) = SllYd — Yo %2(9) 5 llte %Q(Q)v
L(Yo: o) = 5 l1Ya = el + 5 Il

which implies that we assume u, € L*(2). Of course, the variational formulation
(4.3) admits a unique solution y € HJ(Q) also in this case, as L*(2) C H Q).
Thus, we can define the solution operator S : L*(Q) — H}(Q) by Su =y € Hj(Q)
for w € L*(Q) and, as before, we can consider the reduced cost functional

. 1 2 Y 2

Ty) = 5150, — vallioey + Sl
for which the minimizer is characterized as solution of the gradient equation

S*(Su, — yq) + ou, =0 in L*(£),
where 8* is the formally L?*-adjoint of S, defined as
(S*y,wre() = (Y. Su)re(q) forally € Hy(Q), u e L*(Q).

Let us introduce p, = S*(Su, — ya) and assume that p, € Hy(Y), then it is the
solution of the adjoint problem

—Ap, =Yy, —ya in Q2 p, =0 on 0,

and we end up with the optimality system

—AyQ:u97 _ApQ:yQ_yd’ pQ+QuQ:0 Zn Q’ (4 12)
Y, =0, P, =0 on 9. '
Eliminiating the control u, = —Ay,, we now get that p, — oAy, = 0 and we can
phrase the variational formulation: find (y,,p,) € Hy(Q) x H(Q) such that
ot / Doq dx +/ Vy, - Vqgdx =0 for all ¢ € HY(Q),
@ “ (4.13)
— / Vp, - Vzdz +/ Yoz dx :/ yazdr,  for all z € Hy ().
Q Q Q
Moreover, we can eliminate the adjoint variable p, = —ou, = 0Ay, to conclude

oAy, = Apy = ya — Y,
and therefore

oD%yt Yo =ya in QY= Ay, =0 on O (4.14)
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Compared to (4.7) using the common L*-regularization leads to a fourth order PDE,
as was already considered in [95]. Moreover, considering the optimality system (4.12),
note that

u, = —0 'p, € Hy(Q),

imposing probably unpleasant, additional boundary conditions on the control, which
might even affect the numerical solution of (4.13). In Section 4.1.4 we will show that
using the abstract framework, we can give a formulation that guarantees u, € L*(Q),
without adding additional regularity or boundary conditions to the control.

So far, we did the derivation of the optimality system and their variational formula-
tion step by step to show the techniques and tools needed. Now, we cast (4.1)-(4.2)
into the framework of Chapter 3, to show the applicability of the abstract framework
and, subsequently, use the theoretical results concerning the regularization error es-
timates, the discretization and the reconstruction of the control. Since the opera-
tor constraint (4.1) is given by the Poisson equation and we have by Lemma 4.1
that B := —A : H}(Q2) — H~Y(Q) is an isomorphism, it fulfills Assumption (B1)-
(B3). Moreover, B is self-adjoint, bounded and H{(f2)-elliptic and we can choose
A=B=-A:H}Q) — H'(Q), which then satisfies the Assumptions (A1)-(A3).
Thus, with the choice

X=Y=HQCH=L*QCH'Q)=X"=Y* and A=B:Y =YY"

we can apply the theory from Chapter 3. We start, noting that S = B*A™!B = A =
—A : HY{Q) - H1(Q), by (3.11) the minimizer y, € Hg(Q) of (4.5) is uniquely
determined as the solution of

o(—Ayo, 2)0 + (Yo, 2) 12(0) = (Ya, 2) forall v e Hé(Q),

which is exactly (4.6). Using that [[v]s = [|[Vv|12) = [|v]|lmi ), by Lemma 3.5,
Lemma 3.6 and Coroallary 3.7 we get the stability and regularization error esti-
mates.

LEMMA 4.3. Let yq € L*(Q) be given. For the unique solution y, € H} () of (4.6)
there holds

1Yo = yallr20) < llyall 2@, (4.15)

as well as

1 1
1ollz) < lwallzey:  Yollma) < —=¥allz), 1AVl 22(0) < EH?JdHL?(Q)-

e
(4.16)
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Further, if yq € H3(Q), then

1Yo = Yall2) < Vellvallmie)  and 1Yo = Yallmy@) < 1yallmo)- (4.17)

Moreover, it holds

1Yellmace) < lyallmyy  and ([ Ay, 20 <—HdeH1 (4.18)

NG
At last, if yg € HL(Q) such that Ayy € L*(Q) it holds

1Yo — Yallz2) < ollAyallzz)  and  |lye — Yallmi) < VollAvallzz@),  (4.19)

and, in this case we also have

1Ayl z2(2) < [[Ayallz2(0)- (4.20)
Using a space interpolation argument, we can now state the main stability and reg-
ularization error estimates, which coincide with [95, Theorem 3.2].

THEOREM 4.4. Let yq € H3(Q) for s € [0,1] or yqs € Hy () N H(Q) for s € (1,2].
Then,

s/2

llyo — yd||L2 < 0 ||yal ms() forse [0, 2], (4.21)

and

(s—1)/2

1Yo — vall ap ) < co

Moreover, if Q0 is convex or the boundary of OS2 is C?, it holds that

) fors €10,2]. (4.23)

Yol o) <

Proof. To show (4.21) consider the linear mapping T'yq := y, — y4. By (4.15) and
(4.19) it holds that

ITyall2) < lyalle), for all yg € L*(9),
ITyallrzy < Vellvallmye < Vellyallm ), for all ys € Hy (),
”TdeLQ(Q) S QHAyd”LQ < QHdeHQ () fOI' all Yd € Hé(Q) N Hz(Q),
ie, T : X — L*(Q) is bounded for X € {L*(Q), H}(Q), H}(Q) N H*(Q)}. Using

Theorem 2.14 we deduce that T : H3(Q2) — L?(Q) is bounded for all s € [0, 1] and
T: HYNQ)N H*(Q) — L*() is bounded for all s € (1,2] and

s/2

190 = vallz2) = 1 TYall2c) < co® Nyl @)
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The estimate (4.22) follows analogously defining 7' : X — HJ () and using (4.17)
and (4.19). For (4.23) first note if € is convex or 92 is C?, we have that

> Dyl 2 < cllAyllzao) (4.24)

|af=2

for all y € HA(Q) := {y € H}(Q) : Ay € L*(Q)}, see, e.g., [30, 40, 59]. Obviously, it
holds that

1Ayllz2) < NYllma)  for all y € Hy(Q) N H(Q).
Using (4.24) and the Poincare inequality we can estimate

191l 20y < eyl o) + [1AYlz2@)-

Further, integrating by parts, gives for y € HA(Q), that
1yl ) = /QVy Vydr = (=Ay, y)a < [|Ayll2) [yl 2) < crlAYlllYll o)
and therefore ||yl g1 ) < cl|Ay|lL2(0). Altogether, we see that
1AY[lz20) < IYlla2i) < cllAyllra@) and  HA(Q) = Hy () N H*(Q).

Now consider the linear mapping Ty = v,. By (4.16), (4.18) and (4.20) we have
that

ITyalliz) = IWellz@ < lyallz)  for all ya € L*(€2),
ITyal @) = lvellm@ < cllyellaye) < clyallme)  for all ya € Hy(9),
1Tyl @) = lvellnze) < cllAypllzi) < cllyallze)  for all ys € Ho(Q) N H*(Q).

Thus, T : X — X is bounded for X € {L*(Q), Hy(2), Hy(2) N H*(Q)} and by
Theorem 2.14 T : HZ(2) — HE(Q) is bounded for all s € [O 1) and T : H}(Q) N
H*(Q) — H}(Q) N H*(Q) is bounded for s € (1,2] and

el = ITyall ey < ellyall o) O

Discretization

In the following we discuss the discretization and give discretization error estimates.
We assume that Q C R?, d = 1, 2, 3, is a bounded and convex Lipschitz domain, which
is polygonally (d = 2) or polyhedrally (d = 3) bounded. For the discretization we
consider the space S}(T) of globally continuous, piecewise linear functions defined
on a admissible and shape regular decomposition 7, = {7}_,. As a conforming
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ansatz space, we use Yj, = S} (7,) N HJ (). Then the discrete variational formulation
of (4.6) is to find y,, € Y}, such that

Q(Vygh, VZh)LZ(Q) + <y9h, Zh>L2(Q) = (yd, Zh>L2(Q) for all Zp € Yh. (4.25)

This is exaclty (3.21), and we get unique solvability by Lemma 3.10 and best ap-
proximation error estimates by Theorem 3.11.

THEOREM 4.5. Let yg € L*(Q). For the unique solution y,, € Yy, of (4.25) there
holds

19on — vallz2) < lvallz2)- (4.26)

If additionally, y, € Hg(2), we have

. 1/2
19on = yall oy < e(Vellyallmyey + it [ollya = zul ) + e = 20lz2@)] )
(4.27)

and

. 1/2
Vellyon = vallmyey < e(Vellyallye + inf [ollya = 2l + lva = 20lZ2@)] )-
(4.28)

Moreover, if yg € Hy(Q) and Ayg € L*(Q2) we have the error estimates

1/2
[ollya = znll7 () + 1va — 21l Z2)] )
(4.29)

1Yor — vallz2(e) < c(0|Ayallr2¢) + inf
Zh€Yy

and

. 1/2
Vollyon = vallmy ) < c(oll Ayall 2) + Zifellf/h lollya — Zh||fqol(9) + lya — 2nll72)] )
(4.30)

Using these results and the best approximation properties we can now derive the
optimal choice of the regularization parameter p > 0 and error estimates in broken
Sobolev spaces.

THEOREM 4.6. Let yq € H§(Q) for s € [0,1] or yq € Hy(2) N H(Q) for s € (1,2].
If o = h2, then

|Yor — YallL2() < ch®||yallasy for all s € [0, 2] (4.31)

and

1yer — vallmy) < b Hyall ey for all s € [1,2]. (4.32)
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Proof. Firstly, for y; € L?(Q2) (4.26) gives

1Yon — vall2@) < llvall2)-

Using the best approximation estimates of Y}, see Theorem 2.28, we get for y4 €
H}(Q) that

) 1/2
inf [P2Mlya = znll7 o) + lva — 2nllz2@)] " < chllyall mo),

2n
while for y, € H}(Q2) N H*(Q) we get
"

. 2
inf [hlya — Zh”?r{g(g) + llya — ZhH%Q(Q) < ch?||yall sz

zZn €Y

With ¢ = h? the estimate (4.27) now becomes

Yor = vallz2(0) < (Vo + Byl @) = chllyal mi),

and, analogously, (4.29) can be bounded by

yon — Yallz20) < clo + W?)||[yall m) = ch®||yall ().

Therefore, the operator T : X — L*(Q) defined as Tyy = yn — yaq is bounded for
X € {L*(Q), H}(Q), Hi(Q) N H*(Q)} and by Theorem 2.14, T : H(Q) — L*(Q) is
bounded for all s € [0,1] and T : H}(Q)NH*(Q2) — L*() is bounded for all s € (1, 2]
with

Hygh - deLZ(Q) = HT?JdHLQ(Q) < ch®[|ydl Hs ()5

which is (4.31). The estimate (4.32) follows analogously, using the estimates (4.28)
and (4.30), 0 = h? and the space interpolation argument. We skip the details. O

The next Lemma states the convergence rates for the cost functional, depending on
the regularity of the target y; € H(2), s € [0, 1].

LEMMA 4.7. Let y, € H§(2) for s € [0,1] and let y,n, € Y}, be the unique solution of
(4.25). Let Ty, be locally quasi-uniform and choose o = h?, then

1 0 s
T (Yon) = §|Iy9h - yd”%?(ﬂ) + §||Vygh||%2(9) < ch? [yal

Fo@)- (4.33)
Proof. Let y; € L*(Q2). Then by (4.31) it holds

|Yon — Z/dHL?(Q) < Hyd||L2(Q)-
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Testing (4.25) with z, = y,, € Y5, we obtain

olVYarllZ2 i) + 1Wenllizi) = Wa ven) 2@ < lallr2 @ lWenll2@),

from which we immediately conclude

1
lYorllz2) < llyallzz@)  and  [[Vygllr2@) < —QHdeLQ(Q)-

Vo

Thus, we get
1 2 4 2
T (Yon) = §||?Jgh — Yallz2(0) + §||V?Jgh||L2(Q)

1 2 ol 2
< §||yd||L2(Q) + §E||?Jd\|L2(Q)

= yall20)- (4.34)
Now, let yq € H}(2). Then by (4.31) we have

1Yon — Yallz2) < chllyallmo)-
Further, let @, : L*(2) — Y}, denote the L?-projection, defined as

<Qhu, Zh>L2(Q) = <U, Zh>L2(Q) for all z;, € Y3,

Then we compute by (4.25)

Q||Vygh||%2(sz) = (Ya— ygh,ygh>L2(Q) = (Qn(ya — ygh>7ygh>L2(Q)
—|Qn(ya — ygh)Hiz(m + (Qn(Ya — Yon), Ya) L2 ()
(Ya — Yoh, QnYa) 2(0)

o(VYoh, VQrYa) 12(0)
olIVyonllz2 ) |Qnyal (5

IN

IN

where we used that @), is self-adjoint. By the local quasi-uniformity of the trian-
gulation 7, we know that the L2-projection is H'-stable, see [16, 21|, and we get
|Qryallmr)y < ¢ ||yall o) from which we conclude

IVYorll2) < cllyall mr @)

Thus, for the cost functional we have, using o = h?, that

~ 1 0
I Yon) = §||yd - thH%Q(Q) + §||Vygh||%2(n)
1 0
< §Ch2||yd“?{1(g) + §CHde§{1(Q)
< ch?|lyallzn - (4.35)

Interpolating (4.34) and (4.35), see Theorem 2.14, we get
T Yon) < ch™lyalltr()s s € 0,1]. O
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REMARK 4.8. We showed optimal orders of convergence in (4.33) for y, € H*(),
only for s € [0,1] and for the choice o0 = h?, where the best rate possible is

T (en) < W\lyalliney — if va € Ho(€2). (4.36)
Now, consider yq € H}(Q) N H*(Q) for s € (1,2]. By Theorem 4.5 (4.29) we have
1Yon — vall 72y < c(® + 0h® + h*)lyallirz o
and we can bound
IVyenllr2@) < cllyallme) < cllyallnzo
as in the preceeding proof. For the cost functional we then get,
T Wan) < c(0® + oh® + h* + 0) [yall32 e -

This reveals that also in the case of targets of higher regularity, we will only see a
quadratic rate of convergence when choosing o = h?. Thus, the energy requlariza-
tion in H™1(Q) is well suited for targets that are less reqular, e.g. discontinuous
targets, while for more reqular targets one should consider the control in L?, as will
be discussed in Section 4.1.4.

Numerical results

The finite elements space Y}, = S} (7,)NH}(Q) is spanned by piecewise linear, globally
continuous functions {¢}} . Therefore, for all z;, € Y}, the representation

M
zp(x) = Z zpon(),  with 2, = 2, (a)
k=1

holds true, which defines the finite element isomorphism Y; 3 z, < z, € RM,

where z[k] = 2, k = 1,..., M. The discrete variational formulation (4.25) is then
equivalent to the linear system of equations
(0Kn + Mp)Y o = Yans (4.37)

where the stiffness matrix and the mass matrix are given as

Kyli, j] = / Vgajl-(a:)-Vgpl-l(x) de and Myli,j| = / cp]l(x)gozl(x) de, i,7=1,...,M
Q Q
and the load vector has the entries

ydh[i]:/gyd(x)gog(x)dx, i=1,..., M.
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REMARK 4.9. The discretization of the L*-regqularization (4.13) is equivalent to the
linear system of equations

M, K
(Q L h) (pgh> _ (0h> ' (4.38)
K, M) \Y,n Yan
A thorough analysis including the derivation of reqularization and finite element error
estimates in this case is gwen in [76]. A different derivation is given in Section
4.1.4. We will not repeat the analysis at this point, but we will compare the current

approach to this method. It is important to note, that for y, € H§(Y), s € [0,1] or
ya € Hy () N H(Q), s € (1,2] the error estimate

”ygh - yd”H(Q) < chSHydI H5(Q)

holds, for the choice o = h*.

To show the sharpness of the theoretical results, we consider three targets of different
regularity defined on the unit square in Q = (0,1)*> C R*. First, we consider y4, €
C?(Q) N HY(Q) defined as

1(6y — 3z — 2)3(3z — 6y)*sin(rz), =z <2y and 6y — 3z < 2,

4.39
0, else. ( )

yd71(l’, y) = {

As a second example we consider a piecewise bilinear function y;2 € H 32=5(Q) N

Hi(Q), € > 0, defined as

1, x = 0.45,
Yaz(z,y) = o(x)o(y), ¢(z) =10, x &10.2,0.6], (4.40)

linear, else.
And finally, a discontinuous target yq3 € HS/ >75(Q), £ > 0, defined as

1, (z,y) €(0.25,0.75)* C Q,

4.41
0, else. ( )

yd73(l‘7 y) = {

The targets are depicted in Figure 4.1.

The convergence rates for a uniform refinement are computed for an initial triangu-
lation with N = 128 elements and M = 49 degrees of freedom (DoFs), see Figure 4.3,
for all three targets for both, the energy regularization in H1(Q) solving (4.37) and
the common L?-regularization solving (4.38). Firstly, for a fixed parameter ¢ > 0,
we clearly see optimal convergence rates at first, which break down when h = p'/?
in the case of the energy regularization and h = ¢/* in the case of the common
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a) Ya,1 b) ya2 C) Yd,3

Figure 4.1: Target functions y,,, ¢ = 1,2, 3.

a) Yoh,1 b) Yoh,2
Energy regularization (4.37) with o = h?

d) Yoh,1 e) Yoh,2 f) Yoh,3
Common L2-regularization (4.38) with ¢ = h*

Figure 4.2: Reconstructed target functions y,p,, ¢ = 1,2,3, on a mesh with N =
32768 elements and M = 16129 DoFs.
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L2-regularization, but independent of the regularity of the target. This is in total
agreement with our theory, as the estimates in Theorem 4.5 show best approximation
properties until the constant term dominates the error. Secondly, Figure 4.3 shows
the convergence for the optimal choice ¢ = h? for the energy regularization and
o = h* for the common L?-regularization. We see optimal convergence for all three
targets, again supporting the theoretical error estimates in Theorem 4.6. Although,
the convergence rates indicate a similar behavior of the reconstructed targets, Figure
4.2 reveals a qualitatively different behavior in the case of the discontinuous target.
While for the common L?-regularization one observes oscillations around the jump,
the energy regularization gives sharp results. In Figure 4.4 the convergence of the
cost functional is plotted for a fixed parameter o = 10~® and the optimal choice
o = h?. We clearly see, that for a fixed parameter the convergence is optimal up to
the point where h* ~ p, while for o = h? we only see the optimal rate for the target
yaz € H 1/ 27¢(Q) and a quadratic rate for the other two targets, which supports the
results in Remark 4.8.

Reconstruction of the control

In order to compute a discrete reconstruction of the control u, € H'(Q2) we have
two different options. Firstly, we can choose U, = Y}, C H () as a conforming
trial space spanned by the piecewise linear, globally continuous functions {gp,llz}f\iﬁ

Then, for the unique solution y,, € Y}, of (4.25) we compute u,, € Y} by solving
(Uoh, Vn)r2() = (VYoh, V) 12(0) for all vy, € V). (4.42)
Using the fe-isomorphism this is equivalent to the linear system of equations
Mpug, = Kpy (4.43)

with mass and stiffness matrices as in (4.37). In this case u,, € Y} is the discrete
Riesz representant of —Ay,, € H 1(Q2). For a target y, € H*(Q) N Hy(Q), s € [1,2],
using a Strang Lemma argument, we can derive the error estimate

U — tgnllzr-1(0) < ch®[lyallms (o, s € [1,2].

The results are depicted in Figure 4.5. However, u,;, € Y} enforces homogeneous
Dirichlet boundary conditions and, for discontinuous controls u, € H'(Q), this
approach seems not suitable, as uy, € Y, C C(£2) is continuous. Hence, we follow
the ideas of Section 3.1.3 to give a more rigorous approach. Therefore, we choose
Ug = S%(Ty) € H1(Q) as conforming subspace, spanned by the piecewise constant
functions {go(}{’ﬁ}évz . where we assume that the decompositions T and 7y, are nested,
ie., S%(Ty) C SY(Tr). Then we need to solve (3.41), which in this case reads: find
(Phy Upr) € Yy x Up such that

(VDn, Van) 2@y + (Wor, @n) 12(0) = (VYoh, Van) 12(@),  (Va:Dn)r2) =0,  (4.44)
for all (gn,vy) € Y, x Uy. Transferring Theorem 3.20 we get the following.
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Figure 4.3: Convergence for the three different target functions yq;, 7 = 1,2, 3 for
the energy regularization in H~*(Q) solving (4.37) and the common L?
regularization solving (4.38) for different choices of o > 0.
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Figure 4.4: Convergence of the cost functional J.

