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Abstract

In financial mathematics the Black-Scholes model is well known for pricing a European
call or put option. This model was the foundation to study the pricing and hedging
of general contingent claims in complete markets. As a result it has been shown that
any contingent claim can be exactly replicated by a dynamic, self-financing trading
strategy, which trades only in the underlying assets. Unfortunately, in reality there are
simply not enough assets to deal with every cause of uncertainty in the market. Hence,
one is confronted with incomplete markets and if one tries to hedge a contingent claim
an intrinsic risk remains.

In this thesis we will look at a quadratic approach to study and compare the risk-
iness of hedging strategies for a discounted contingent claim H. We use a quadratic
approach, since we do not know in advance if we deal with a buyer or seller. Fur-
thermore, with this approach we are able to work with the L2?-space, which has nice
mathematical properties.

Even if the theory was already developed in the late 90’s, quadratic hedging finds its
use in most recent topics such as in term structure modelling with stochastic discon-
tinuities, see [Fontana et al., 2024] and [Fontana et al., 2020].

As a first approach we will rely on the constraint that the terminal portfolio value

matches the contingent claim H and we try to minimize the conditional mean squared
error of the remaining costs of the strategy. We will elaborate this idea in the case
where the underlying discounted, d-dimensional, real valued price process X, which
models the price vector of d discounted stocks, is a local martingale and later in the
general case, where X is a semimartingale. This quadratic hedging approach is called
local risk-minimization. We will see, that in the martingale case the Galtchouk-
Kunita-Watanabe decomposition of the claim H will play an important role and
later, in the general case, the so called Follmer-Schweizer decomposition. Fur-
thermore, we assume that there exists at least one equivalent local martingale measure,
under which the semimartingale X is a local martingale. This assumption can be in-
terpreted as an absence of arbitrage. We will see that the minimal equivalent local
martingale measure Qr will play an important role in finding the Féllmer-Schweizer
decomposition of H.
As a second idea, we will rely on self-financing strategies and try to minimize the
squared mean between the terminal portfolio value of our strategy and the contingent
claim H. This quadratic hedging idea is called mean-variance hedging and it is
heavily connected to the topic of closedness of spaces of stochastic integrals.



This thesis emphasizes on the first approach, since, intuitively, in practice one prefers
to be able to adjust the risk until the maturity of the contingent claim H.

The first chapter briefly recaps the fundamentals of market models in continuous time
and points out the difference between a complete and an incomplete market. Chapter
two works out the above introduced two hedging approaches in the martingale and
the more complexe semimartingale case. Finally, in the third chapter an application
to a portfolio of unit-linked life insurance contracts can be found and in chapter four
we concluded the key ideas and results of this thesis.



Kurzfassung

In der Finanzmathematik ist das Black-Scholes-Modell fiir die Bewertung einer eu-
ropéaischen Kauf- oder Verkaufsoption sehr bekannt. Dieses Modell war die Grundlage
fiir die Untersuchung der Preisbildung und Absicherung allgemeiner Eventualforderun-
gen auf vollstdndigen Mérkten. So konnte gezeigt werden, dass jede Eventualforderung
durch eine dynamische, sich selbst finanzierende Handelsstrategie, die nur mit den zu-
grunde liegenden Vermogenswerten handelt, exakt nachgebildet werden kann. Leider
gibt es in der Realitédt einfach nicht geniigend Vermogenswerte, um alle Unsicher-
heitsfaktoren auf dem Markt zu beriicksichtigen. Daher ist man mit unvollstéindigen
Markten konfrontiert, und wenn man versucht, eine Eventualforderung abzusichern,
was auch als hedging bezeichnet wird, bleibt ein intrinsisches Risiko bestehen.

In dieser Arbeit wird ein quadratischer Ansatz zur Untersuchung und zum Vergle-
ich des Risikos von Absicherungsstrategien fiir eine diskontierte Eventualforderung H
betrachtet. Wir verwenden einen quadratischen Ansatz, da wir im Voraus nicht wissen,
ob wir es mit einem K&ufer oder Verkdufer zu tun haben. Auflerdem kénnen wir mit
diesem Ansatz mit dem L?-Raum arbeiten, der schone mathematische Eigenschaften
hat.

Auch wenn die Theorie bereits in den spiten 90er Jahren entwickelt wurde, findet
das quadratische Hedging seine Anwendung in neueren Themen wie z.B. in der Zins-
Struktur-Modellierung mit stochastischen Unstetigkeiten, siehe [Fontana et al., 2024]
und [Fontana et al., 2020].

Als ersten Ansatz werden wir uns auf die Bedingung stiitzen, dass der Endwert
des Portfolios mit der Eventualforderung H iibereinstimmt, und wir versuchen, den
bedingten mittleren quadratischen Fehler der verbleibenden Kosten der Strategie zu
minimieren. Wir werden diese Idee fiir den Fall ausarbeiten, dass der zugrunde liegende
diskontierte, d-dimensionale, reelle Preisprozess X, der den Preisvektor von d diskon-
tierten Aktien modelliert, ein lokales Martingal ist, und spéter fiir den allgemeinen
Fall, dass X ein Semimartingal ist. Dieser quadratische Absicherungsansatz wird
als lokale Risikominimierung bezeichnet. Wir werden sehen, dass im Martingal-
Fall