THEOREM 4.10. Let the discrete inf-sup stability condition

v )
csllvallm-1@) < sup (on, ) 12(@) for all vy € Uy (4.45)

ozamnevi IVanll2()
hold true, for some cg > 0. Then the discrete variational formulation (4.44) admits
a unique solution (Pn,u,m) € Yy, X Uy. Further, denote by u, = —Ay, € H1(Q),
where y, € H}(Q) denotes the unique solution of (4.6). If yqg € H}(Q) N H*(Q) for
s € [1,2] and o = h?, then

Hs(9)- (4.46)

Proof. Unique solvability follows directly from Theorem 3.20, and we also get the
best approximation error estimate

g — ton || 1) < cH*™ ||yl

o = worill-soy < e nf llug = villi-s@ + IV (yor = vo)lliz@).  (447)

Firstly, note that subtracting (4.25) from (4.6) we conclude Galerkin orthogonality
and we get Cea’s Lemma, i.e.,

ol V(y, — ygh)||%2(9) + [y, — ygh||i2(9)
< inf (ol V(o — 203 + lve — 2alaca)

ZhEYy
For y, € H}(2), we can therefore estimate, using (4.4) and (4.18),
lup = wprllm-1(2) < e(lluellm-1@) + 1 Vyollza@) < clyellage < cllvallme). (448

)
Now, consider y, € H} (Q)NH?(Q2). Then by (4.20), we have that u, = —Ay, € L*(Q).
In order to estimate the first term in (4.47) denote by QY% : L*(Q) — Uy the L*-
projection defined as

<Q(I)—IU7UH>L2(Q) = <U>UH>L2(Q) for all Vg € UH
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Using the Galerkin orthogonality, i.c., (u, — QY u,, Vi) 12(0) = 0 for all vy € Uy, and
the best approximation property (Theorem 2.35) we can estimate

<ug - Q(I){ugv Z>L2(Q)

HUQ - QOHUQHH*(Q) = Oyézselgzl(ﬂ) ||VZ||L2(Q)
_ sup (up — Q(I]{ugv 2= Q%Z>L2(Q)
0#£z€HL(Q) HVZHLQ(Q)
< swp [up — @yl 2|12 — @yl r2(@)
0#£2€HL(Q) ||VZ||L2(Q)
< swp [uollz2(0)cH ([ V2] 20
0£2€HE () V2|2 Q)

= CH”%HL?(Q) = CHHAZJQHL?(Q) < CHHZ/dHH?(Q)~

The second term in (4.47) can be estimated, using ¢ = h? and the best approximation
error estimates, by

IV (Yo = Yon)ll2) < chllyollz2) < chllyall a2,
and overall (4.47) admits the estimate
ug — von || -1(0) < cH ||yallm2(o)- (4.49)
Thus, interpolating (4.48) and (4.49), we conclude
o — wonll 1) < cH* Myallm=(ey
for all s € [1,2]. a

REMARK 4.11. The convergence estiamte (4.46) only holds when considering the tar-
get yqg € Hy(Q) N H(Q) for s € [1,2]. In order to have convergence rates also for
less reqular targets, one can derive error estimates in H %(Q)), as was done in [50].

By the fe-isomorphism the variational formulation (4.44) is equivalent to the system

of linear equations
Ky, Mh Py Khygh
. = , 4.50
<MhT 0 ) (U-QH On ( )

with stiffness matrix K as above and mass matrix
Mh[z7€] = <S0(I)'{,€7 90}1171’>L2(Q)’ 1= 17 s 7Mha (= 17 s 7NH-

In order to fulfill the discrete inf-sup stability (4.45) we choose h = H/4, i.e., Tj is
twice uniformly refined with respect to 7. The reconstructed controls are depicted
in Figure 4.5.
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Figure 4.5: Reconstructed controls on a mesh with N = 32768 elements and M =
16129 DoFs.

4.1.2 Adaptive refinement

Our main goal in this section is to reconstruct a given desired state yg € L*(Q) by
the computed state y,, € Y}, as solution of the energy regularization (4.25) with only
as much effort as needed. Noting, that when measuring the distance ||yg — Y,n||r2(0),
all parameters are known, we can easily compute the local error on each element,
by

e = |Yon — Yallr2(rp), €=1,...,N.

The global error then fulfills

|Yon — yd||%2(9) = Zﬁzg
=1

and we can use 1y, £ = 1,..., N as error indicator. An adaptive refinement scheme
will then refine all elements 7, € T, that are marked by

ne >0 max_ 1, for some 6 > 0.
i=1,...,
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This idea dates back to Dorfler [34] and we will refer to it as Dorfler marking. Recall,
that the optimal choice for the regularization parameter for the energy regularization
is o = h? for a uniform mesh. In general, when applying an adaptive refinement
scheme, the resulting meshes will get heavily non-uniform, leading to the question,
which choice of the regularization parameter is appropriate in this situation. In
Figure 4.3 we saw, when choosing a fixed parameter p > 0 we have optimal orders of
convergence, whenever h > ¢'/2. Thus, we might always choose o = h2,, . Although,
if some elements are not refined at all, this choice is a vast overestimation. Especially,
for discontinuous targets y; € H§(2) with 0 < s < 1, it is of highest interest to keep
the regularization parameter as large as possible, as in this case the problem does not
admit a solution y, € Hj () without regularization. In the following, we will redo
the error analysis of the discrete setting, under the assumption that o = p(z) is a
function that fulfills 0 < ¢ < o(x) < 9 < co. We will show, that the choice o(z) = h?
for z € 7, is an appropriate choice, to regain optimal orders of convergence, as stated
for the uniform refinement in the last section.

Instead of the variational formulation (4.6), for a constant parameter o > 0 we will
now consider: for given y; € L*(Q) find y, € H}(Q2) such that

/QQ(x)VyQ(:U) -Vz(x)dr + /ng(m)z(x) dx = /de(x)z(x) dx for all z € Hy(Q).
(4.51)

Note, that this corresponds to the variational formulation of the diffusion equation
—div(e(x)Vy,(z)) + yp(x) = ya(x), 2 € @ and y,(x) =0, for z € 09, (4.52)

with diffusion coefficient p(x) which is uniformly bounded from above and below.
Hence, unique solvability follows by standard arguments, as for a constant coefficient.
To derive error estimates, we will first give regularization error estimates.

LEMMA 4.12. Let y4 € L*(Q) and let y, € H}(Q) be the unique solution of (4.51).
Then

1Yo — vallz2@) < [lyallz2()- (4.53)

Further, if yq € H(Q), then

1o — vallZa0y < / 0(2)|Vyala)P da (4.54)
and

/S]Q(x)lv(yg(x)—yd(ﬂf))ﬁdfcS/QQ(SC)\Vyd(JJ)\zdx- (4.55)
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Proof. Testing (4.51) with z =y, € Hj(f2), we obtain
/ o(2) [ Vyp(z) Pdr = / (al®) — vo(2))yo ) da
Q Q
- / (al) — 10(2)) (@) — o))
4 / ) (ya(z) — o)) da

Reordering gives

la — w220y + / 0(2) [V )| i = / @) () — yo(x)) d

from which we deduce (4.53) when applying the Cauchy—Schwarz inequality. If y,; €
H3 (), we can choose z = y4 — y, in (4.51) and compute

e — vellZaey = / 0(2) Vyo(2) - ¥ (yale) — yo(z)) de
- / o)V (ya() — o) da
n / 0(2) V) - ¥ (yal) — v(x)) d,

from which by reordering we conclude that

la = Vol + / o(@)V (yalx) — yo(e)) P da

\/ | et de\/ [ eI ute) - o)

This gives (4.55) and (4.54) and concludes the proof. O

Let us now turn to the discretization and give discretization error estimates, as for

the uniform case. For given y; € L?*(€2), the discrete variational formulation is to
find y,n, € Yy, = SL(Tn) N Hy(Q) such that

/QQ(:B)Vth(x) -V (x) dz +/

Yo (z) 2p () do = / ya(x)zp(x)dx  for all z, € Y.
0 e

(4.56)

Again, unique solvability follows as in the uniform case, as g(x) is bounded uniformly
and the Lemma of Lax-Milgram applies. When subtracting (4.51) from (4.56) we
see that the Galerkin orthogonality

| 6@V () = wile) - Tn(aydo + [ (o) = wolo)on(a)do = 0

Q
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holds for all z, € Y}, from which we immediately conclude Cea’s Lemma, i.e.,
/Q@(w)\v(ygh(x) — Yo(2))[* dz + /Q Yo () — yo(@)|* da
< inf [/ o(2) |V (zn(z) — y,(2))|* dx —|—/ |21 (2) — y,(z)|? da |(4.57)
Q Q

ZhEYy

Using the estimates we derived up to this point, we can now state the convergence
properties for the adaptive refinement.

THEOREM 4.13. Let yq € L*(Q) and let y,n, € Yy be the unique solution of (4.56).
Then

|Yor — yallz2(0) < |lyallz2@)- (4.58)

Moreover, let Ty, be a locally quasi-uniform triangulation and let y; € HY(Q). If
o(x) =h? for t =1,..., N it holds

N
|Yon — fl/d”%%m < CZ h?HVdel%Il(m)- (4.59)
=1

Proof. The estimate (4.58) follows as in the continuous setting in Lemma 4.12, testing
(4.56) with z, = y,. Now let ys € H}(Q) for all £ = 1,..., N. Using a triangle
inequality and Holders inequality, we compute that

1Yo = Yallz2 @) < 2(ven — Yellz2i0) + lve — vallZ2))- (4.60)
For the second term we use the estimate (4.54) to conclude

N
e — valaiey < / o) | Vya(w)P dz = 3 B2 / Vyalo)|? da.
/=1 4

T

For the first term we apply (4.57) to get

yen = Yellizi) < inf {/Qg(x)lv(zh(x)—yg(m))IQdﬂﬁL/leh(w)—yg(x)IQdfC :

ZhEYy

Choosing z;, = IT} y4 as the Scott-Zhang quasi-interpolation operator, for which
ot = Tl <l [ V)P o
wp

and
19 0 = o) oy < | [Vao)] d

We
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holds, where @y := {Jy;_,

=1,...,N: 775

with (4.54),

Te

/ Maya(z) — () de

IN

20\ Tya — Yall 72z + 2llya —

gy Tj» see Remark 2.34 and [103], we get, together

yQH%Q(Tg)

QCh?/ |Vyd(m)|2dx+2||yd—yg||iz(m'
we

In the same fashion, using g(z) = h? on 74, we compute

Te

[ @IV tt) -

Yo(2))|” dz

Qh?”V(Hh?/d - yd)H%%n])

2 / 0(2)| ¥ (a(w) — ()

e

2Ch?/ | Vya(z)|? dz
we

2 / 0(2) [V (yalx) — yo(x)) P da

Te

Thus, using (4.54) and (4.55), we can bound

”y@h -

=1

IN
@)
izmz

o~
Il
—

Il
o

IA
—~ A~ =~
WE

~
I
—

IA
(@)
NE

T
X

Yoll 2LQ(Q)

M

N

[ [ et -
+/T \zh(a:)—yg(:c)\2das]

<3| @) - P+ [ o) - g ]

12 / Vyala)?
L wy

h?/ |Vyd(93)|2dx
L wy

< inf
ZhEYy

2 [ (Vo) da
L wpe _

W IVyallZ2 ()

+/ng|v<ygx>—

I

>

N

/=

1

Yo(x))|* dz

yale) o+ ly, — yallt2(o))

()9 (3
o()| Vya(a)|* dr

12 [ 9as] )
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Altogether, using the local quasi-uniformity, we can bound

1Yo = Yall 22y < 20Yon — YollZ2() + 2lve — vallZ2()

N N
< o D IVl + D IVl
/=1 {=1

Y (o0 X0 [ 19 de+ 302 [ 190 ae)

=1 T Cwp Tk Tk

N
< >n [ Vuta)f e,
(=1 ¢

T

IN

where ¢z, denotes the local quasi uniformity constant, i.e., hZ < cphi for all 74, € wy,
¢=1,...,N. O

REMARK 4.14. Note, that in contrast to the case of constant o > 0, we only derived
error estimates, when the regularity of yq € H§(QY) for s = 0,1. A higher order of
convergence could be analyzed, when considering more reqularity on o(x) and applying
integration by parts. A rigorous analysis and the optimal choice for more reqular o(x)
depending on the discretization is still open.

REMARK 4.15. In the case of constant o > 0 we applied a space interpolation ar-
gument, to derive convergence rates for yq € H3(Q), s € [0,1]. This is not directly
applicable here, as (4.59) involves a sum and not a constant to be interpolated. One
option to resolve this issue, is to consider the bound

N
lyen — vall T2y < ¢ hellVyallig, < Nl Yl 71 0 (4.61)
=1

which we can interpolate with (4.58). But since oy, does not necessarly tend to zero
in an adaptive refinement routine, this does not give a meaningful result. Another
approach s based on the observation that

lyllyco0 = / o(2) V()| da

defines an equivalent norm on Hj(Q), as 0 < o < o(x) <0 < oo for allz € Q. Now,
consider the eigenfunctions ¢, € HL(Q) of the boundary value problem

—div(o(z)Vor(z)) = MA(0)pr(x), x € Q,  ¢r(x) =0, z € I

If they are normalized, i.c., ||¢rl|12() = 1 they form an orthonormal basis in L*()
and the eigenvalues fulfill 0 < Ag(0) < Mi(0) < ... and A\(0) — oo for k — oo.
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Thus, each y € L*(Q) admits the representation
= Zykqﬁk(x), where yy, = / y()or () de.
k=0 @
With this we easily compute for y € H}(Q)

Iyl Z2) = E:kal2 and |[yll3 0 ZM )lyxl”

and we can define the interpolation norm

Y117 @) ZM )°lywl?,

which defines an equivalent norm on HE(SY) for all s € [0,1]. Then, interpolating
(4.58) and (4.59) gives

Yo — yallz2) < lYall m3@).e = ZM NYarl®,  Yar = / ya(x)or () do
Q

The explicit dependence on o now depends on the eigenvalues, which depend on the
geometry of the domain €2.

Numerical results

Using the fe-isomorphism RM >y, < you € Yy = S}(Th) N Hy(Y), the discrete
variational formulation (4.56) is equivalent to the linear system of equations

(Kon + Mn)Y on = Yan, (4.62)

where the stiffness matrix and the mass matrix are given as

Kty j] = / g(x)Vgp}(x)-Vgoi(m) de and Myli,j] = / @;(x)gpzl(x) dr,i,7=1,....M
Q Q

and the load vector has the entries

Ydh[i]Z/de(x)gog(m)dx, i=1,...,M.

Using a Dorfler marking strategy with 6 = 0.5, the results for an adaptive refinement
scheme are depicted in Figure 4.6, first, for o(z) = h%,, and secondly, for o(z) = h?

min

for x € 7,. For the continuous targets y41 and y, 2, we see that the choice of o = h?mn
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Figure 4.6: Convergence rates of the diffusion regularization

gives an optimal order of quadratic convergence, i.e., the adaptive scheme resolves
the singularity for yq 2. For the discontinuous target, we only gain linear convergence.
This can be explained as follows, using a counting argument. Let the initial mesh
consist of N ~ n? elements, where n is approximately the number of elements in
each column/row, as depicted in Figure 4.7. In a uniform refinement scheme, we
refine each element, i.e., N = O(n?) elements in total. As the discontinuity of
Ya3 is just along the boundary of [0.25,0.75]%, in order to regain the same order of
convergence, it is sufficient to refine all elements that touch this boundary. Hence,
in an adaptive scheme, in each step we will only refine O(n) = O(v/N) elements,
but keep the same order of convergence. Note, that this is optimal, as we can not
refine less elements. Therefore, the adaptive scheme will produce approximately the
same error with only O(v/N) of the elements compared with the uniform scheme.
Using the same counting argument one can prove that the convergence behavior
is dependent on the space dimension, as was observed in [74]. Furthermore, for
the choice o(x) = hZ, £ = 1,..., N, we observe the same, optimal, order of linear
convergence, for the discontinuous target, while for the continuous targets, we see
diminished orders. This is in agreement with the theory, as we cannot prove a higher
order for a discontinuous function o(z), see Remark 4.14. In Table 4.1 the errors of
the adaptive and uniform refinement schemes are compared.

4.1.3 State and control constraints

In this section we will stick to the energy regularization in H~1(Q), i.e., in terms of
the abstract theory we have

X=Y=H}(Q) and A=B=S=-A:H;(Q) — H Q).

In this setting we consider the optimal control problem to minimize

1 0
T (Yg Ug) = §Hyd — YollZ2(q) + QI\ugHéflm) (4.63)
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y y . y

a) Initial mesh N = 128 b) ya1, N = 33103 ¢) ya3, N = 20340
Figure 4.7: Initial mesh and adaptively refined meshes for the target functions y,
and g 3.
Adaptive Uniform
# DoFs  ||yon3 — YasllL20) # DoFs  ||yon3 — Yasllr20)
49 2.33419e—1 49 2.33419e—1
119 1.66761e—1 225 1.65100e—1
275 1.17046e—1 961 1.16764e—1
587 8.25631e—2 3,969 8.25719e—2
1,219 5.81065e—2 16,129 5.83897e—2
2,491 4.09238e—2 65,025 4.12886e—2
5,043 2.88572e—2 261,121 2.91958e—2
10,155 2.03690e—2 1,046,529 2.06447e—2
20,387 1.43876e—2
40,859 1.01671e—2
81,811 7.18661e—3
1630723 5.08065e—3
327,555  3.59215e—3

Table 4.1: Comparison of the errors of the adaptive refinement scheme solving (4.62)
with o(x) = h? for z € 7, and the uniform refinement scheme (4.37) for
o = h? for the discontinuous target y4 3.

subject to
— Ay, =u,in Q and y,=0 on 0N (4.64)

and subject to either state constraints
9-(x) < yolz) < g4(z) forz €,

where g4+ : Q — R, which fulfill g_(z) < 0 < g, (z), or subject to control con-
straints

(ho, @) 1200) < (U, @) < (hy,q)12(q) for all ¢ € Hy(Q), q(z) >0, z € Q,
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for given hy : Q© — R for which h_(z) <0 < hy(x), 2 € Q holds. The incorporation
of state constraints in this setting was studied in [55], while state and control con-
straints are given in [50], where the analysis is trimmed to fit to the Poisson equation.
In the following, we will cast this problem into the abstract framework of Section
3.2. Starting with state constraints, we derive regularization and discretization error
estimates. Moreover, we will consider control constraints and, in the end, state and
control constraints, and redo the same steps. The theory will be complemented by
several numerical examples.

State constraints

In this case we want to find the minimizer
Y, € Ky i={2€ H)(Q) : g_(z) < 2(x) < g4 () for a.a. x € Q},

(4.63)-(4.64), for given functions g+ € H(Q) for which we assume that g_(z) <
< g.(x) for a.a. x € Q and additionally Ag. € L?*(Q). Using the relation

of
0
Uollr-1(2) = | V¥oll22() We can consider the reduced cost functional

1 0
T (W) = 5 l1ve = vallzzi@) + S Vyellzzo)
and the problem is equivalent to find y, € K, such that
I (y,) < J(z) forall z e K,,

which is exactly (3.47). Thus, by (3.48) the minimizer is characterized as the unique
solution y, € K, of the variational inequality

Q<Vy9, V<Z — yg>>L2(Q) -+ <y9, z — yg>L2(Q) Z <yd, z — yg>L2(Q) fOl" all z € Ks. (465)

By Lemma 3.23 we get the following regularization error estimates.

LEMMA 4.16 ([50, cf Lemma 2.1]). Let yq € L*(Q) be given. For the unique solution
Yo € K of (4.65) there holds

1Yo — yallz20) < llyallz2@)- (4.66)
Further, if yq € K, then
1Yo = vallz2) < VellVyallz)  and V(Yo — ya)llz2) < Vallz)-  (4.67)
If in addition Ay, € L*(2) it holds

1o — vallz2) < ollAyallz2)  and  [[V(y, — ya)ll2@) < VollAvall2)-  (4.68)
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To get grip on the constraints in the numerical treatment later on, we need an
indicator that specifies whether the computed state fulfills the constraints or not.
This indicator should be easy to realize such that the conditions can be checked
efficiently. Therefore, let us introduce the auxiliary variable A :== —pAy, + vy, — y4 €
H~Y(Q), which by (4.65), satisfies

(A, 2 = Yo)r2() = 0, forall z € K.

Note, that by Lemma 3.24 the unique solution y, € K, satisfies Ay, € L?(2), which
implies A € L?*(2) and pointwise a.e. evaluation is well-defined. Let us introduce the
sets, where the constraints are fulfilled exactly, i.e.,

Qs ={r € Q: y,(z) =gs(x)}.
Then, the complementarity conditions of (3.62) transfer as follows:

AZO) g— < yQ <g+7 OnQ\Qs,ia
A>0, Yo =9—, onl_, (4.69)
)\ S O, yQ — g+, on QS,+'

Discretization

As in the case without constraints, we assume that Q C R?, d =1,2,3, is a bounded
and convex Lipschitz domain, which is polygonally (d = 2) or polyhedrally (d = 3)
bounded and we consider the trial space Y}, = S}(7,) N H} () of globally continuous,
piecewise linear functions defined on an admissible and shape regular decomposition
Tn = {7e},. In order to get a good discrete approximation of the set of state
constraints K, let us consider

Ky, = {zh €Yy Ig_(z) < zp(x) < Ihgi(x), forallze Q},

where I, : C(§2) — Y}, denotes the nodal interpolation operator, defined as

M
Lo(@) = v(w)el@), zeq,
k=1

and {z;}L, denote the vertices of T,. Note, since ) is convex and we assumed
Agy € L*(Q), we actually have that g+ € H*(Q) C C(Q), see, e.g., [30, 59] and I;,g+
is well-defined. The discrete variational formulation is then to find y,, € K, such
that

oV Yohs V(2h — Yon)) 12(Q) + (Yohs 2h — Yon) 12(2) = (Yd» 2 — Yon)12()  for all 2, € K,

(4.70)
which is uniquely solvable by Theorem 2.7 and the following error estimates follow
out directly from Theorem 3.31 in the abstract setting.



92 4 Model problems and numerical illustration of the optimal control framework

THEOREM 4.17. Let y,, € K, denote the unique solution of (4.70). If yq € L*(Q)
then

ya — Yonllz2(0) < llyallz2@)- (4.71)

If in addition y,; € K, such that Ayg € L*(Q2) then there holds

1Ya — Yorllz2@) < C<Q||Ayd||L2(Q) + 0l Ag+ 20 (4.72)
. 1/2
£ it (ol V(= 20l Fa@ + lva = =la0] )
and
VollVa = yon)ll 2@ < C<Q||Ayd||L2(Q) + 0[|Ag+] 2 (o) (4.73)

' 1/2
+ it [olV =)l + e = 2] 7).

z

We can now state the main theorem of this section, revealing the optimal choice
0 = h?, as in the unconstrained case.

THEOREM 4.18 (|50, cf Corollary 3.3]). Let y,, € Ky, denote the unique solution of
(4.70) and let y4 € Ks N H"(Q) forr € (1,2] oryq € H5(Q) for r € [0,1], where we
additionally assume g_(x) < ya(r) < g4 (x) for a.a. x € Q. If o = h? then

1Ya = Yorll 2y < b ([[yall ar @) + gl r()-

Proof. Let us first assume that y; € K, N H?(Q) C C(Q). Then the nodal interpola-
tion Iy € Y}, is well defined and obviously Iy, € K,,. With the interpolation error
estimates of Theorem 2.28 it holds

inf  |lya — 2nllz20) < lva — Inyall 2@ < ch®||yall 2
zn€Kgp
and
inf [|V(ya — 2n)ll2) < IV Wa — Inya) |l 2) < chllyall a2 o)-

zn€Kgp

Thus, with ¢ = h? estimate (4.72) becomes

IN

1/2
C<h2”Ayd||L2<Q> + 12| Agell 2 + [h2h2 + 1Y ||yd||H2(Q>>

B2 (llyall o) + 92y ).

||yd - ygh||L2(Q)

IA

Interpolating this estimate with (4.71) gives the desired result. |
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Numerical results

Using the fe-isomorphism the variational formulation (4.70) is equivalent to find
Ko 3 Yoh <+ Y, € RY such that

O(KnY g Zh — Y on)2 + (MiY gy Zh = Yon)2 = (Yans Zh — Y on)25 (4.74)
for all K, 3 2, <> z, € RM, where the stiffness and mass matrices are given as
Kyfi. j] = / Vi (2)-Ve;(z)d and  M[i, j] = / pj(@)ei(x)de, i,j=1,....M

Q Q
and the load vector admits the entries

Vanlt] = / ya(z)pi(x)dx, i=1,..., M.
Q
To incorporate the constraints, we define the auxiliary variable
Ah = QKhYQh + Mhygh — Yan>
as in the continuous case. Further, let the set of active nodes be defined as

Ase ={k=1,..., M : y[k] = g+(x1)}. (4.75)

Then we conclude, analogously to the continuous case, the discrete complementarity
conditions

Akl =0, g-(z1) <yulk] <gy(zr), fork & A,
Anlk] >0, Youlk] = g-(zx), forke A, _, (4.76)
Anlk] <0, Youlk] = g4 (z), forke A, .

These are equivalent to
Anlk] = min{0, An[k] + (g n[k] = Y oulk])} + max{O, Au[k] + a(g_ K] — you K]},
for some o > 0 and Y}, 3 91 > g., € RM. We introduce the functions
Fy (Y o An) = 0K1Y oy + MpY o, — An — ¥4
and

Fo(Yon, An) = Ap —min{0, Ap[k] + (g, [k] — y,ulk])}
—max{0, Ay [k] + a(g_s[k] — y,u[k])}
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Now, in order to compute a solution of (4.74), we want to find the roots of those
functions simultaneously, i.e., we have to solve the system of (non-)linear equations

F(Yon: An) = (?;gz:i:;) = (82) : (4.77)

This can be done applying a semi-smooth Newton algorithm, see, e.g., [64]. Therefore,
we successively compute the iterates

m—+1 m
m m -1 m m
(K%L+l) = (i%) - (DF(thaAh )) F(ygm)\h ), (4.78)
h h
where the Jacobian is given as

(4.79)

Ky, + M, -1
DF(Vh,[Lh) = ( Q% h h ) .

aL/(gih7 Vh, /'l’h) I— L/(giha Vh, l*l’h)
The diagonal entries of the diagonal matrices
L/<g:|:h7 Vh, lJ’h) = L;nin(g-i-ha Vi, l'l'h) + Linax(g—hu Vi, Mh)?
are given as
L &ens Vi pn) = diag (€, (n k] + o g ] = Vlk]))),

L& Vi ) = iag (£, (ualk] +  [g 4 K] = vilK]]) ).

with the slant derivatives of the functions £, (2) = min{0, z} and i,ax(2) = max{0, z}

defined by
1 <
(=0 750 and g (=0 P50
0, z2>0, 1, z>0.

Rewriting the system (4.78) gives

m m+1
DF(YQIw AR (A%}LL _ }\72?-&-1) = F(ygin Hy'). (4.80)

And with the definition of the Jacobian from the first line we get
(0Fn + Mp) (v, = Vo ') = A+ A0 = (0K + My)yg, — Ay = Yan,
from which we conclude

(0Kn + Mp)yg™ — A =y
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With
2V =A™ +algy, —ypulk]] and 2" = Ak +alg o, — ypulk]]
the second line reads, componentwise,
lloin (25 1) + a2 (o0 K] = i K] + A3 (k] — A (K]
~[Cain (Z21)) + Lo ZZ IR K] = X [R]) (4.81)
= A'[k] — min{0, 2", } — max{0, 2" }.
We distinguish the following three cases.

(i) 27, > 0and 2™, <0: Then, £, (27,) = {,..(2";) = 0, and from (4.81) we
compute
AHE] = 0.

(ii) 2™, > 0: From this we get A;'[k] > a [yy;[k] — g—(2x)] and we compute
ALK+ g (on) = yorlkl] > alygilk] = g-(zx) + g4-(2) — youlkl]
= alg+(zr) — g-(zx)] > 0,

ie., 2"y > 0. Therefore, £ ;,(2';) = 0 and £

min Tmax(27) = 1, and we get from
(4.81) that

Yor K] = g- ().

(iii) 27, < 0:Then, as in the second case, we compute 2, < 0to get £, ;,(27) = 1,
Crnax(27),) = 0, and thus (4.81) becomes

yZZ“[/f] = g4 (zp).
Therefore we see, that the iterates of the semi-smooth Newton method (4.78) fulfill
the active set strategy as given in Algorithm 1.

To support our theoretical results, we will consider the domain Q = (0,1)? and the
target functions y.q; € C*(Q) N HJ (), i = 1,2, given as

ycd,1<x7 y) = sin(7z) sin(7y),

and

1 1
T 1L e k(025 14 e ks—075)

Yea2(2,y) = Hp(x)Hi(y), where Hy(s)
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Algorithm 1 Active set algorithm [64]
Require: Initial values y% \?

(a) m=0

(b) Set

20 = AR+ gy (o) —yi' K] and 2™ = NR] + oc[g (k) — v [K]]

while stop criterion is not fulfilled do
(i) Set

(ii) Solve

(0Kp + M)y ™ = X" =y,
yi k] = gu(2r), k€ AT,
AL = 0, k€ T™.

(i) m=m+1
end while

' '
09 08 09
08 08 08
1 1 1
o7 o7 o7
08 0% 08 e 08 06
06 s 08 s 08 s
04 e 04 0e 04 o
02 03 02 03 02 I
0 o Mo o Mo 0 o Mo
0 o 0
05 o1 05 o1 05
05 05 05
]
y g x y g x y I x

a) ycd,l b) ycd,Z C) ycd,S
- ey |
d) u1 = —Ayeq e) ug = —AYed2

Figure 4.8: Target functions and controls u; = —Ay.q;, j = 1,2.
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for k = 40, see Figure 4.8, for which we can compute u; = —Ay,q; analytically. We
also consider the discontinuous target ycqs = limy o0 Yeao € H 1/ 272(Q), e > 0, for
which we cannot compute the control analytically, given as

1, (z,y) € (0.25,0.75)%
0, else.

ycd,3(x7y> = {

We consider the upper and lower constraints g, given by

g*(‘r]‘:) = 07 ng(x) =0.5- ycd,l('r)?

which are incorporated by solving the system (4.78) successively, with ¢ = h? and
initial guess
ygh = (thh + Mh)’lycd,h e RM and )\2 =0,.

As a stopping criterion we choose the maximal absolute error in each node, i.e., we
stop if
tol, := max{tol, y,tol, _} < 107°, (4.82)

where

max k| — Tr)|,
{k:y,_,h[k1>g+<xk>}’y9h[ = g+

tol, _ = max kl —g_(z)|.
’ {k:ygh[kkg_(xk)}lygh[] 9-(z)

t018,+ =

To reconstruct the control, we apply the method discussed in Section 4.1.1, i.e., we
solve (4.50). The results are depicted in Figure 4.9.

Control constraints

In this case we want to find the minimizer y, € H}(Q) of (4.63)-(4.64) such that
u, = —Ay, € U, with

Uer={ve H Q) : (h,q)r2(0) < (v, 0o < {hy, @) 12(0) Ya € Hy (), ¢ > 0},

where hy € L*(Q) are given, and we assume h_(z) < 0 < hy(z) for a.a. z € Q. Let
us define B := —A : H}(Q2) — H~ () and recall that B defines an isomorphism, see
Lemma 4.1. Then, with y, = B~ 'u,, we can introduce the reduced cost functional

~

. 0
T (ug) = 5|1B  uy — de%Q(Q) + —H%H?{fl(g)
2 2
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Figure 4.9: Targets y.q4;, computed constrained states y,,,, = 1,2,3 on a mesh with
N = 32768 elements and M = 16129 DoFs with constraints g, and
reconstruction of the controls u,q,; on a mesh with Ny = 2048 elements.
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and the problem is to find the minimizer u, € U, that fulfills

~

J(u,) < J(v) forallve U

This is exactly (3.50) and thus the minimizer is characterized as unique solution
u, € U, of the variational inequality

(B~ (B "y — ya), v — up)a + 0(B Mg, v — u,)o >0 for all v € UL.

Using the property that B is an isomorphism again, we can as well consider the set
K. = B7Y(U.) and with the relations y, = B~'u, € K. and z = B 'v € K., the
problem now becomes to find y, € K, such that

<y9 —Yd, % — 3/.9>L2(Q) + Q<Vyga V(z - y@)>L2(Q) >0 forall 2z € K.. (4.83)

Now we observe that (4.83) is exactly (4.65), but with a different set of constraints,
i.e., K. instead of K,. So, the regularization error estimates of Lemma 4.16 remain
valid, when replacing K, by K. at every occurence.

As in the case of state constraints, we need to derive complementarity conditions,
to get grip on the constraints in the numerical treatment later on. Therefore, we
introduce the auxiliary variable wy € Hj () as unique solution of

—Awy == —pAy,+y, —yain , wy =0 on O
In variational form this reads to find wy € H} () such that
(Vwy, V2)r2) = 0(VYp, V2) 12(0) + Yo — Ya, 2) 12 for all z € Hj(Q)
and in view of the variational inequality (4.83), we see that
0< (N2 =Yoo= (—Awx, 2 —Yp)ao = (Vwx, V(2 —y,)) 120y forall z € K..

If yg € L*(Q), by Lemma 3.24 we have that —Awy = A € L*(Q) and in particular
u, = —Ay, € L*(Q). Therefore, we can consider the sets

Qer ={r € Q: uy(x) =hi(x)},

where the constraints are fulfilled with equality and by (3.64) we conclude comple-
mentarity conditions

wy=0, h_<wu,<hy, onQ\Q. g,
wy >0, up="h_, on€Q,_, (4.84)

wy <0, Uy =hy, on ;.
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Discretization

Since the continuous variational inequalities for state constraints (4.65) and control
constraints (4.83) are equal, up to the set of constraints, the only difference in the
discretization of control constraints is the definition of a suitable set K, C Y}, =
SHTn) N H (), that yields a good approximation of the set K. We therefore
consider the set

Ko ={zn €Y (ho,an) 2y < (Von, Van) 12i) < (b an) 29y, Yan € Ya, qn > 0}

As in the case of state constraints, the discrete variational formulation is to find
Yoh € Kop, such that

0(VYon: V(2h — Yon)) £2(9) + Woh» 2 — Yon) 12(0) = (Ya» 2h — Yon)12(0y  for all zj, € Kp,
(4.85)

which is uniquely solvable by Theorem 2.7. Error estimates follow from Theorem
3.31 and Remark 3.28.

THEOREM 4.19. Let y,, € K., denote the unique solution of (4.85). If yq € L*(Q)
then

1ya — Yonllz2(0) < llyallz20)- (4.86)

If in addition yg € K, such that Ayy € L*(Q) then there holds

lva = vanlliziey < oll Ayallzzey + ellhslzzo (4.87)

. 2 2 1/2
4 hlenlgm [0V (ya — 201220y + 1va — 2l 720 )

z

and

VeV =yl < (el dvalliey + ollhliza) (4.88)

. 9 2 1/2
+_ it [V (ya = 20) 20y + 9a — 2nll o) )

The main theorem of this section is again an error estimate linking the regularity if
the target and the regularization parameter, which gives the optimal choice o = hZ.

THEOREM 4.20 ([50, cf Theorem 3.4|). Let y, € K., denote the unique solution of
(4.85) and let ys € K.N H*(Q). If o = h?* then

1ya = Yenll 20 + IV (Ya — yor) I 220y < B (yall iz + |hellr2(0))-
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Proof. Let yq € K.NH?*(Q) and consider the H'-projection P} : H}(Q2) — Y}, defined
as

(V(Pyy), Van) 2y = (Vy, Van) 12y for all g, € Y.
In particular, considering Ply, € Y}, we have that

(Vya, Van)r2) = (V(Pyya), Van) 12y for all g, € Yy, g, > 0,
from which Ply, € K., follows. Thus, by the approximation property, see Theorem
2.36, we first have that
IV (ya = Prya)llz29) < chllyall e o)-

To get an error estimate for the L?(2)-norm, let us introduce the auxiliary problem
to find e € Hg () such that

<V€ V’U>L2 <yd - Phyd, > L2(Q) for all v € H&(Q)

By the assumption that € is convex, using elliptic regularity, see, e.g., [30, 59|, we
have e € H?(2) and

lellmz@) < cl|Aellr2) = cllya — PﬁdeLQ(Q)
Using the Galerkin orthogonality (V(ya — Piya), Van) 2 = 0 for all ¢, € Y}, we
can now estimate
(ya — Prya, Ya — Prya) 2
(Ve,V(ya — Pyya))r2(0)
(Ve — Pre), V(ya — Pyya)) 2
V(e = Pre)ll2ollV(ya — Pyya)ll 2@
chllell a2 chl|yall ()
ch®|lya — Pyyall 2 | yall 20

lya — Pf}de%?(Q)

INIAIA

ie., |ya — Prvallr2) < ch?||yalln2). Now, with o = h? we get
nf W21V (ya — 21) I Z22) + 19a — 20l 220
< P2V (ya — Pyya)ll T2y + 1Ya — Pyyall 720
< ch*|yall iz o)
and estimate (4.87) becomes

lva = vanllzzey < c(h?Aallza@y + B2l oy + 12yl o)
< ch®(llyall 2o +||hj:||L2 )

whereas in the same fashion the estimate (4.88) becomes

MV (ya = Yor)llz2) < ch?(lvallme@) + 1l 2 @) - O
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Numerical results

As in the case of state constraints, using the fe-isomorphism, the solution of (4.85)
Ken 3 Yon <> Y, € RM has to fulfill

Q(Khygha Zp — ygh)2 + (MhYQh7 Zp — th>2 > (Yan» zn — YQh)27 (4.89)

for all K., 3 2z, < z, € RM. To incorporate the constraints, we will consider the
auxiliary variable wy ; € RM solving

Knwan = 0Kny on, + MpYon — Yan-
Introducing the set of active nodes as
Ac,i = {k = 17 I M : (Khth)[k] = hih[k]}7

where the entries of hyj, € RM are given as

h,[k] = /th(a:)go,lc(a:) de, k=1,..., M,

we can conclude the discrete complementarity conditions

W)\h[k] = 0, h,h[k] < (Khygh)[k] < h+h[l€], for k ¢ Ac,i;
wnlk] >0, (Knyn)[k] = h_p[k], for ke A._, (4.90)
wnlk] <0, (Knyn)k] = hyplk], for ke A,

as in the continuous case. These are equivalent to
win[k] = min{0, wi, [k]+a(hy — (Kny o) [k]) Fmax{0, wn[k]-+o(hy- — (Kny ) [K])

for some a > 0. Thus, we want to find the roots of the functions

F1(Yon Wan) = oK1y o + MaY o, — KnWan — Yan

and

Fo(Yon wan) = wan — min{0, wy[k] + a(bps [k] = (Kny ) [k])}
— max{0, wx,[k] + a(hy_[k] — (Kny ) [k])}

simultaneously. As in the case of state constraints, this can be achieved by applying
a semi-smooth Newton method, i.e., we compute the iterates

m+1 m
y y 0 <,m m 1 m m
( %LH) = < @h> - (DF(yghaw)\h)) F(th7w)\h)7

m
Wih Wih
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where the Jacobian of

= F1(Y 1> Wan)
F — (=1
S (Fz (Y oh> Wan)

is given as

DF(V wp) = ofh + My — K
o M al'(hyp, Kpvy, wi) Ky 1 — L'(hyy, Kpvy, wy) )

We consider the target functions y.q,, ¢ = 1,2, 3, again, but now the constraints on
the control h(ij) given by

h(_l)(x,y) =0, and hgrl)(:my) = min{max{u;(z,y),0},10}

and
h(_Q)(iU,Z/) =0 and h(f)(x,y) = 1000 - yea,2(, y)-

We choose ¢ = h? and the initial guesses
ygh = (hQKh + Mh)_lycd,h eRM and W?\h = 0y,

As a stopping criterion we choose the maximal absolute error in each node, i.e., we
stop if

tol, := max{tol.,tol, _} < 107, (4.91)
where
tol. . = max K k| —hy,lkll,
- e T e ]
tol.— = max |(KY o) [F] — hoy[K]].

{k:(Kny o) [kl <h_p[k]}
To reconstruct the control, we apply the method discussed in Section 4.1.1, i.e., we

solve (4.50). The results are depicted in Figure 4.10.

State and control constraints

We saw that on the continuous level, the variational inequalities (4.65) and (4.83) to
incorporate constraints, had the form to find y, € K such that

(VYo V(2 = Yo r2) + (Yo, 2 — Yo)12(2) = (a2 — Yp) for all z € K,

where K C H}(f) is a convex set, i.e., K = K, in the case of state constraints
and K = K, in the case of control constraints. Thus, at this point it is easy to
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(2)

e) Yoh,2, hf @

o 05 1
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3 h’f)

g) ugrr 1, hY) h) w2, hY i) uon

Figure 4.10: Targets .4, computed states y,n;, = 1,2,3 on a mesh with N = 32768

elements and M = 16129 DoF's with constraints hg) and reconstruction
of the controls u,py; on a mesh with Ny = 2048 elements.
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incorporate both constraints at once, by choosing K = K;N K., which is again convex
as an intersection of convex sets. Furthermore, the regularization error estimates of
Lemma 4.16 stay valid, when replacing K, by K, N K.. For a discretization, we will
consider the discretized version, to find y,, € K} := K, N K¢, such that

AV Yoh, V(2h = Yon)) £2(2) + Wohs> 2n — Yon) 12(2) = (Yds 20 — Yor)  for all 2, € K.
(4.92)

Note, that the discretization error estimates of Theorem 3.31 transfer to the follow-
ing.

THEOREM 4.21. Let y,, € Kj, denote the unique solution of (4.92). If yq € L*(Q)
then

1Ya — Yol 22(0) < llyallz2@)- (4.93)
If in addition y, € K = K, N K, such that Ayq € L*(Q2) then there holds

19a = YorllL2) < C(QHAdeL?(ﬂ) + 0l Agsllr2(e) + ollh+l L2 (4.94)
. 2 2 1/2
+ inf (ol V(e — 20 [Fay + lva = 2nlFaoy) )
and
VellV(ya = yon)llz2@) < C(@HAdeL?(Q) + 0l Agsllrz(o) + ollhsllr2@)  (4.95)
: 1/2
+ inf [0l Vi~ 20) e + e = 20lFao) ).
Using the fe-isomorphism, (4.92) is again equivalent to the system to find K, 3 y,, <
Yon € RM solving

Q(KhYle Zp — ygh)2 + (Mhtha Zp — ygh)z > (Ydha Zp — ygh)2 (4-96)

for all K, 2 2z, < z, € RM. Firstly, to incorporate the state constraints, we
additionally add the Lagrange multiplier A, € RM solving

An = 0EKnY o + MiY o, — Yan (4.97)
and fulfilling the complementarity conditions (4.76), i.e,
An[k] = min{0, A [k] + a9+ (zk) — yonlk]) } + max{0, Au[k] + a(g- (k) — y,nlk])}-

Secondly, to fulfill the control constraints, we add the Lagrange multiplier wy;, € RM
that solves
Kpwan = 0Ky on + MpY op — Yan (4.98)
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and fulfills the complementarity conditions (4.90), which are equivalent to

wnlk] = min{0, wan[k] + a(hp [k] = (Kny,p)[K])}
+ max{0, W [k] + a(hy,_ [k] — (Kny ) [K]) }-

Now, using that K,wy, = A, we want to find the roots of the function
- F1(Y o Won)
F Yo Wan) = <A en? ;
on ) Fo (¥ o Wan)

where

~

F1(Yon Wan) = 0K1Y o + MY o, — KnWan — Yan,

and

Fo (Y g, Won) = (K + BI)w,
— min{O, (KhW)\h)[k?] + Oé(g+(xk> - th[kD}
—max{0, (Kpwu)[k] + a(g-(zr) — yulk])}

=B ( min{0, wau k] + a (b — (K ) K)

—max{0, wy[k] + a(hy,_ — (Khygh)[k])});

where we introduce the parameter 8 > 0, to balance the relation between state and
control constraints. This can again be achieved, applying a semi-smooth Newton
method, with the Jacobian

~ B oKy, + M, — K
DF (yp, wn) = (a(L’(gih) + ﬁL’(hih)Kh) (I - L,(g:th))Kh + B(I - L,<hih))> ’

where, for the sake of presentation, we used the notation

L/(gih) = L/(g:tha}’hawh) and L/<hﬂ:h) = L,(hj:ha Kh}"mwh)

As a test example we consider y.q1 with state constraints

G (2,9)=0 and g (z,y) = min{ye, (z,),0.5}
and the control constraints

h_(z,y)=0 and hi(z,y) = min{u(z,y), 10},

which is solved by applying the semi-smooth Newton method, where we choose 5 €
{1,80}. The algorithm stopped for § = 1 after 13 iterations with a tolerance of
tol = max{tolg,tol.} = 6.103515e—04, , since after this point we do not see an
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Figure 4.11: Target y.q41, computed constrainted states y,,1 on a mesh with N =
131072 elements and M = 65025 DoFs and reconstructed constrained
control u,r1 on a mesh with Ny = 8192 elements for different values of

3.
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improvement of the solution. For = 80 we stopped after 14 iterations with a
tolerance of tol = max{tols, tol.} = 3.646019¢e—02. The results are depicted in
Figure 4.11 and show that we meet both constraints pretty well. While the state
constraints are met very well for both choices of 3, the control constraints are more
accurate for the a larger choice of 5. This might also explain the larger tolerance.

To conclude this section, let us summarize that both state and control constraints can
be casted in the setting of the energy regularization and efficient numerical methods
can be derived for their incorporation. We saw that state and control constraints
can be considered separately, as was done in [50], but also a simultaneous treatment
is possible. The numerical computation of solutions involves the application of a
semi-smooth Newton method. With this we inherit problems known from non-linear
problems, as, e.g., finding the global minima of functions. In the numerical treatment
we also observe that the behavior of solutions depends on the parameters involved
in the Newton scheme, in particular, o and §. This needs to be further studied, but
is far out of the scope of this work.

4.1.4 The energy regularization in L?(()

Recall the model problem (4.1)-(4.2). In this section we will consider the space of the
control U = L*(Q) for which the model problem now is to find y, € ¥ minimizing

1 0
T (Yor 1) = §||yd - y@“%z(ﬁ) + 5”“9”%2(9) (4.99)

subject to
— Ay, =u,in 2 and y,=0on 09, (4.100)

for given yg € L*(Q) and ¢ > 0. The goal of this section is to cast this problem in
the abstract setting of the energy regularization and provide a rigorous finite element
analysis. In order to apply the abstract theory, we first have to meet the Assumptions
(B1)-(B3) and Assumptions (A1l)-(A3) made on the operators B : Y — X* and
A: X — X* and the underlying spaces. Note, that by the choice U = L?(Q) = X*
we already fixed X = L2(2). Therefore, we can choose A = I : L?(Q) — L*(Q),
for which it is obvious that A is self-adjoint, bounded and elliptic, i.e., Assumptions
(A1)-(A3) are fulfilled. So, we need to find the appropriate space Y such that B :
Y — L?*(Q) defines an isomorphism. Let us recall the space

HAQ):={z€ H}(Q) : Az € L*(Q)}

defined in the proof of Theorem 4.4. We stress that H () is a Hilbert-space endowed
with the inner product

<y7Z>Hi(Q) = <yaZ>H3(Q) + (Ay, Az) 12(q).
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THEOREM 4.22. The operator B := —A : HA(Q) — L*(Q) fulfills the Assumptions
(B1)-(B3), i.e., it is an isomorphism. In particular,

1Ay L22) > ]y )
defines an equivalent norm for all y € HA(S).
Proof. Let y € HA(Q) be arbitrary but fixed. For the boundedness (B1) we compute
HB?J“%%Q) = ||Ay”%2(sz) < ||?J||§15(Q) + HAZ/H%%Q) = ||?J||%@(Q)-

In order to show injectivity (B2), we first compute, using the Poincaré inequality,

(Vy,Vy)rz) = (—Ay, )2 < [AYllzollvllize) < cpllAyllze@) I VYl Lz,
Le, [yl = VYl < cpllAyllre). With this we further have that

||y||§13(9) = ||y||§{g(n) + ||A?/||i2(g) < (cp+ 1)||Ay||%2(9),

and we conclude

(=AY, q)r2(0 1
sup @D — Ayl 2@ >

TN > ——=—=ylluy @)
ozqerz(@)  llallrz o) Vb +1 HA®)

To show the surjectivity (B3), let ¢ € L*(Q2) \ {0} be arbitrary but fixed. Let
y, € H} () denote the unique solution of

(Vg Vo) o) = (4, ) 12 for all € Hy ().
By density, we see that —Ay, = ¢ € L*(Q2) and thus y, € HA(Q), which concludes
the proof. O
With the preceding results, we can now apply the abstract theory, when choosing
H=X=L*Q) and Y = HA(Q)
and the operators
A=T1:L*Q) = L*(Q) and B=-A:H;xQ) — L*Q).

In this case the Schur-complement operator is then given as S := B*A7'B = A? :
HA(Q) — [HA(Q)]* and the minimizer y, € HA(Q) is characterized as the unique
solution of the variational formulation (3.11), which reads

0(AYo, AZ) 1200y + (Yo, 2)12(0) = (Ya, 2) 12 for all 2 € HA(R). (4.101)

The regularization error estimates can be transferred from Lemma 3.6.
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LEMMA 4.23. Let yg € L*(Q2) be given. For the unique solution y, € HA(Q) of
(4.101) there holds

Yo = vall L2y < lYallr2)-

Further, if yg € HA(Q), then

lyo — vallz2) < VollAyallze)  and  [[A(y, — va)llz2@) < 1Ayallz2)-  (4.102)

Moreover, it holds
1AVl z2(0) < 1AYallz2(0)- (4.103)

At last, if yg € HA(Q) such that A?yg € L*(2) it holds
1ye — valliz@) < ol A%Wallr2@)  and  |A(Y, — ya)llz2) < VollA?yall 12, (4.104)
and, in this case we also have

||A2?/g||L2(ﬂ) < ||A2yd||L2(Q)- (4.105)

Using a space interpolation argument, we can derive the following regularization error
estimates.

THEOREM 4.24 ([95, cf Theorem 4.1]). Let yq € HF(Y) for s € [0,1] or yq €
H} Q)N H*(Q) for s € (1,4]. Then

1Yo — Yall 20y < co®*||yallms) for s € [0,4] (4.106)

and
(s—2)/ 4|

[1A(Yo — va)llz2(0) < co \yall sy for s € [2,4). (4.107)

Proof. Since we can estimate ||Ayqllr2@) < llvallpz) and |A%yall 2@ < llvallma@),
this is a direct consequence of the regularization error estimates in Lemma 4.23 and
Theorem 2.14. We skip the details. O

Before we discuss the discretization, let us give some remarks.

REMARK 4.25. Instead of the variational formulation (4.101) we can also consider
the equivalent system, as derived in (3.10), to find (p,,y,) € L*(Q) x HA(Q) such
that

Q_1<p97Q>L2(Q)_ (Ayo, @) 12(0) = 0 for all g € L*(2),

4.108
o At (o iy = (s sy, for all z € Hy@) 1O
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Assuming that p,,q € H'(Q) we can apply integration by parts to get

0 Pos D12 )+ (VYo V@) 12(0) = (n - Vy,, @) o0,
—(Vp,, V2) 120+ Yo 2)12(0) =  (Wa, 2)120) — (Pos 1 - V2)a0.

Now choosing discrete trial spaces X, = Y;, = S}L(ﬁ) N H&(Q) we can aim to find
(pgh;ygh) € X, XY, such that

0 pons )2 )+ (VYo Van) 12() = 0 for all ¢4 € X,

4.109
—(Vpoh, Vap) 2+ Yohs 2n)r2() =  (Ya, 2n) 2 for all z, € Yy, ( )

which is exactly the system (4.38) we gained for the common L*-reqularization. How-
ever, the derivation shows that this formulation tmplicitly assumes higher reqularity
and Dirichlet boundary conditions on the adjoint state p, = oAy, = —u, € H}(Q),
and thus on the control.

Discretization

For the discretization, we want to stay with conforming discretization spaces, to be
able to apply the theory from the abstract setting. As mentioned in Remark 4.25
there is also mutual interest in the non-conforming setting, see, e.g., [75], where an
optimal nested iteration is built based on mass lumping techniques. An overview of
different discretization techniques is given in the survey by Brenner [17], where the
incorporation of state constraints in this setting is discussed as well. For the rest
of this subsection let us assume that Q = [0, L;] x ... x [0,Lg] C RY d = 1,2,3 is
a rectangle (d = 2) or a quad (d = 3). Since the domain is convex, it holds that
HA(Q) = H} () N H?(Q), see, e.g., [30, 59]. As a conforming ansatz space we can
now use splines of second order, i.e., SZ(Q) := S2([0, L1]) ® ... ® SZ(]0, Ly]) and
Y, = SA(Q) N H () € HA(Q). The discrete variational formulation is then to find
Yoh € Y} such that

Q<Ay9h, Azh>L2(Q) + <ygh> Zh>L2(Q) = <yd, Zh>L2(Q) for all 2y € Yh. (4110)

This corresponds to the abstract discrete variational formulation (3.21) and transfer-
ring the results from Lemma 3.10 and best approximation error estimates by Theorem
3.11 we obtain unique solvability and the following finite element error estimates.

THEOREM 4.26. Let yq € L*(Q). For the unique solution y,, € Yy, of (4.110) there
holds the error estimate

Wor — yall2) < lyall2o)- (4.111)
If additionally, yq € HA(Q), there holds
1Yon = vall 2y < e(VellAyall 2o (4.112)

' 1/2
—|—;1éf/h [QHA(yd — Zh)H%P(Q) + [lya — Zh”%?(sz)} )
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and

VOllAWen — ya)llz) < c(VollAyall 2 (4.113)
+ o [oll A = ) [Fae) + v = 2lee)]) 7).
Moreover, if yg € HA(Q) and A%y, € L*(Q2) we have the error estimates
1Yor — vallzz) < (0]l A%allz2(0) (4.114)
+ o [oll A — ) [Fae) + v = 2lee)] )
and

VO AW — ya)llz2@) < (ol A%l r20) (4.115)
. 1/2
+ il [ollAlya — 2022 + llva = 2nllz2)] )-

Similar to the case of the energy regularization in H (), we can now derive the
optimal choice of the regularization parameter o > 0 and error estimates in broken
Sobolev spaces using the best approximation properties.

THEOREM 4.27. Let yq € H3(Q) for s € [0,1] or yq € Hg(Q) N H*(Q) for s € (1,3].
If o = h*, then

|Yor — yallz2@) < ch®||yallas) for all s € [0, 3] (4.116)

and
| A(yon — yd)HL2(Q) < Chs_lHdeHs(Q) for all s € [2,3]. (4.117)

Proof. Our aim is to use a space interpolation argument, as in the proof of Theorem
4.6. Firstly, for yq € L*(Q2) (4.111) gives

1Yon = Yall L) < lyallL2()- (4.118)
Secondly, consider yg € H}(Q) N H3(2). A triangle inequality first gives
1Yon — vallz@) < 1Yon — Yollz2) + 1Yo — vall2(0)-
We can estimate the second term by (4.106) as
1Yo — Yall L2y < QSMHZ/dHH%m-

Using Cea’s Lemma (Lemma 3.10) the first term is estimates as

lyor = velieey < inf |ol A, — ) s + v — nlEaco) |

ZhEYh
: 2 2
< 2 inf ol A — )l + s = 20l

+20[ Ao — ya) 72y + 2MlWe — vallZ2(0y
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and by the best approximation of Y}, see Theorem 2.26, we have that

inf [QIIA(yd — a2 + e = 2nlli2) | < cleh® + 1) |[yallZs ).

2R €Yy

Together with (4.106) and (4.107), we can thus estimate
[Yoh — Yoll72() < cloh® + h® + 00" + 0**)allFrs 0y-
For o = h* we conclude the estimate

Yo — yallL2(0) < Ch3HdeH3(Q)- (4.119)

Interpolating the estimates (4.118)-(4.119) by using Theorem 2.14, we conclude the
estimate (4.116). In a similar fashion we can derive

[AWen = ya)llr2@) < hllyall rs @) (4.120)
if o = h* and the estimate (4.117) follows from interpolating (4.113) with (4.120).
We skip the details. O

Before we give numerical examples, we state the convergence rates for the cost func-
tional, depending on the regularity of the target.

LEMMA 4.28. Let yg € HS(Q) for s € [0,1] or yq € Hy () N H(Q) for s € (1,2]
and let y,n € Y), be the unique solution of (4.110). Assume that the L*-projection
Q3 : L2(Q) — Y, fulfills

HAQizHLz(Q) < cl|Az|| 2 forall z € Hi(Q)

and choose o = h*, then

1 0 s
T (Yon) = §|Iy9h - yd“%z(g) + §||Aygh||%2(9) < ch? ||de12'{S(Q)7 s €10,2].
Proof. Let yy € L*(Q2). Then by (4.116) it holds

1Yor — yallz2() < llyallz2@)-

Testing (4.110) with z, = y,, € Y3, we obtain

ol Ayl 720 + 1YerllZ20) = (Was Yor) z20) < Nyall 2@ l1Yonll 20

from which we immediately conclude

1
|Yonllz2) < llyallzey  and  [[Ayunllz2) < —QlldeLQ(Q)-
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Thus, we get

1 0
T (Yon) = §|Iy9h - yd“%?(ﬂ) + §||A3/gh||%2(sz)
1 ol
< 5||de%2(9) + 55”%”%2(9)
= ”de%Q(Q)'
Now, let yqs € HA(Q2). Then by (4.116) we have
1Yon — yall2) < ch®||yall r2o)-

Further we compute, using (4.110), that

QHAygh”%? Q) = (yd — Yoh; ygh>L2(Q) = (Qi(yd - ygh)a ygh>L2(Q)
)
—HQi(?/d - ygh)H%Q(Q) + <Qi(yd - Z/gh% yd>L2(Q)

< (Ya — Yon, QrYa) 12(0)

= 0{Ayon, AQhYa) 12(9)

< ol Ayl 2@ 1AQ}Yall 20
< col| Ayenll 29[| Ayall L2 (o),

where we used the self-adjointness and the assumed stability of Q?. We conclude

1 AYonllz2) < cllyallz2)-

Thus, for the cost functional we have, using o = h*
e . 1 2 0 A 2
T (Yon) = §||?/d - ?Jgh||L2(Q) + §|| th||L2(Q)
1 0
S yalle@ + Sellvalliece
< ch*|lyalleq)-

IN

Using a space interpolation argument we get

T (Yon) < ch®||ydl

%s(m for s € [0, 2]. O

Numerical results

For p € Ny the space S}(Q) = SP([0,L1]) ® ... ® S}([0, Ly4]) is spanned by the

functions

d
o (xy, ..., zq) ::Hgoii(xi), 0<k<M+p—-1,i=1,...,d

=1
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Reordering the DoFs, we can write
Yy, = Si(Q) N Hy(Q) = span{gi 12y
Using the fe-isomorphism the discrete variational formulation (4.110) is then equiv-

alent to the linear system of equations

(0Dn + Mp)y o = Yan, (4.121)

where the stiffness matrix and the mass matrix are given as

Dyli, j] :/Ag)?-AgO?dx and My, j| :/gojzgpfdx, ihj=1,....M
Q Q
and the load vector has the entries

Ydh[i]:/deO?dl’, i=1,...,M.
Q

To show the sharpness of the theoretical results, we consider again three targets of
different regularity defined on the unit square in Q = (0,1)? C R%. First, we consider
Ga1 € H3(Q) N Hy(Q) defined as

sin(rx)4%(y — 0.25)4(0.75 — y)*, 0.25 <y < 0.75,

4.122
0, else. ( )

Z?d,l(iﬂ,y) = {

As a second example we consider a piecewise bilinear function y,, € H*?7(Q) N
H(Q), € > 0, defined as

1, x = 0.45,
Ya2(7,y) = ¢(x)o(y), ¢(x) =10, x ¢ [0.2,0.6], (4.123)

linear, else.
And finally, a discontinuous target y, 3 € HS/ >75(Q), & > 0, defined as
1, (x,9) € (0.25,0.75)? C Q,

4.124
0, else. ( )

yd,3(x7 y) = {

The targets are depicted in Figure 4.12.

The convergence rates for a uniform refinement are computed for an initial quadrilit-
eral mesh with N = 36 elements and M = 36 degrees of freedom (DoFs), see Figure
4.13. The initial mesh is chosen non-uniform to prevent superconvergence results for
Uq,1- For all three targets the results are depicted in Figure 4.14. Firstly, for a fixed
parameter o = 1078, we clearly see optimal convergence rates at first, which break
down when h = p'/* but independent of the regularity of the target. This is in total
agreement with our theory, as the estimates in Theorem 4.26 reveal, i.e., we see the
best approximation error up to the point where the constant terms are larger than the
error. Secondly, Figure 4.14 shows that we get optimal orders of convergence for the
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a) Yd1 b) Ya,2 ¢) ya,3
Target functions yq

d) Yoh,1 e) Yoh,2 f) Yoh,3
Reconstruction of the target functions y,, ;

Figure 4.12: Target functions yq;, ¢ = 1,2, 3 and Reconstructed target functions vy, ;
on a mesh with N = 36484 elements and M = 36481 DoFs.

, choice o = h*, supporting the theoretical error estimates
in Theorem 4.27. The reconstructed targets are depicted
in Figure 4.12. We observe oscillations around the jump
of the discontinuous target y43. We saw the same behav-
ior for the common L?-regularization when using piece-
wise linear, globally continuous elements in Section 4.1.1,
o * Figure 4.2. This indicates, that the behavior is a result

of the higher regularity imposed by the method, i.e., by
measuring the control in L?*(2) rather than H~1(2) and
does not stem from oscillations imposed by the higher or-
der approximation. The convergence of the cost functional is plotted in Figure 4.14
for the choices o = 107® and o = h*. The results confirm the convergence rates
proved in Lemma 4.28.

Figure 4.13: Initial mesh

Reconstruction of the control

To compute a suitable reconstruction of the control u, € L?(2), we proceed as follows.
As a conforming subspace for the discrete reconstruction, we choose Uj, = S2(Q) =
SY[0, Ly]) @ ... @ SP([0, L)) = span{¢?}M . Note, that dim(Y}) = dim(Uj) and we
can compute the control on the same mesh as the state in this case. For the unique
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1 [—o—vien = vanli20) 100 T T e won — a2
1| lv2,on = va2ll 20 vz, 0~ Va2l 20
oL | |~ Iaon = vasll2q) —o—llvs,on — va,sllL2(a
= 10 1--- h? s 1072 H|--- h
g L " = . s
= - O = o 0.5
§ 1072 1 E § 10-4 1 B
| [ |
;\f’ 1073 3 E Bﬁ” 10-6 | i
1074 E / E 10-3 - ¥ |
] 1073 1072 107t 1073 1072 10!
mesh size h mesh size h
a)o = 107° b) o= hi
Figure 4.14: Convergence for the three different target functions 94, and y4,, i = 2,3
for the energy regularization in L?(£2) solving (4.121) for different choices
of o > 0.
—O— T(yoh,1) ) —O— JT(yon.1)
100 |- 1|8 Fwen) —8— T(ypn.2)
—— Flyen.a) 1072 1 T |- Fwens)
1072 o —— o
- . h - 1074 S h
Rt 1 =
S 107 :
10°° ¢ |
105 |
105 :
Ll Lol Lol T 10—10 | Lol Lol L
1073 1072 1071 1073 1072 1071
mesh size h mesh size h
a)o = 1078 b) o = h*

Figure 4.15: Convergence of the cost functional J.
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solution y,, € Y}, of (4.110), we can compute u,, € U, as
(Uon, qn)r2(0) = —(AYon, qn)r2()  for all g, € Up,. (4.125)
The following result holds true.

LEMMA 4.29. The variational formulation (4.125) admits a unique solution u,, €
Un. Let u, = —Ay, € L*(Q), where y, € HA(Q) denotes the unique solution of
(4.101). Ify, € H***(Q), s € [0,1] and o = h* then it holds

[uo = tonl[L2@) < ch®[|Yoll o2 (0)-

Proof. Since the identity I : L*(2) — L*(Q) is bounded, self-adjoint and elliptic on
L?(£2), unique solvability follows by the Lemma of Lax—Milgram (Theorem 2.3). For
the error estimate we use a Strang argument. Therefore, let u,, € U), denote the
unique solution of

(TUoh, qn) 12(0) = (—AYps qn)12(0)  for all g, € Uy, (4.126)
To proceed, we use a triangle inequality to estimate
[tg = tgnllz2@) < lltg — gnllz2(a) + [tgn — wenllz2e). (4.127)

Using Cea’s Lemma (Theorem 2.15) and the best approximation results (Theorem
2.26) we immediately estimate the first term in (4.127) by

Hu@ - ﬂthLZ(Q) < inf Hug - QhHL?(Q) < Cthug”Hs(Q)
qn€UR

= ch’|| Ay,

mo@) < Pyl mor2 (),

for s € [0, 1]. Testing (4.126) and (4.125) with g, = Gy, — u,n € U, we compute for
the second term in (4.127)

[ton — thH%Q(Q) = (lgn — Ugh, Ugh — Ugh) L2()
= (—AYo — Yon), Ugh — Uh)12(02)
< HA(y@ - ygh)HL2(Q)”a9h - u9h||L2(Q)7
ie.,
[Ton — wenllz2() < 1AW = Yor)llz2(0)-
Noting that for the solution y,;, € Y} of (4.110) Cea’s Lemma holds true, we have

ol| Ay, — ygh)H%Q(Q) + llyo — ygh”%?(ﬂ)
< inf ol AW, = 2) e + 1o = 2l

ZhEYh
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With this, using ¢ = h* and the best approximation results (Theorem 2.23), we
compute

1AW, = yon) |l 220y < cl|yoll 72 (02) for y, € Hy(Q2) N H(),
c | chllyollms), for y, € HE(Q) N H3(),

and subsequently ||A(y, — yon)|l22(0) < ch®||Y,||me+2(q) for s € [0, 1], which concludes
the proof. O

Using the fe-isomorphism, (4.125) is equivalent to the linear system of equations
Myuy, = Ky, (4.128)
where the mass matrix and the stiffness matrix are given as
MK = (68 ey and Knllog] = (—AGh @) oy, Lk = 1,..., M,

The results on for the three different targets are depicted in Figure 4.16.

0 0 0
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N 00
» 200
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200
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400
1 R 1 1
0 05 1 0 05 1 0
v . v

a) Ja,1 b) a2 €) Ya,3

°

v

Figure 4.16: Reconstruction of the controls u,,; from the computed targets y,,; on
a mesh with N = 36864 elements.

4.2 A hyperbolic model problem

So far we only considered the application of the abstract framework developed in
Chapter 3 to elliptic problems. To show its full capacity, we will now consider the
optimal control problem subject to the homogeneous wave equation as a model for
a hyperbolic optimal control problem. Therefore, let Q C R? d = 1,2,3, be a
bounded convex domain with Lipschitz boundary I' = 0€2, for d = 2,3, and let
0 < T < oo be a given finite time horizon. Then we introduce the space-time domain
Q = Q x (0,7) and the lateral boundary ¥ := I' x (0,7). For a given target
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yq € L?(Q) and a regularization parameter ¢ > 0, we consider the minimization of
the cost functional

1 0
T (Yorue) = 51190 = vallizq) + 5 el (4.129)

subject to the initial boundary value problem for the wave equation with homoge-
neous Dirichlet boundary conditions,

Oyo(@,t) := Ouyo(w,t) — Dayp(a,t) = uy(z,t)  for (z,1) € Q,

Yo(z,t) = 0 for (z,t) € X, (4.130)
Yo(2,0) = Oyo(,t)y=0 = 0 for x € €.

4.2.1 The energy regularization in [H&;}O(Q)]*

To apply the abstract framework of Chapter 3, we will employ a space-time varia-
tional formulation of (4.129)-(4.130), following [87]. The first crucial property will
be to find Hilbert spaces such that the wave operator B := [ : Y — X*, satisfies
the assumptions (B1)-(B3), i.e., it defines an isomorphism. Such spaces were con-
structed in [111, 116|, from which we rephrase the main ideas. First, let us consider
u, € X* = L*(Q). To derive a variational formulation for (4.130), we multiply by
a test function q(z,t) € C*(Q), integrate over the space-time domain () and apply
integration by parts, to get

/ /ug z,t)q(x,t) drdt = / /@tyg z,t)q(x,t) — Ayy,(z, t)q(z, t) de dt
:/ [@yg(x,t)q(x,t) . —/ Oryo(x, t)0rq(x,t) dt} dx
Q 0
T
- { [ e Voo at ) ds+ [ Vaalant) - Vaate ) da
0 o0 Q

Now, since Oyy,(x,1) ‘ —o = 0, choosing a test function that satisfies q(z,T) =0 and
q}z =0, we get

b(Yo: @) := — (0o, 0:0) 12(Q) + (Valor Vad) 12(Q) = (o, @) 12(0)- (4.131)

Recall the spaces, incorporating the spatial boundary condition and the initial /terminal
condition in a weak sense

0.(Q) = Hy (0,T; L*(Q2)) N L*(0,T; Hy (2)),
10(Q) = Hg(0,T; L*(Q)) N L*(0,T; Hy(2)),
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both equipped with the norm

lalm@) = \/HatCIH 2@ T 1VaallZ2g)- (4.132)

Then the bilinear form b(-,-) : Hyj, (Q) x Hyo(Q) — R, is well-defined and and
bounded, i.e.,

60z, @)| < |2l @ lalnr @
and for any u, € L?(Q) the variational formulation (4.131) admits a unique solution

Yo € Hé;&}(Q), fulfilling the stability estimate, see e.g. |71, Theorem 5.1, p.169] and
[110, Theorem 5.1,

T
19oll 12t @) < EH“QHH(Q)

But, although we have unique solvability, the operator B : H&;&(Q) — [Hé;’})(Q)]*
associated to the bilinear form, by

(By,q)q = b(y,q) forally € Hy; (Q), q € Hyo(Q),

does not define an isomorphism.

THEOREM 4.30 (|111, Theorem 1.1]). There does not ezist a constant ¢ > 0 such
that each right-hand side u, € L*(Q) and the corresponding solution y, € HS;’&(Q) of
(4.131) satisfy

HyQHHé;’é’ Q = CHU@H[H“ @)*

In particular, Assumption (B2)

<By7 Q>L2 Q
0113 ||?J||Héé @) < sup A2 AIAQ) for ally € H&;&(Q)
v 0£q€Hy o(Q) HQHHOl;}O(Q)
with a constant ¢ > 0 does not hold true.

In the following, let us define suitable spaces, such that the wave operator is an
isomorphism. The first issue to overcome is the establishment of Assumption (B2). It
fails to hold, since the initial condition 0y, (z,t) } .o enters the variational formulation
naturally, which is not appropriate in this case. In order to incorporate it in a
meaningful sense, we will modify the ansatz space. Let Q_ := Q x (=T,T) denote
the enlarged space-time domain and define the zero extension of a function y € L*(Q)
by

gz, t) = {y(fb,t) for (z,t) € Q,

0, else.
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Then, we consider the application of the wave operator in a distributional sense, i.e.,
for all ¢ € C3°(Q-) we define

Oy, v)o_ ::/ y(x,t) Dgp(:c,t)dxdtz/@y(x,t) Oo(x,t) dx dt.

Using this definition, we can introduce the space

H(Q) = {y =T : T € LXQ-), Fiox(-ro) = 0, OF € [HH(Q-))'},

with the graph norm

lulliear = /9l + 15010,

The normed vector space (H(Q), || - |lx(q)) is a Banach space, and it holds that, see
[111, Lemma 3.5], H&’éy(@) C H(Q) ie.,

~ 1,
18912 @y < Nllmap (@) forally e Hyp (Q)- (4.133)

Therefore, we can introduce the space

-ll2ec0)

Ho,(Q) = Hyjs (Q) C H(Q),

which will serve as ansatz space. For y € Ho, (Q)), an equivalent norm is given as,
see [111, Lemma 3.6],

1911900, @) = 1091l {13 0y

For given u, € [H(};’,lo(Q)]* we now study the variational formulation to find y, €
Ho.0.(Q) such that

E(yg,q) = (07,,£0)0_ = (up,q)q forallge HS;’,%<Q>7 (4.134)

where & : H&;}O(Q) — H}(Q_) is a suitable extension operator, e.g., reflection in time
with respect to ¢t = 0, satisfying

1,1
1€allmio-) <2 ||C.I||H3;}0(Q) for all ¢ € Hy ), (Q).

We conclude that the bilinear form b(-,-) : Ho0,(Q) % H&%(Q) — R within the

variational formulation (4.134) is bounded, as for all y € Ho, (@) and ¢ € HS%(Q)
we have

1b(yes )| < 153l

) = 2[Y o0, @llall 2 o) (4.135)

Moreover, we have the following result.
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THEOREM 4.31 ([111, Theorem 3.9]). For each given u, € [H&’}O(Q)]*, there exists
a unique solution y, € Ho.o (Q) of the variational formulation (4.134) satisfying

||y9”7-lo;o,(Q) = HE@QH[H&(Q_)]* = ||U’Q||[Hé;'710(Q)]*‘

In particular, there holds the inf-sup stability condition

by,
Whooo < stp LD ity € Moo (Q). (4.136)
0#£¢€Hy b (Q) “q”Hé;,%(Q)

This result now gives raise to an isomorphic operator for the solution of the wave equa-
tion for controls u, € [HSB(Q)]* We summarize the findings in the next lemma.

LEMMA 4.32. Let B : Hoo,(Q) — [Hé;”lo(Q)]* be the linear operator associated with
the bilinear form b(-,-) defined as

(By.q)q :==0(y.q) = (07,Eq)q_  for ally € Hoo,(Q), g € [Hys(Q)]".

Then B satisfies the Assumptions (B1)-(B3) with constants ¢ = ¢B = 1. Moreover,
the restriction fulfills

Bl gy = Bt Hip (Q) = [Hyh(Q))
or, more precisely,
b(y,q) = bly.q) for ally € Hy} (Q), g € Hyp(Q). (4.137)
Proof. Assumption (B1), i.e., boundedness of b(-,-) : Hop,(Q) ¥ HS;}O(Q) — R, was
already established in (4.135). The improved boundedness constant ¢ = 1 is given in

[111, p. 22, (3.9)]. Assumption (B2) is exactly (4.136). To show (B3) let ¢ € H&’}O(Q)
be arbitrary but fixed and consider the linear functional (ug,-)g = (¢, ") HA Q)

HS;})(Q) — R. By Theorem 4.31, there exists a unique y; € Ho,o, (@), such that

b(ys,q) = (ug, q)q for all ¢ € Hyo(Q).

In particular, for ¢ = ¢, we have

b(ya: @) = (ug Qo =l ) # 0.

A proof of the property (4.137) is given in [111, Lemma 3.5]. O
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REMARK 4.33. If we consider conforming trial spaces Y} C H&’&(Q) C Hoyp,(Q) and
Xi C Hyo(Q), by (4.137) it holds

b(Yns an) = —(Ouyn: Oran) r2(Q) + (Valn: Vatn) 120 for all yn € Y, qn € X,
This is of particular interest when considering the discrete setting, as piecewise linear

continuous functions are in H'(Q).

Moreover, we need to have an operator, realizing the norm in [H&’}O(Q)]*, which is
guaranteed by the Assumptions (A1)-(A3).

LEMMA 4.34. The operator A : Hé;’})(Q) — [Hé;’})(Q)]* defined as

(Ap.q)q = (0P, D) 12(Q) + (Vab, Va@)12(q) for all p,q € Hyo(Q),  (4.138)

fulfills Assumptions (A1)-(A3) with constants ¢i* = c§ = 1 and thus for all u €
[Hy:o(Q))* it holds that

HUH[HS;}O(Q)}* = [[uglla—r = m.

Proof. By definition the operator is self-adjoint, which gives (A2). Moreover, we
easily compute, using the Cauchy-Schwarz inequality twice, that

<Ap7 Q>Q < HpHH&’IO(Q) Hq“H&’}O(Q) for all D,q € H[};}O(Q)a
ie., (Al). (A3), i.e., ellipticity, follows directly as
(A, q)q = lalinig) = lallfn g forall g € Hyy(Q). 0

Thus, the optimal control problem (4.129)-(4.130) fits into the framework of Chapter
3, when choosing the spaces

H=1I1Q), X=HQ), Y =mHuQ),
and the operators
A HY (@) — [Hyn(@) and B : Hog (Q) — [Hy o(Q))*

defined as in Lemma 4.34 and Lemma 4.32, and we can directly apply all the results
derived in the abstract setting. Firstly, using that B : Ho (Q) — [H&’}O(Q)]* is an



4.2 A hyperbolic model problem 125

isomorphism, we can eliminate the control from Ey@ = u, and consider the reduced
cost functional

. 1 0 ~
T (ye) = 5”1/9 —Yallz2g) + §HBy9H[2Hol;,B(Q)]*
1 0,5 an
= §<y.g —Ydy Yo — yd)LZ(Q) + §<Byga A 1ByQ>Q7

for which the minimizer is characterized as the unique solution y, € Y of the varia-
tional equation (3.11)

0(SYo: 2) 12(Q) + (Wos 2)12(Q) = (Wa, 2)12(q) for all z € Hyp (Q) (4.139)

where S := B*A™'B : Hoo(Q) = [Hoo,(Q)]* denotes the Schur complement opera-
tor, which is symmetric, self-adjoint and elliptic and defines an equivalent norm on
Ho.0,(Q), see Lemma 3.4, i.e.,

19ll700.@) < lylls = \/<By,A*13y>L2(Q) < yll300.@- (4.140)

Now, by Lemma 3.6, we get the following regularization error estimates, depending
on the regularization parameter ¢ > 0.

LEMMA 4.35 (|87, Theorem 3.2|). Let yq € L*(Q) be given. For the unique solution
Yo € Ho0,(Q) of (4.139) there holds

190 = vallz2@) < [19allz2(@)- (4.141)
Further, if ya € Ho0,(Q), then
1Yo = yall2@) < Vellyalls — and |y, — yalls < llyalls- (4.142)
Moreover, it holds
19ells < llyalls- (4.143)
At last, if ya € Hop,(Q) such that Sy, € L*(Q) it holds
1Yo — vallz2@) < ollSvallrz@)  and |y, — yalls < vollSyall2(q), (4.144)
and, in this case we also have
15Yell2@) < 15vallz2(0)- (4.145)
Note, that the operator A = —Ag, H&’}O(Q) — [H&’B(Q)]* corresponds to

the space-time Laplacian with mixed Dirichlet and Neumann boundary conditions.
Therefore, the solution p € HS;’}O(Q) of Ap = u in ) admits the regularity p €
H™HQ) N Hyo(Q) for given u € H'"(Q) and some 0 < r < 1 depending on
the geometry of the space-time domain, see e.g. [30, 59|. In particular, for y,; €
H*(Q)N H&’éj(@) it holds that By, € L2(Q). But, we can in general not guarantee
that A~'By, € H%(Q) and subsequently, Sy, = B*A™ By, € L*(Q) does not need
to hold true.
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THEOREM 4.36 ([87, c.f. Corollary 3.3]). Let yq € Hyy (Q) = [L*(Q), Hyly (Q)]s, for
se[0,1] orys € H*(Q)N H&;&(Q) such that Syq € H*"%(Q) for s € [1,2]. Then

1Ya — Yollz2(@) < o™ |lyallm=@), s € [0.1], (4.146)

and

1Y — Yol 2(0) < co™*|lvallms), s € [1,2]. (4.147)

Proof. Foryy € H&’&(Q) we get from the estimate (4.142), using the norm equivalence
(4.140) and the property (4.133), that

1/2

lya = vollz2@) < 0 llvalls < 0" Walloo @ < € lyall sz (@)- (4.148)

Now interpolating with (4.141), using Theorem 2.14, gives (4.146). Moreover, if
yq € H*(Q) N H&’&(Q) such that Sy; € L*(Q), we get, using (4.144), that

1Ya — Yol L2(0) < 0l|SVdllz2(@) < collvallm2(q)

and interpolating with (4.148) gives (4.147). a

REMARK 4.37 (L*regularization). Recall, that B : H&;&(Q) — [H&’}O(Q)]* does not
define an isomorphism. Though, the problem to find y, € H&’&(Q) such that By, = u,

in [H&’}O(Q)]* admits a unique solution for all u, € L*(Q). This approach does not
fit into the framework of the energy reqularization, but we can derive an optimality
system, analogously to the procedure for the Poisson equation in Remark 4.2. Namely,
we can define the solution operator S : L*(Q) — HS;’&(Q) by Su, =y, and consider
the reduced cost functional

. 1 0
Tug) = 315w — villiaig) + el
for which the minimizer satisfies the gradient equation
Do+ 0up =0 in L*(Q), (4.149)

where p, € Hé;’ylo(Q) 1s the weak solution of the adjoint problem

ng(l‘, t) - attpg(xvt) - Ampg(.%,t) = yg(x=t> - yd($=t> fOT (ma t) € Q,
polz,t) = 0 for (z,t) € X,
Do, T) = Opo(z, t)y=r = 0 forxz € Q.
(4.150)
We end up with the optimality system, including the forward equation (4.130), the
adjoint equation (4.150) and the gradient equation (4.149). Eliminating the control
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u, = Oy,, from (4.130), we get by the gradient equation that p, + oy, = 0 and we
can phrase the variational formulation: find (p,,y,) € H&’B(Q) X H&;&(Q) such that

0 po D2 + b(ye.q) = 0 for all g € Hé;:l?(Q) (4.151)
—b(z,p0) + Wo2)1200) = (Wa,2)12(Q) for all z € Ho;’o,(Q)-

Moreover, we can eliminate the adjoint variable p, = —ou, = —olly, in the adjoint
equation (4.150) to conclude

0%y, = Op, = ya — Yo

and therefore

0Py, (z,t) +y,(z,t) = ya  for(x,t) €Q,
Yo(x,t) = Oyp(z,t) = 0 for (z,t) € 3, (4.152)
Yo(w,t) = Owolx,t)y=0 = 0 forx e Q,
Oyo(z,T) = O00y,(z,t)y=r = 0 forx €,

which leads to a kind of Bi-wave equation with boundary conditions inherited from
the adjoint state p,. Although, we will not give a complete analysis for this approach,
we can discretize the variational formulation (4.151) and will numerically compare
the solutions of the energy reqularization to solutions of the L?-reqularization.

Discretization

We consider a Galerkin finite element discretization of the variational formulation
(4.139), with the conforming ansatz space Y;, = S} (7T5) N H&’&(Q) = span{pL} ™ C
Ho.0,(Q) of piecewise linear, globally continuous functions, defined with respect to
some admissible, globally quasi-uniform decomposition 7, = {7}, of the space-
time domain () into shape regular, simplicial finite elements 7, of mesh size h,. Then
we have to find y,, € Y}, such that

0(SYohs 20) 0 + (Yohs 2n) g = (Ya, zn), for all z, € Yy, (4.153)

Note, that at this point the action of the operator S = B*A'B : Hoo,(Q) —
[Ho0,(Q)]* can not be computed explicitly. To actually derive a numerical scheme,
we replace the operator by a computable approximation S : Ho (Q) — [Hoo,(Q)]*,
which action is defined by Sy = é*pyh, where p,, € Xp, := SHTh) N H&’}O(Q) C
Hg;;(@) is the unique solution of

(Apyh, qh>Q = <§y, qh)Q for all ¢, € Xj. (4154)
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Then we consider the perturbed system to find y,, € Y} such that

Q<»§ggh, Zh>Q + <ggh7 Zh>Q = <yd> Zh>, for all Zh € Yh. (4155)

By Lemma 3.14 the variational formulation (4.155) admits a unique solution g, € Y4,
as S > 0 is positive semi-definite. Moreover, for any arbitrary but fixed z, € Y}, C
Hé;’& (@), we have by (4.133) and Lemma 2.37 that there holds the inverse inequality

lznll#00.@ < lanllie @) = IVenallzzg) < cth™lallzaq)- (4.156)

Thus we can apply Theorem 3.15 to get the following finite element error estimates,
depending on the regularization parameter o > 0, the regularity of the target y,; and
the approximation property of the trial spaces.

LEMMA 4.38. Let yq € L*(Q). Then the unique solution §,, € Yy of (4.155) admits
the estimate

19en = vallz2(@) < llyallz2(@)- (4.157)
Let yq € H&;&(Q) and let p,, € HS;}O(Q) be the unique solution of
(Apy,.0)o = (Bys.0)q  for all g € Hyo(Q). (4.158)
Then we get
1Gon = yallL2@) < C([h_lg + Vo) lvall e @) + h_lﬁq}fg)f(h IVt (P — a0)ll 2@

_ . 1/2
+[h e +1] Zilelif/h 101V (@) (ya — Zh)H%Q(Q) + [lya — Zh”%%Q)] ) (4.159)
Moreover, if yq € H*(Q) N H&’éy(@) and Syq € L*(Q) we have the error estimate

|Ton — Yallr2(0) < C([hflg?’ﬂ + 0] lyall r2(@) + hilgqhig)f(h IV 2ty (Pya — @)l 22(0)

_ . 1/2
+[h e +1] Zifellf/h [0V () (Ya — 20) 72y + 19a — 2nll72(0)) > (4.160)

Recall, that A : HSB(Q) — [HSIO(Q)}* corresponds to the space-time Laplacian
with mixed boundary conditions and therefore the unique solution of (4.158) fulfills
Py, € H'(Q)N H&;}O(Q) for some 0 < r < 1 depending on the regularity of y,
and the geometry of the space-time domain. In the following let us restrict to a
convex space-time domain @) and to functions y, € H*(Q) N HS;’&(Q) such that

Py, € H(Q) N H&;}O(Q) for s € [1,2]. This can be achieved in practice if the initial
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and terminal conditions do not play a major role for y4, e.g., when y; = 0 on the
lateral boundary ¥ = 909 x (0,7") and on Q x (0,¢) and Q x (T'—¢,T) for some £ > 0.
Then, for s = 2 the estimate

1Pyallr2@) < cllApyll2@) = el Byallz) < cllyall 2o (4.161)
holds true. The main statement of this section is then, the following error estimate.

THEOREM 4.39 (|87, Corollary 4.4]). Let g, € Yy be the unique solution of the
variational formulation (4.155) and let yq € Hgj (Q) = [L%Q),Hé;&(@)]s for s €
[0,1] orys € H*(Q)N H&’&(Q) such that Sy, € H*"*(Q) and p,, € H*(Q) N H&’L(Q)
for s € [1,2]. If o= h?, then

12 = Gonllz2@) < ch®|[Yallmo@) 5 € [0,2].

Proof. Firstly, for y; € H&’éj(@), by the best approximation properties (Theorem
2.36) and using o = h?, we can estimate

) 1/2
inf W21V — )32 + l9a = 212y | < chllyallma,

Zh€Yy
and

inf |Vt Py — @)llz2@) < NV @nPyallzz)-
ah€Xn

Moreover, we can compute that
IV @yPualliz@) = (APyss Py = (Bya: Pya)o < NV @nvall 2@ IV @npuall 2@
ie., [[Venpyllrz < IV@yvdallr2)- So estimate (4.159) becomes
1Ya = Genll2(@) < chllyallar (@), (4.162)
and interpolating the estimate with (4.157), using Theorem 2.14, gives
1Ya = Gonllz2@) < ch*llyall o), s € [0,1].

Now, let y; € H*(Q) N Hy (Q) such that Sy, € L2(Q) and p,, € H*(Q) N Hy((Q).
As above we can estimate

| 1/2
it [P190(va = )0 + s = 20l | < Wl

ZhEYh

and, using (4.161),

inf || Vien Py — @n)llz2@) < chllpy,llaz@) < chllyallrq)-
qn€Xp

Thus, (4.160) can be bounded by

1y = Gonllz2@) < ch®|lyall 2@
and interpolating with (4.162) gives

1ya — Tonll2@) < ch®llyallas @), s € [1,2]. O
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Numerical results

Recall the finite element spaces used for the Galerkin variational formulation of
(4.155) are
Yi, = Sh(Th) N Hyjp (Q) = span{ey 1,2

and
Xy, = Sh(Tn) N Hyo(Q) = span{y 1o

Furthermore, by Remark 3.13, we know that the solution of the perturbed variational
formulation (4.155) is exactly the solution of the system

0o {Apon, an)g  +{(BU,,,an)g =0 for all ¢, € X,

N 4.163
— <B*pgh7 Zh>Q +<ygh, Zh>L2(Q) :<yd, Zh)LQ(Q) for all zZn € Yh. ( )

Thus, using the fe-isomorphism, we have to solve the equivalent system of linear

equations
-1
o Ap Bh) (pgh) (Oh)
- = , 4.164
(‘B; My, Yon Yan ( )

where the matrices are given as

Anliyd] = (Venel, VeneX) 2,
Bili,k] = =0y, 007 ) 12(@) + (Vatph » Vel )12
th,k] = <@§7¢E/>L2(Q)’

fori,j=1,...,Mx and k, £ =1,..., My and the entries of the load vector are

Yanlkl = (Ya, SDZ>L2(Q), k=1,...,My.

REMARK 4.40. Although we do not carry out a thorough analysis, we will compare
our results for the energy reqularization in [HSIO(Q)]* with the ones stemming from
an L?-reqularization given by the variational formulation (4.151). The discretized
system in this case is given by

71 W
v = 4.165
( —BhT My, Yon Yan> ( )

where the only difference is the matrix
Mh['l,]] = <903X730;X>L2(Q)7 iaj:L"'aMXa

realizing the norm in L*(Q). As for the optimal control problem subject to the Poisson
equation, see Remark 4.9 and Theorem 4.27, the optimal choice of the relaxation
parameter in this case is o0 = h*.
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For our numerical examples, we consider the space time domain @ = (0, L) x (0,T) C
R for L =T =1 and three targets of different regularity, see Figure 4.17. Namely,
ya1 € C3H(Q) N H(Q) defined as

1(6t — 3z — 2)3(3x — 6t)3 si < 2t and 6t — 3z < 2
yar (1) = 5 ( x —2)°(3x )?sin(mz), x <2t an x <2, (4.166)
0, else,
the piecewise bilinear function yyo € H3?7(Q) N HY(Q), € > 0, defined as
1, s =0.45,
Yaz(z,t) = o(x)p(t), ¢(s) =<0, s ¢ [0.2,0.6], (4.167)
linear, else,
and finally, the discontinuous target yq3 € Hé/ 275(@), e > 0, defined as
1, (x,t) € (0.25,0.75)2 C Q,
Yas(w,t) = (1) € Fed (4.168)
0, else.

a) Yd,1 b) a2

Figure 4.17: Target functions yq,, 2 = 1, 2, 3.

The convergence rates for a uniform refinement are depicted in Figure 4.19 for an
initial triangulation with N = 128 elements and M = 56 degrees of freedom (DoFs)
and for all three targets for both, the energy regularization in [H&B(Q)]* solving
(4.164) and the L*-regularization solving (4.165). The behavior is similar to the one
observed for the optimal control problem subject to the Poisson equation, see Figure
4.3. Firstly, for a fixed parameter p > 0, we clearly see optimal convergence rates at
first, which break down when h = p'/? in the case of the energy regularization and
h = o*/* in the case of the L?-regularization, but independent of the regularity of the
target. This is agreement with the estimates in Lemma 4.38. Secondly, Figure 4.19
shows the convergence for the optimal choice o = h? for the energy regularization and
o = h* for the L%-regularization. We see optimal convergence for all three targets, as
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a) Yoh,1 b) Yon,2 <) Yoh,3
Energy regularization (4.164) with o = h?

d) Yon,1 €) Yoh,2 £) Yon3
Common L?-regularization (4.165) with ¢ = h?

Figure 4.18: Reconstructed target functions w,4,, ¢ = 1,2,3, on a mesh with N =
32768 elements and M = 16256 DokFs.

predicted in Theorem 4.39. Moreover, the reconstructed targets in Figure 4.2 reveal
a qualitative different behavior for the discontinuous target, as observed in the case
of the Poisson equation with energy regularization in H () in Section 4.1.1. While
for the common L?-regularization one observes oscialltive behavior around the jump,
the energy regularization gives sharp results. Again this stems from imposing higher
regularity on the state when measuring the control in L?(Q).

Furthermore, we want to check how the cost functional

_ 1 . Q5
T (Yon) = §||yd - ym”%z(@ + §||Bygh||[2H3;,1O(Q)}*
behaves. Using the norm equivalence (4.140) and (4.133), we compute

1BYonllias:t @y = Ionlls < NFonllro0,@) < N1Fenllmit @) = IV @nFonllzz)

and we get the upper estimate

. 1 _ 0 _
T (Yon) = §Hyd - Z/th%%Q) + §HV(IB¢)thH%2(Q)'

Figure 4.20 shows the convergence of the cost functional for a fixed parameter p =
10~% and the optimal choice o = h%. We clearly see, that for a fixed parameter the
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convergence for all three targets is optimal up to the point where h* ~ o, while for
o = h? we only see the optimal rate for the target y, 5 € H'Y?7%(Q) and a quadratic
rate for the other two. This is similar to the results for the Poisson equation, see
Lemma 4.7 and Remark 4.8 and indicates that also in the case of the wave equation
the energy regularization in [H&;}O(Q)]* is especially well-suited for targets of low
regularity, i.e., yg € Hgp (Q) for s € [0,1].

As mentioned, since A := —A ) : H&;}O(Q) — [HS;}O(Q)]* corresponds to the space-
time Laplacian with mixed boundary conditions, this has an effect on the regularity.
Namely, even if yq € H*(Q) N H&;&j(@) we can not expect Sy, = BA By, € L*(Q).
This is observed when considering the smooth target,

Yaa(x,t) = tsin(tm)sin(zm), (z,t) € Q.

As Table 4.2 shows we only see convergence of order O(h'%) for the optimal choice
o = h?. To remedy this behavior, one might either consider to choose ¢ = h?, or
change to measure the control in L2, as there boundary conditions do not play a
role. Moreover, an adaptive refinement scheme, discussed in the next section, helps
to overcome this issue.

Level DoFs N h o(h?) 94,00 — Yaallrzg) —eoc
0 56 128 0.088 7.81-1073 1.31-1072 0.00
1 240 512 0.044 1.95-1073 4521073 1.53
2 992 2,048 0.022 4.88-10* 1.62-1073 1.48
3 4,032 8192 0011 1.22-10%  582.104 1.48
4 16,256 32,768 0.006 3.05-107° 2.08-107¢ 1.49
5 65,280 131,072  0.003 7.63-107° 7.39-107° 1.49
6 261,632 524,288  0.001 1.91- 1076 2.62-107° 1.50
7 1,047,552 2,097,152 0.001 4.77-107" 9.28-1076 1.50

Table 4.2: Errors and orders of convergence for y44 in the case of an uniform refine-
ment strategy with o = h%.

Reconstruction of the control

As in all the applications discussed before, we now want to reconstruct a discrete
approximation of the control @,z € Uy C [HSIO(Q)]* from the computed state g, €

Y),. Since, in general the control u, € [H&’}O(Q)] is discontinuous, we consider

Un = SY(Tu) = span{y) é\gv
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Figure 4.19: Convergence for the three different target functions yq,, ¢ = 1,2,3 for
the energy regularization in [H&’%(Q)]* solving (4.164) and the L?- reg-
ularization solving (4.165) for different choices of o > 0.
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Figure 4.20: Convergence of the cost functional 7.
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with respect to some coarser, nested decomposition Tz, and consider the problem to
find @,z € Uy as the minimizer of

~ 3 1 U
Gor = arg min v = Bl g

1 i _
= arg min §<UH — BYon, A™ (vg — Bygh)>[Hé;,’10(Q)}*.

vg€eUy

This is equivalent to the saddle point formulation (3.41), i.e., to find (pp,U,m) €
X, X Uy such that

(ADn, an)q + (Uor, Gn) 12(Q) = (BYoh> Gn)qs (Ve Pr)r2(q) = 0,

for all (g, vy) € Xp X Uy. In terms of matrices this can be computed by solving the

system
A My [ Da BrY o,
. h = 4.169
e ) () =) 4160

where Aj, and By, are as in (4.164) and

~

Mpli, 0) = (oo hi)iz@), i=1,...,Mx,{=1,...,Np.

Unique solvability and related error estimates follow from the abstract framework by
Theorem 3.20, if the discrete inf-sup stability

UVH; qh)L?
csllvallga @y < sup < J2@ oy vy € Un,

oxanexn ||V @t anllL2Q)

is satisfied with some uniform constant cg > 0. This can be achieved by the choice
h = H/4, ie., Tp is produced by twice uniformly refining 7. The reconstructed
controls for the three different targets are depicted in Figure 4.21.

a) ﬂQHJ b) agH,Q C) a@H,?)

Figure 4.21: Reconstructed controls @,g; € Uy computed by solving (4.169) on a
mesh with N = 32768 elements and M = 16256 DokFs.
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4.2.2 Adaptive refinement

The applicability of adaptive schemes is of interest for many reason. To mention
some, note, that we observed the existence of smooth targets for which we do not see
optimal orders of convergence, with the optimal choice p = h?, see Table 4.2. We will
see that the adaptive scheme will regain optimal rates in this case and even raise the
order of convergence for the less smooth targets y;2 and y43. Moreover, it reduces
the computational effort, as less elements are needed, to compute a solution of the
same accuracy. To drive an adaptive scheme, note that for given y; € L*(Q), we can
compute the error ||yq — Fonl/22(g), Where g, € Y is the unique solution of (4.155).
Thus, we can define the local error indicators on each element 7, € T}, by

ﬁg = “yd_thHLQ(Tz)7 £:1,...,N,
which satisfy

N
lya — ?]gh”%%cg) - Zﬁ?;
=1

and we can drive an adaptive scheme using Dorfler marking [34], i.e., we refine all
elements 7, € T, that satisfy

e > 0 mame, for some 6 > 0.

yey

As in the case of adaptive refinement for the Poisson equation in Section 4.1.2,
the question about the optimal choice of the regularization parameter o arises, as
adaptively refined meshes get heavily non-uniform. One obvious choice is p = hfmn,
but, especially for targets in [HO IO(Q)]* we want to keep the regularization parameter
as large as possible, to have a suitable stabilization of the problem. Therefore, we also
consider the choice of an adaptive parameter o(x,t) = h? for £ = 1,..., N. Without

a rigorous analysis, we just give some numerical examples by solving

Agflh Bh pgh) (Oh)
- = 4.170
(_B; Mh) (ygh Yan) ( )

with By, and M}, as in (4.164) and
“142, 7] / / x,t)” V(m)goj (x,t) - V(mvt)gof((x,t) dx dt.

The results for the different targets are depicted in Figure 4.22. We see a similar be-
havior as in the case of the adaptive refinement for the Poisson equation. Especially,
for the continuous targets yq;, ¢ = 1,2,4 we gain quadratic orders of convergence,
when choosing ¢ = h2,, while the choice o(x,t) = h? seems again especially well-
suited for the discontinuous target y,2. The resulting adaptive meshes are depicted
in Figure 4.23.



4.2 A hyperbolic model problem 137

REMARK 4.41. [t is worth noting, that the solution of the distributed optimal control
problem subject to the wave equation does not require a so-called Courant—Friedrichs—
Lewy—condition (CFL-condition), dating back to [28], which is usually observed in the
direct solution of the wave equation and will be adressed in Chapter 5 in more detail.
For a uniform tensor product mesh of the space time domain Q = (0,1)% x (0,7),
the condition can explicitly be computed to be

ht S d_1/2hx7

where hy and h, denotes temporal and spatial mesh sizes, respectively, see [110, p.

49].
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Figure 4.22: Convergence rates for the adaptive scheme solving (4.170) with 6 = 0.5
for different choices of p.
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a) Initial mesh N = 128 b) ya1, N = 15095 ¢) Yd,3, N = 5130

Figure 4.23: Initial mesh and adaptively refined meshes for the target functions y,
and ygq 3.
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4.2.3 State and control constraints

In this section we will discuss the incorporation of state or control constraints into
the optimal control problem subject to the wave equation. Recall, that the abstract
theory applies to the unconstrained problem (4.129)-(4.130), when choosing

H=1*Q), X=H(Q), Y=Hol(Q)

and the operators

A= =Apy : Byp(Q) = [Hy(Q) and B =€) : Hoo,(Q) — [Hyo(Q)]"

State constraints

The problem admitting state constraints is then to minimize the cost functional

1 0
T (Yo, up) = 5“3/61 - y@”%%Q) + 5”“9”[21{35710(@]*
subject to the wave equation
Olyo(,t) := Ouyo(w,t) — Dayo(w,t) = wup(x,t)  for (z,t) € Q,

Yo(z,t) = 0 for (x,t) € 3,
Yo(2,0) = Owyp(z,t)p=0 = 0O for z € Q,

and to the state constraints

g*(l”t) < yé’(th) < g+($,t> for (Q?,t) S Qa
for a given target y; € L?(Q) and barrier functions g4 : @ — R, which fulfill
g-(z,t) <0 < gy(x,t) for a.a. (z,t) € Q and B*A7'Bgy € L*(Q). We already

established that B : Y — X* is an isomorphism, and thus, considering the reduced
cost functional

1 0,
T (Yo) = 5l1va = Yellz2@) + 51 BYell i (-
we want to find
Yo € Ky :={2z € Ho,(Q) : g-(x,t) < 2z(z,t) < g+(x,t), for a.a. (z,t) € Q}

such that 3 .

J(y,) < J(z), forall z € K.
This is exactly (3.47) and the minimizer is characterized as the unique solution of
the variational inequality (3.48), i.e., we want to find y, € K, such that

0(SYo: 2 = Yoy + (Wor 2 — Yo) 12(Q) = (Yas 2 — Yo)12(q) for all z € K, (4.171)
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where S == B*A7'B : H0.(Q) — [Hoo.(Q)]*. Thus, with Lemma 3.23 and the
norm equivalence ||ylls = [|¥l#0.0. (@), see (4.140), we immediately get the following
regularization error estimates.

LEMMA 4.42. Let y4 € L*(Q) be given. For the unique solution y, € K, of (4.171)
there holds

1Yo — vallz2(0) < lWallz2)- (4.172)

Further, if yq € K, then

190 = Yall2@) < Vellyallnoo @ and 1Yo = Yallroo @) < lWallroo @ (4173)

If in addition Syg € L*(Q) it holds

lyo — vallz2@@) < ollSyallzz)  and 1Yo — Yall#oo,@ < VollSvallzzg)-  (4.174)

Now let us derive complementarity conditions by introducing the auxiliary variable
A= 05Y, + Y, — Ya € [Hoo,(Q)]*, which satisfies, see (4.171)
(A, 2 = Yo)r2() = 0, forall z € K.

By Lemma 3.24 the unique solution y, € K, satisfies Sy, € L?(Q), which implies
A € L*(Q) and pointwise evaluation is a.e. well-defined. With the sets

stﬂ: = {(:L‘,t) € Q : yg(xat) = gi(J:?t)}'

by (3.62), the following complementarity conditions hold true:

AZO, g— <yg<g+7 OnQ\Q&i’
A Z 07 yg — .g_7 on QS,—7 (4175)

A < 07 Yo = G+ on QS,Jr'

Discretization

As in the case without constraints, we consider an admissible, globally quasi-uniform
decomposition T, = {7, }}¥; of the space-time domain @ into shape regular, simplicial
finite elements 7, and the ansatz and test spaces

Yy = Si(Th) N Hyjy (Q) = span{ep;), }2™

and
Xn = Si(Th) N Hylo(Q) = span{ey 111X
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of globally continuous, piecewise linear functions. In order to get a good discrete
approximation of the set of state constraints K, let us consider

Ko, = {2z € Yy : Ipg—(z,t) < 2p(z,t) < Ipgy(z,t), for all (z,t) € Q}.

where TI;, : dom(Il,) C L*(Q) — Y, denotes some suitable (quasi-)interpolation
operator. Since again we are not able to compute the action of S, we replace it by a
computable approximation S : Ho (Q) — [Hoo.(Q)]* defined as Sy = B*p,, for all
y € Hoo,(Q), where p,, € X}, solves (4.154). The discrete variational formulation is
then to find y,, € K, such that

0(SToh> 2h—Toh) @+ Toh> 2h—Toh) L2(Q) = (Yas 2n—Ton)12(q) for all z, € K, (4.176)

Recall, that the inverse inequality (4.156), i.e., ||2nllxo0.@) < crh™ 21l 12(q) holds,
for all 2z, € Y). Therefore, Theorem 4.43 is applicable and gives unique solvability
and the following error estimates for the variational inequality (4.176).

THEOREM 4.43. Let yq € L*(Q) and 0 € Kg,. Then for the unique solution §,, €
K, of (4.176) there holds

o — yallz2@) < llvallr2(Q)- (4.177)

Moreover, let ys € KN H&;’(},(Q) such that Syq € L*(Q) and p,, € HS;}O(Q) NH*Q)
be the unique solution of

(Apys )0 = (Bya, q)q, for all g € Hyy(Q).
Then,

G — vallL2(@) < C([h—lg3/2 + 0] (15all 2 + 11992 20
+h_19qhi?)f<h 1Pys = anlli ) (4.178)

_ . 1/2
Ve + 1] inf (ol — 20l @ + la = 20l ).

REMARK 4.44 ((Quasi-)interpolation operator). In practice, we want Kg, to be a
good approzimation of the set K. Thus, we say that 1T, : dom(I1;) C L*(Q) — Y},
is a suitable (quasi-)interpolation operator if it satisfies

(K1) Ty € Ky, for ally € KN dom(I1,,),
(K2) |ly =Tyl o)+ hlly =Tyl @) < ch®[[yllm2q) for ally € HA(Q)N Hyjy (Q).

Whenever @ C R, n = 1,2,3, we have H*(Q) C C(Q) and one can choose 1), =
I, : C(Q) — Yy as the nodal interpolation, for which the above assumptions hold
true. For four dimensional space-time domains and more complex geometries, the
construction of a suitable projection is an open task, that exceeds the scope of this
work.
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The main statement of this section is again an interpolation argument, revealing the
optimal choice ¢ = h?, as in the unconstrained case.

THEOREM 4.45. Let §,, € Ky, denote the unique solution of (4.176) and let yq €
K, N H'(Q) forr € (1,2] or yg € Hyp (Q) for r € [0,1], where we additionally
assume g—(z,t) < yq(x,t) < g4 (x,t) for a.a. (x,t) € Q. Moreover, we assume that
Sys € H2, g+ € H*(Q) and p,, € HS;E(Q) NH"(Q) for all r € [0,2] and (4.161)
holds. If o = h?, then

1Ya = YonllL2@) < h" (lyall ey + 9=l ar@))-

Proof. Let us first assume that yy € K,N H?*(Q). Then, by assumption (K1) we have
nyg € K, and, using (K2), it holds

inf |lya — 2nllz20) < llva — Mayallr2(0) < ch?||yallm2)
z2n€Ksh

and

inf  [lyg — 2nll200.@) < 1¥a — WnYalloe. @ < chllyallzz(q)-

zn€Kgp

Moreover, since p,, € H*(Q), we get by best approximation, see Theorem 2.36, and
(4.161) that

0t~ gy < Pl < el ooy
Thus, with ¢ = h? estiamte (4.178) becomes

1ya = Genll 2@y < b ([9all m2@) + gzl r2@))-

Interpolating this estimate with (4.177) gives the desired result. O

Numerical results
Using the fe-isomorphism the variational formulation (4.176) is equivalent to find

Ksn D Yoh <> Yon € RMv such that

0(ShY g Zh = Y on)2 + (MuY iy Zh — Y on)2 = (Yans Zh — ¥ on)2 (4.179)

for all Ky, > 2z, < z, € RMY, where S, = B;A,:lBh with matrices and load
vector defined as in (4.164). To incorporate the constraints, we define the auxiliary
variable

A = 05T o + MiF o — Yan:

and the set of active nodes be defined as

As’i = {k = 1, . ,My . ygh[k] = (th>:t(xk)} (4180)
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Then we obtain the discrete complementarity conditions

Anlk] =0, (Hng-)(zr) < Yulk] < (Hngy)(zr), for k & A+,
Ai[k] >0, Voulk] = (Mhg-)(wy), for ke A, _, (4.181)
Mulk] <0, Folk] = (Mg )(x), for ke A, .

These are equivalent to
Anlk] = min{0, Ap[k] + a(gy k] — o[k} + max{0, Mu[k] + a(g_y[k] — ¥ u[k])},

for some o > 0 and Y}, > Il,g+ < g.;, € R, Now in order to solve (4.179), we
compute the roots of the functions
Fy(Y ghy An) = 055 o + MiF g = A = ¥4

and

F(¥ o An) =X, — min{0, Ay k] + a(g,, k] - Yonlk])}
— max{0, Ay [k] + (g _u[k] — ¥ ulk])}.

simultaneously. This is achieved applying a semi-smooth Newton algorithm, which
is equivalent to and active set strategy, see Algorithm 1, as in the case of constraints
for the Poisson equation, see Section 4.1.3. Therefore, we successively compute the
iterates

om+1 om

y ~m  yYym\\ ~m ym

o) = Xgmh — (DF (35, M%) lF(yL)h?Ah)? (4.182)
Ah Ah

where the Jacobian is given as

S M —1
DF<ZhalJ’h>:< ¢ h+ " )7

al(gip, zn, un) 1 — L'(gyp, Zn, tn)

where the entries of L' are as in (4.79). To support our theoretical results, we will
consider the domain @ = (0,L) x (0,7), T = L = 1, and the target functions, see
Figure 4.17, y41 € C*(Q), given as

(2.1) {%(Gt — 3z — 2)3(3x — 6t)3sin(wz), x <2t and 6t — 3z < 2,
Yda\x,t) =

0, else,

and the discontinuous target yq3 € Hé/ 275(@), g > 0, defined as

1, (x,t) € (0.25,0.75)% C Q,
yas(o 1) = (z,t) € ( ) Cc@
0, else.
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The constraints on the state are imposed by the barrier functions g(j ) = 0,7=1,2

and B
ggrl)(x,t) = min{0.3,y41(x,t)} for (z,t) € Q

and
gf)(ac,t) = 0.5y41(x,t) for (z,t) € Q.

We solve (4.182) successively, with ¢ = h? and initial guess
Vo, = (W*S, + My) 'y, € R and X)) =0, € RM.

As a stopping criterion we choose the maximal absolute error in each node, i.e., we
stop if

tol, := max{tol, y,tol, _} < 107°, (4.183)
where

tols 4 = |S’gh[k:| — g+ ()|,

max
{k:9 on [k]> g+ (zx)}

tol, _ = max v k] — g_(x)].
’ {k:ygh[kkgf(mk)}'ym[] o- (o)

To reconstruct the control, we solve (4.169), as in the unconstrained case. The results
are depicted in Figure 4.24.

Control constraints

In this case we want to minimize

1 2 Y 2
T (o 10) = 3190 = vollaig) + 2luelis o
subject to the wave equation

Oy,p(x,t) == Onyo(z,t) — Apyo(x,t) = wuy(z,t)  for (z,t) € Q,
= for (z,t) € 3,
yg(x, O) = atyg<$, t)\tzo =0 for x € Q,

<
IS
—~
8
~
|
e}

and to the control constraints
h_(z,t) <wuy(z,t) < hy(z,t) for (z,t) € Q,

for a given target y; € L*(Q) and barrier functions hy € L?*(Q), which fulfill
h_(z,t) < 0 < hy(z,t) for a.a. (z,t) € Q. Following the abstract framework in
Section 3.2, this is equivalent to find y, € K, such that

0(SYp, 2 — Yo)o + (Yor 2 — Yoy 12(Q) = (Ya, 2 — Yo)12(q) Tfor all z € K., (4.184)
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_ 2 _ 2
d) ya3 ©) Ton3» 95 £) orr 3, 9%
Figure 4.24: Targets yq,, computed constrained states ¢,,;, = 1,3 on a mesh with

N = 32768 elements and M = M16256 DoFs with constraints g

9, 5=

1,2 and reconstruction of the controls @,z ; on a mesh with Ny = 2048

elements.

where the set of constraints is defined as

K. :={z€Huo,(Q): (h—,q)r20) < <§Z,Q>Q < (h4+, @12 q € H(};’,IO(Q)» q > 0}.

As observed, this problem admits the same structure as state constraints and all
the estimates from Lemma 4.42 carry over verbatim, when replacing K, by K..
The complementarity conditions can be derived considering the auxiliary variable

wy € H&;}O(Q) as unique solution of
(E*wA, 2)g = (05 + Yo — ya, 2)q for all z € Hp (Q),
for which we get, by (3.64),

wyx=0, h_<u,<hy, onQ\Qcx,
wy > 0, Up="h_, onQ._,
W\ S 07 Up = h+7 on QC,+7

where the sets (.1 are defined, if Assumption 3.26 is satisfied, as
Qex = {(z,t) € Q : uy(x,t) = hy(z,t)}.

For the discretization, we introduce the set

(4.185)

Ko =Lz € Yo (h—,qn)12(0) < (B2 qn)o < (b an), an € Yn, qn > 0}
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and consider the discrete variational problem to find y,, € K, such that

Q<§ﬂgh72h—?3gh>Q+<§gh,Zh—ﬁgh>L2(Q) > (Ya, 2n—Ton)12(@) for all z, € Ky, (4.186)

for which related error estimates as in Theorem 4.43 (replacing K by K., Ky, by
K, and ||Sg4|l2@) by [|h+llz2(q)) follow, if we restrict to functions satisfying As-
sumption 3.26 and Assumption 3.27. As in the case of state constraints, using the
fe-isomorphism, the solution of (4.186) K 3 §on <> ¥, € R has to fulfill

Q(Shyghv Zp — S’Qh)2 + (Mhygiw Zp — S’Qh)2 > (Yan> Zn — y@h)Q (4.187)

for all Ko, 2 2, < z, € RMY. To incorporate the constraints, we will consider the
auxiliary variable wy ; € RMx solving

B,y Wy, = OShY o + MpY o, — Yan-
Introducing the set of active nodes as
Acr i ={k=1,..., My : (Bpy)[k] = hin[k]},
where the entries of hyj, € RMx are given as
ho[k] = (he, i )2 k=1, My,

we can conclude the discrete complementartity conditions

Wanlk] =0, h_y[k] < (Bry,n)k] <hyp[k], fork & AL,
W)\h[k] >0, (Bhygh)[k] = h,h[k], for k € Acﬁ, (4188)
V~V,\h[k] S O, (Bhygh)[k] = h+h[k], for k € ch+,

as in the continuous case. These are equivalent to

Wan[k] = min{0, W [k]+a(hpy —(Bry ) [k]) H+max{0, Wxn [k]+a (b, —(Bry ) [k]) },

for some v > 0. Thus, we want to find the roots of the functions

F1 (s W) = 0S0¥ o + MY o — B Wan — Yans

and

Fo(Yons Wan) = W — min{0, W [k] + a(byi [k] — (Biy ) [k])}
— max{0, Wxu[k] + a(hp_[k] — (Bry )[k])},

simultaneously, which can be achieved by applying a semi-smooth Newton method,
i.e., we compute the iterates

Yon Yoh Som m o\ —lEem
<~€n+1) = (~§n> - (DF(thvw)\h)) F(thaw/\h>7
Wih Wh
where the Jacobian is given as

- . QSh + Mh _B’—ll—
Dz, wn) = (aL,(hih,BhZh,Wh)Bh [ = L'(hsp, Bpzn, W) )
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REMARK 4.46. To avoid setting up the matriz S, = B;Angh, which 1s dense due
to the inverse of Ay, we can introduce p,, = —gA;lBh@Qh and yet another function

Fo(Pgm Yon, Wan) = 0 AnDyy + B,
and find the roots of

F,
F<pgh7 @g}w /&))\h) = Ij’l (pgha @ghv /&))\h)a
F,
iteratively solving a semi smooth Newton method with Jacobian
_ o Ay By, 0
DF<pgh>zh7wh> = B}j I _B;Lr

0 al'(hin, Brzn, wp)By I — L'(han, Brzy, wy)

Although, we gain additional degrees of freedom, the Jacobian is sparse.

As a test example, we consider the target
1, t>1—x
e, t) =4 7=
Yea(,1) {O, else,

on the space time domain @ = (0,1)? and the barrier functions

h_(z,t)=0, and hy(z,t) = 1000.

We choose ¢ = h? and the initial guesses
Yon = (B*Sh + M) 'y, € RMY, Pgh = QAﬁlBhS’gh e RY™, W}, =0, e RY~.

As a stopping criterion we choose the maximal absolute error in each node, i.e., we
stop if

tol, := max{tol. ., tol, _} < 1077, (4.189)
where
tol. . = max Bry ) k| — hyl|kl],
+ {k:<3h99h>[k]>h+h{k1}|( non) k] = B [A]
tol._ = max |(BrY o) k] — hop[k]].

{k:(BrY on) [K]<h_p[K]}

To reconstruct the control, we solve (4.169), as in the unconstrained case. The results
are depicted in Figure 4.25.

To conclude, both state and control constraints fit into the abstract framework and
can be handled as in the elliptic case in Section 4.1.3 and the final discussion therein.
We point out, that all the numerical examples were carried out using MATLAB,
where we adapted refinement routines from [44].
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Figure 4.25: Target y.q4 and computed state g,, on a mesh with N = 32768 elements
and M = 16129 DoFs and reconstruction of the control @,z on a mesh
with Ny = 2048 elements with and without constraints h...






5 AN ADAPTIVE LEAST SQUARES SPACE(-TIME)
FRAMEWORK

In this section we will analyze numerical methods for the direct solution of PDEs,
based on a least squares framework, following ideas of [70]. In particular, we will see,
that a majority of the concepts that have been used in the case of optimal control
problems, can be reused and trimmed to this application. To outline the framework,
let X C Hy C X*and Y C Hy C Y™ be two Gelfand triples of Hilbert spaces. Then
for given f € X*, we want to find y € Y as solution of the operator equation

By=f in X" (5.1)

This equation admits a unique solution y € Y for any f € X*, ifand only if B: Y —
X* is an isomorphism. The main interest now lies in the discretization of (5.1). A
well-known approach is to equivalently consider the variational formulation, i.e, to
find y € Y such that

(BYy,q)uy = {f,q)uy forall g € X, (5.2)

for given f € X*, where (-, )y, denotes the duality pairing as extension of the inner
product in Hx, and then to find suitable, finite dimensional, trial spaces X; and Y}
and determine the solution y, € Y}, of

(Byns qn)ux = (f,an)m, for all g, € Y}, (5.3)

At this point, it is important to note, that the property of B : Y — X* being an
isomorphism, does not transfer to the discrete setting, even when choosing conforming
spaces X, C X and Y, C Y. Thus, the crucial part of this procedure is to construct
X, and Y}, such that (5.3) admits a unique solution, preferably for any right hand
side f € X*. In particular, in the finite dimensional setting this requires dim(X}) =
dim(Y},), which is a major restriction in many applications, as it narrows the choice
of trial spaces fiercely. This, in turns, might restrict the applicability of adaptive
schemes or parallel algorithms for the solution of the discretized problem. In addition,
in practice, we prefer to have discrete spaces that are easy to implement in a numerical
scheme, at best, spaces that can be used for a wide class of problems, e.g., standard
finite element spaces. Before we state the alternative approach for the solution of
the operator equation (5.1), we will consider a motivational example, illustrating the
obstacles just stated.

149
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5.1 Motivation

Let us consider the simple initial boundary value problem of a spatially one-dimensional
wave equation with homogeneous Dirichlet boundary conditions on the space-time
domain @ = (0, L) x (0,T7),0 < T, L < oo, given as

Ony(x,t) — Opey(x,t) = f(x,t) for (z,t) € Q,
y(x,t) = 0 for (z,t) € ¥ ={0,L} x (0,7), (5.4)
y(z,0) = Owy(z,t)p=0 = O for z € (0, L).

With the theory outlined in Section 4.2, we can derive the variational formulation to

find y € Ho,p, (@) such that

(By,q)q = (f,q)q for all ¢ € Hy(Q), (5.5)

where the operator B : Hoo,(Q) — [Hélo(Q)]* defines an isomorphism and thus (5.5)
admits a unique solution y € Ho, (Q) for all f € [H&’b(@)]*. For a numerical scheme,
we consider an admissible, globally quasi-uniform, decomposition 7, = {7}, of the
space time domain () into shape regular triangles 7,, of mesh size hy, £ =1,..., N
and the trial spaces X5 = SE(T) N Hyp (Q) and Yy, = SE(Th) N Hylo(Q). Using
(4.137), the variational formulation is then to find y;, € Y}, such that

T L
/ / _8tyh(x7 t)atQh(xa t) + axyh(xa t)ath(x, t) dtdx = <f7 qh>Q7 (56)
0 0

for all ¢, € X},.

As a test example, let us consider a
T structured space time triangulation, see
Figure 5.1, where we can steer the ratio
between h; and h, and the solution of
the wave equation

y1(z,t) = t*sin(wt) sin(rx/L), (5.7)

for (z,t) € Q. In Table 5.1 we ob-

ht{ serve optimal orders of convergence, if
- hy < h,, whereas the convergence breaks

P L down if h; > h,. This is known as the

CFL-condition, see Remark 4.41, an can
be derived explicitly for tensor product
meshes, see, e.g., [110]. Since a small violation against this conditions already leads
to an unstable numerical scheme, the discrete variational formulation (5.6) is obvi-
ously not suitable for adaptive schemes, as, in general we can not guarantee that an

Figure 5.1: Structured space-time mesh
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N he hy |1 — ynlm@)  eoc ‘ hy Y1 — Ynl e (@) eoc

8 0.500 0.500  7.98-10"'  0.000 [0.450 7.79-107! 0.000
32 0.250 0.250  4.75-107'  0.749 [0.225  4.69-107! 0.734
128 0.125 0.125 2.46-107Y 0948 [0.113 2421071 0.956
512 0.063 0.063 1.24-107'  0.987 [0.056  9.30-10~! —1.945

2,048 0.031 0.031 6.22-107%  0.997 [0.028 1.30 - 10° —17.097
8192 0.016 0.016 3.11-107%  0.999 |0.014  4.70- 106 —38.389
32,768 0.008 0.008 1.56-10"2%  1.000 |0.007 1.62 - 10" —81.513

a) htghx b) htfhz

Table 5.1: Computation for the test example (5.7) on a mesh satisfying and violating
the CFL-condition

adaptively refined mesh will meet this condition. Possible workarounds are the use of
a suitable transformation operator such as the modified Hilbert transformation, see
[88], which leads to an unconditionally stable Galerkin Bubnov scheme or a simpler
stabilization approach on a tensor product space-time mesh, see [109], which was
extended to arbitrary higher order schemes in [115]. But, as the latter approaches,
require a tensor product structure (so far), they are not well-suited for fully space
time adaptive schemes. To overcome the tensor product structure one might consider
the idea of tent pitching, [56, 57|, which guarantees that all elements satisfy the CFL-
condition, or a suitable discontinuous Galerkin method, e.g., [35, 58|, where for the
latter the analysis relies on a density argument first stated in [32], which so far is only
provable on hypercubes. Yet another approach, that has the advantage of an inbuilt
error estimator, is to replace the direct problem by a least squares/minimal residual
approach. This has been studied by Fiihrer and Karkulik in the case of first order
least squares systems (FOSLS) [43] or in the case of minimal residual Petrov-Galerkin
discretizations in [2, 90|, see also [29] for conditionally stable PDEs. Following [70],
we will take the point of view of the latter approaches, ending up to with a mixed
finite element scheme, where the second variable is the Riesz lift of the residual and
serves as an error estimator. An abstract framework, describing the method, will be
outlined in the next section, using the tools already developed in Chapter 3.

5.2 Abstract framework for adaptive least squares problems

In this section we will outline an abstract framework for the solution of the operator
equation (5.1), using a least squares approach. For ease of presentation, let us again
restrict to the case, where Hxy = Hy = H. As already mentioned, in order to have a
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unique solution y € Y of (5.1) for every f € X*, it is mandatory for B : Y — X* to
define an isomorphism. Recall, that this is guaranteed by the assumptions:

ASSUMPTION 5.1.

(B1) (Boundedness) 3c¥ > 0: || By|

x- < Pllylly forallyey,
(B2) (Injectivity) 3¢} > 0: cf|lylly < supgrgex % forally ey,
(B3) (Surjectivity) Vg € X \ {0} 3y, € Y : (By,, ¢)u # 0.

Now, note that the solution y € Y of the operator equation By = f in X* is
equivalently characterized as the minimizer of

% (5.8)

1
y = §arggn€i;1||32—f|

As in the case of optimal control problems, we now want to give a computable
realization of the dual norm X*, to make the approach practical for applications.
This is achieved by the operator A : X — X* if it satisfies the assumptions:

ASSUMPTION 5.2.

(A1) (Boundedness) 3ci > 0: ||Aq|lx- < ciillqllx  for all g € X,
(A2) (Self-adjointness) (Ap,q)g = (p, Aq)ny  for all p,q € X,
(A3) (Ellipticity) 3ci* > 0: (Aq, ) > ctllql|3  for all g € X.

Then, by Lemma 2.10, we have for all ¢ € X and all v € X* that

lglla ==V {Aq,¢)g and |jv||a-1 = /{v, A 1v)y

define equivalent norms on X and X* respectively, with norm equivalence constants

1 1
ctllalx < llalla < \/ellalx  and  —=lvllx- < Jollar < —=lvllx-. (5.9)

Ve Va
In particular, the minimization problem (5.8) now becomes
1 . 2 1 . —1
y = §argrzré11r/1\|Bz—fHA,1 = §argrzré11r/1(Bz—f,A (Bz — ), (5.10)

for which the minimizer has to fulfill the gradient equation

B*A™Y(By—f)=0 inY™ (5.11)
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Introducing the operator S := B*A"'B : Y — Y*, we thus need to find the solution
y € Y of the variational equation

(Sy,2)y = (B*A7'f,2)y forall z €Y,

which admits a unique solution by the Lemma of Lax-Milgram (Theorem 2.3), as
S Y — Y*is bounded, self-adjoint and elliptic, see Lemma 3.4. Now let us introduce
the auxiliary variable p = A™!(f — By) € X. Noting that p = 0, we can equivalenty
phrase (5.11) as saddle point formulation to find (p,y) € X x Y such that

(Ap,q9)u + (By,q)u = (f,q)u  forall ¢ € X,

—(B*p, 2)n =0 for all z € Y. (5.12)

5.2.1 Discretization

Let us consider the conforming finite dimensional trial spaces Yz C Y and X, C X.
Then the discrete variational formulation of (5.12) is to find (pp,ym) € Xp X Y such
that

(Apn,qnyr + (Bym,quyy = (fiqn)n  for all ¢, € Xy,

—(B*ph, zH)H = 0 for all zg € Yg. (5-13)

REMARK 5.3.

o Let us stress that, due to the saddle point structure, in this case it is not required
that dim(X,) = dim(Yy) holds to expect solvability of the system (5.13). On
the contrary, this even increases the flexibility when looking for stable pairs of
trial spaces, and it will be mandatory to obtain an error estimator, as we will
see later on.

o Although, on the continuous level p = 0 by construction, in general p, # 0,
which enables us to use py, as an error estimator for ||y —yully. We will prove,
its efficiency and reliability.

Assuming a discrete inf-sup stability, we can prove unique solvability and error esti-
mates for the discrete variational formulation (5.13).

THEOREM 5.4 (|70, cf Lemma 2.8]|). Let f € X* and assume the discrete inf-sup
stability

B
Jef > 0: &l \lyully < sup —< yit, Gu)

, Jorallyy € Yy. (5.14)
otamexn  ||Gnllx
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Then, the variational formulation (5.13) admits a unique solution (pp, yu) € XpxYnq.
Moreover, the error estimate

| Iy < 1+CQB 1+C54 inf || I
— -5 - mn -z
Y—UYHally = 5{3 c{‘ = Yy HIlY

holds, where y € Y denotes the unique solution of (5.1).

Proof. Since A : X — X* is self-adjoint, bounded and elliptic, unique solvability
follows from the assumed inf-sup stability (5.14) and Theorem 2.5. To show the
error estimate, let zy € Yy be arbitrary but fixed. Then, by (5.14) and (5.13), using
that By = f, we have

(B(ZH - yH)a qh>H

& llen —yully < sup

0£qneXp llanllx
B — A
— sup < (ZH y)a qh>H + < Ph, Qh>H
0#£qnEX), llanll x

< Plzr — ylly + & llpallx-

and further, using that (Bzy,pn)y = 0 for all zy € Yy, we compute

Mol < (Apn, i) = (B(y — yu), pn)u
= (Bly—zu),pn)r < 5 |ly — zullvl|pnll%,

ie.,

CB CA
Vo —yally < 2 (1 T —) ly — xlly-
¢y &

By a triangle inequality

ly —yully <lly —zully + lzz — yully,
we conclude the estimate. O
REMARK 5.5. In some applications, e.g., [106], it might be useful to define a dis-
cretization dependent norm on the ansatz space Y to achieve the discrete inf-sup

stability (5.14). More precisely, let || - ||yn : Y — R define a norm on Yy for which
|zullvn < ||zully holds for all zy € Yy and assume that

B
WE =0 Pllynllyn < sup SDYH B

. forallyg € Yy.
0#gneXy, Hq}zHX

Then the statements of Theorem 5.4 remain valid, but the error estimate becomes

| lvn < 1+Cég 1+651 inf || |
— - — mn -z ,
Y —YH|Y,h = éjlg 014 eneYe Yy H|Y

i.e., we only get the quasi-optimal estimates in the discretization dependent norm.
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Recall, that by Assumption (B2) we have that

B
Elcf >0: c?||yH||y < sup M

forall ygy € Yy C Y.
ozqex  lallx

Thus, if the test space X}, is chosen rich enough, we can guarantee that the discrete
inf-sup stability (5.14) holds true. The next lemma will shed light on how rich we
need to choose Xj,.

LEMMA 5.6 (|70, Theorem 2.7|). For a given finite dimensional ansatz space Yy C'Y
let X; C X be such that

inf ||p., — aulla < 6||poylla,  for all zy € Yy, (5.15)
an€Xp

where p,,, = A"'Bzy € Y. Then there holds the discrete inf-sup stability condition

c Bzy,q
P\ G = )zl < sup P
2

for all zg € Yy.
0#£qnh€EXp HQhHX

Proof. Firstly, let us recall the norm equivalences for the norms induced by the
elliptic, bounded and self-adjoint operators A : X — X* and S := B*A™'B:Y —
Y™ ie.,

ctllallx < llalla == V{Aq, )n < +/cillgllx, forall g e X,

and
B B

c c
1AHZHY < |zlls := /(Sz,2)m < 2AHzHy, for all z €Y,
V G2 Va

see (5.9) and Lemma 3.4. For zy € Yy arbitrary but fixed, note, that we can compute

121 = (Ap2yys Do) it = (Bzu, A~ Bz = || 2u3-
Further, let p.,; € X} be the unique solution of
(Apzyns an)a = (Bzw, qn)u  for all ¢, € Xy,
for which we have the stability estimate
1Dznll4 < [z [l 2

and Cea’s Lemma, i.e., the quasi-best approximation estimate

P2y = Pagnlla < qhig)f(h D21 — anll a-
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Together with assumption (5.15), we now compute that

<Asz;sz>H - <Asz>sz _szh>H

(BZH, szh>H

> ||sz||124 - ||sz||A||pZH _pZHhHA
> |pan i = Ollp=s 1%
= (1= 0)[Ipzs [ allpzinlla
5 <
i\ a1 = 0)llzally Ipzynllx,
€y
which gives
A
B (1= ) ally < BPem)ir o B tln
€ 1Pzl x otmex,  |lgnllx
and concludes the proof. O

We stress again, that using the least squares framework comes with the advantage
of not requiring dim(Yy) = dim(X}), which gives us more flexibility for the choice
of spaces that meet the condition (5.15). Although, it also comes with the drawback
of introducing an additional unknown p; € X}, which in terms of the numerical
treatment has the disadvantage of more degrees of freedom in our system of equa-
tions. Though, in the following we will show that we can actually use p; as an error
estimator, to drive an adaptive scheme.

LEMMA 5.7 (|70, Lemma 2.5|). Let (pn,yn) € X X Yy be the unique solution of
(5.13). Then,

¢y
lpnllx = 5 lly = yully-
1
Proof. Testing the first line in (5.13) with ¢, = p, and using that f = By, we get

cHlpnllx < (Apn, pnir = (B(y — yu),pn) < e lly — yullyl|lpalx,

which already gives the desired result. O

While this shows the efficiency of the error estimator, the reliability is more cum-
bersome and needs an additional setup. Therefore, let us consider yet another finite
dimensional space, that fulfills Yy C Yy C Y and assume that the discrete inf-sup
stability

B3
Jer' > 0: ¢]||zZully < sup —< i1, Gh) i

, forallzy €Yy (5.16)
0#qneXp, ||Qh||X
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holds true. Then there exists a unique solution (p,,%) € X, x Y g of

(Apn.an)ue + (BYm.an)n = (frqn)m  for all ¢, € X,

—<B*;‘9h,ZH)H =0 for all zy € YH <517)

Now, we are in the position to the prove that p;, is a reliable error estimator, when
assuming a saturation assumption.

LEMMA 5.8 ([70, Lemma 2.6]). Let (pn,yr) € Xpn x Y and (9, Jy) € Xn X Yz be
the unique solutions of (5.13) and (5.17), respectively. Assume that the saturation
assumption

1y = Tuly <nlly —yully, for somen € (0,1) (5.18)
holds, where y € Y denotes the unique solution of (5.1). Then,

M2l 1

[ef?ef' 1—n

ly = yully < e

REMARK 5.9.

e Note, that since Yy C Y g, we expect that §; € Yy is a better approzimation
toy € Y than yg € Yy is. Thus it makes sense to assume the saturation
assumption (5.18). Though, even for explicit examples, it is hard to justify that
such an assumption holds, see [22].

e The solution yp € Yy is only needed for the theoretical treatment. Thus, the
space Y g can be arbitrarily non-constructive.

o Also note, that (5.16) implies (5.14).
Proof. When subtracting (5.13) from (5.17) we obtain the Galerkin orthogonality

(BUg —yn),qn)u = (Alph — Pr), an)u, for all g, € X,

Thus, for the difference 7,; — yg € Y, we get, using the discrete inf-sup stability
(5.16) that

By, — Al — D
e Ty—yully < sup (B@r —yn), an)n — sup (A(pn — D) an)u
0nEXn [lanllx Ok €X anlly

< ¢ |lpn—Pllx-

Moreover, by the second line of (5.17) we have that (B(Zw — yn),pp)n = 0 for all
Zg € Yy and we can estimate

cMlpn —Pullx < (A(pn — Dn)spr — Prder = (B(Uy — Yu), ph — Du)ur

= (B@y —yn),pn)u < SNTg — yullvlpnl x-
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Altogether, we obtain

17— vl < 222
Yg —YH|Y = —i5 allPrllXx
" [eP]? ¢

and, using a triangle inequality and the saturation assumption (5.18), gives
_ _ (] cf
ly —yuly < ly =Yully + 19a — yuly <nlly —yuly + [EBPC—AIIPth,
17 a

which concludes the proof. (|

5.3 A hyperbolic model problem

To forge a bridge to the motivational example, we will apply the abstract framework
just developed to the one-dimensional wave equation in this section. Nevertheless,
we like to point put, that its capacity ranges way further, paving the way for finite
element methods for elliptic and parabolic problems, as discussed in [70], and even
for boundary element methods for elliptic problems [107] and for hyperbolic problems
[65].

Now, recall that we already derived the functional analytic setting for the wave
equation, which reads to find y € Hp, (Q) such that

By=f in[Hy(Q),

for given f € [H&’b(@)]*, which admits a unique solution, as B : Hoo (Q) —
[H&;j%(@)]* satisfies the Assumptions (B1)-(B3). Moreover, in Section 4.2.1, we al-
ready saw that the operator A : Hés”%(Q) — [HSB(Q)]* defined as

(Ap,q)q = (0P, 01q) 12(@) + (Vab: Vo) 12(0).
satisfies Assumptions (A1)-(A3) with constants ¢ = ¢! = 1, see Lemma 4.34, i.e.
lalla = IV@nallz@ = llallme o)

Thus, the minimization problem (5.8) is to find

1 ~
—a in  =||By — f|/3_
y = arg egllolfl(Q)QH y — flla,

z€Ho;

and we can derive the equivalent saddle point formulation to find (p,y) € H&;}O(Q) X
Ho.0,(Q) such that

(Ap,q)q + (By,q)g = (f.q)q forall g€ Hy(Q), (5.19)
—(B*p,2)q =0 for all z € Ho, (Q). '
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For the discretization, we choose
Y = Sp(Tu) N Hyjp (Q) = span{e} 125 C How (Q),

and

Xi = Sp(Th) N Hylo(Q) = span{ 1,
as spaces of piecewise linear, globally continuous functions defined on two admissi-
ble and shape regular triangulations 7, = {7/} and T = {Tg}N*%, which we

. 4 . . .
assume to be nested, i.e. Ty = J;_; 7a;, for some L > 0. The discrete variational

formulation is then to find (pp,yy) € Xp X Yy such that

(Apnanlo + (Bymanlo = (fa)g  forall gy € X, (5.20)

—<B*ph,ZH>Q =0 for all zy € Yy.

In order to admit a unique solution, we have to make sure that the discrete inf-sup
stability condition holds true. Although, we will not give a rigorous analysis, let us
recall, that the operator A : HS;’,%(Q) — [HSB(Q)]* corresponds to the space time
Laplacian with mixed Dirichlet and Neumann boundary conditions. Now fix H > 0
and take an arbitrary but fixed zy € Y. It is well-known that Yiz C H??75(Q),
e > 0. Therefore, we get Bzy € H Y/2(Q) and for the solution p., € H&’}O(Q) of
Ap,, = Bz we expect that Py € HT(Q)N HS;}O(Q), r > 0. Hence, using the best
approximation error estimate (Theorem 2.36), we have that

inf ||p2y — anlla < WPy lmrr @) < 0llpzplla, 0 €(0,1),
an€Xp

if h is sufficiently small with respect to H, i.e., by Lemma 5.6, the discrete inf-sup
stability can be achieved if h = H/2F for some sufficiently large L > 0. Then, using
that [|y|2.0.@) < ||y||Hé;,&(Q) for all y € HS;&}(Q), see (4.133), by Theorem 5.4 and

the best approximation properties (Theorem 2.36) we immediately get the following
result.

THEOREM 5.10 (|70, Theorem 5.1|). For any f € [Hé;’}o(Q)]* (5.20) admits a unique
solution (pn,ym) € Xp X Yy, if h = H/2F and L > 0 is sufficiently large. Moreover,
if the unique solution of (5.1) satisfies y € H*(Q) N H&’é}(@), then

ly=ymlloo@ < ¢ il lly—zrlluoo@ < e mf lly—zrllyp g < cHllyllas@-

5.3.1 Numerical results

Using the fe-isomorphism, we need to solve the equivalent system of linear equa-

tions y ;
n By Pr) _ h
<—B,I 0>(yH - (&, (5.21)
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with matrices

Anli il = (Vane) Vener ) r2o)
Byli,k] = —(0w), 007 ) 120) + (Vaioh , Vi ) 12(0),

fori,j=1,..., My and k=1,..., My and load vector

flil = (f, o) 2, i=1,..., Mx.

REMARK 5.11. Note, that in general the matriz By, in (5.21) is not square. On the
contrary, if h = H, then By, is square and if the discrete inf-sup stability holds true,
then pp, = 0 and we end up with the discrete variational formulation of the direct
formulation, i.e., to find y, € Y}, s.t.

<§yhth>Q =(f,qn)q for all g, € Xp.

Hence, in order to obtain an error estimator we need to have h < H.

As a first test example, let us again consider (5.7) on a structured triangulation of the
space-time domain () = (0, L) x (0,7). To gain stability, we choose h = H/2. The
results depicted in Table 5.2 clearly indicate, that we overcome the CFL-condition
H, < H,, that was present in the solution of the direct formulation. Moreover, we
see optimal convergence rates in the energy norm, as predicted by the theory.

Secondly, to show the capacity of the error estimator, we consider the test example,
see Figure 5.2,

5 (5.22)

ft—2—-23x—t)?sinZz forx <tandt—z <2,
Yo, t) =< 2
0 else,

Figure 5.2: Test example y, (5.22)
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NH Ht Hm |y1 _yH|H1(Q) c€0oC

8 0.500 0.250 7.05-1071 0.000
32 0.250 0.125 5.63-107! 0.323
128 0.125 0.063 3.43-107! 0.715
512 0.063 0.031 1.68 - 1071 1.028

2,048 0.031 0.016 7.63-1072 1.141
8,192 0.016 0.008 3.44-1072 1.150
32,768 0.008 0.004 1.61-1072 1.097

Table 5.2: Computation for the test example (5.7) solving (5.21), with h = H/2, on
a mesh violating the CFL-condition H; < H,.

1|-e Prlp1(q) uniform

10° E 10° E

errors
errors

107t E

1072 E

102 100 10* 107 102 10°  10* 107
My My

a) h=H/2 b) h = H/4

Figure 5.3: Errors |u — ug|p1(g) and estimators |py|m1(g) for adaptive and uniform
refinements for different choices of h and H for the smooth solution (5.22).

on the space-time domain @ = (0,3) x (0,6). We apply a Dorfler marking scheme,
where we define the error estimator for the local error by

M = IV @ Pall 2y 0
which fulfills

Ny Np
D0 =Y IVeopnllia, ) = IV aopnllig)
=1 (=1

and refine all elements 74, that satisfy

Ne > eizflfl'%?](VH Nis
where we choose § = 0.5. In view of Lemma 5.7, we have that 7, is efficient. To
get an reliable error estimator, note that the pairing X, and Yy was stable for the
choice h = H/2. Hence, if we choose h = H/4, then Y g = Yr /o satisfies the discrete
inf-sup stability condition (5.16) and Yy C Y2 C Hoo,(Q). If in addition the
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saturation assumption (5.18) holds, which we would expect, since we compute the
solution ¥ € Yp/o on a finer mesh, the estimator is reliable. Figure 5.3, shows
optimal orders of convergence for a uniform refinement and improved results when
driving an adaptive scheme, with the error estimator 7,. Moreover, we see that the
curves of the error estimator and the actual error are parallel, supporting, that the
indicator works well. Surprisingly, the convergence also reveals that we already get
an error estimator for the choice h = H/2. Thus, there seems to be a space Yy, that
meets the assumptions of Lemma 5.8, e.g., one might think of adding the bubble
functions
B _ {H{k—l,...,MyZ:DkGTH o} ony(x7 t), (ZL’, t) € TH.,
Pe (Iv t) - ’
0, else,

for ¢ = 1,..., Ny, to Yy to obtain Y, but as already mentioned, this space can
be arbitrarily non constructive. The adaptively refined meshes for the test example
(5.22) are shown in Figure 5.4. We point out, that all the numerical examples were
carried out using MATLAB, where we adapted refinement routines from [44].

a) initial, My = 56 b) h = H/2, Mx = 3624 ) h=H/4, Mx = 2893

Figure 5.4: Meshes from the adaptive refinement for the solution (5.22).



6 CONCLUSIONS AND OUTLOOK

In this thesis, we tackled two different types of problems. Firstly, we formulated and
analyzed an abstract framework for distributed optimal control problems subject to
the operator constraint By, = u,. Assuming that B : Y — X* defines an isomor-
phism, we were able to derive regularization error estimates on an abstract level, as
was first done for the Poisson equation [95]. Moreover, we investigated the discrete
setting, showing stability for conforming trial spaces and quasi-best approximation
error estimates. The incorporation of state or control constraints was observed to be
equivalent to abstract variational inequalities, for which the analysis for the continu-
ous and the discretized setting were carried out. To show the capacity of the abstract
setting, we considered an elliptic and a hyperbolic distributed optimal control prob-
lem, where in both cases we compared different spaces for the control. For the elliptic
problem, we also gave an alternative point of view for the L2-regularization, fitting
into the energy regularization approach and shed light on the differences between
the energy approach and the common approach. All discussions were complemented
by numerical examples, supporting the theoretical findings. Moreover, we proposed
adaptive finite element schemes and an adaptive choice of the cost parameter and
presented its performance for target functions of different regularity, including dis-
continuous targets. The findings show, that the proposed methods work equally well,
for the elliptic and for the hyperbolic case, where for the latter we used a space time
analysis and totally unstructured space time finite elements, leading to full space
time adaptivity.

Secondly, we considered a least squares framework for the direct solution of the oper-
ator equation By = f. Again, considering that B : Y — X™* defines an isomorphism,
we gave an abstract analysis for the continuous and discrete setting, including sta-
bility and related quasi best approximation error estimates. Assuming a saturation
assumption, we were able to show efficiency and reliability of the inbuilt error esti-
mator provided by the least squares formulation. As a model problem we considered
the space time formulation of the wave equation. Numerical examples were carried
out supporting the theoretical findings. In particular, we observed unconditional
stability and were able to drive a space time adaptive scheme on fully unstructured
simplicial space time finite element meshes.

As most applications require to consider two or three spatial dimensions, i.e., the
space time domain is in n = d + 1 = 3 or n = 4 dimensions, there is a particular
need for fast solvers of the arising systems. For optimal control problems we derived

163
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the optimal choice o = h°"4%) for the cost/regularization parameter, where ord(S)
denotes the order of the differential operator S = B*A™!B : Y — Y™, in the case
of the energy regularization. This not only leads to optimal orders of convergence
of the method, but also implies that the Schur complement matrix of the optimality
system is spectrally equivalent to the mass matrix. In particular, for iterative solvers,
we can use the lumped mass matrix as preconditioner, leading to robust solvers
of optimal complexity, see [75, 80, 81]. Although, in the least squares framework
the Schur complement is also symmetric and positive definite, the design of robust
preconditioning seems more involved and is at this time still an open task. Moreover,
the extension of the proposed methods to non-linear problems is of practical interest,
to integrate space time methods in applications, e.g., electrical machines, see [49].
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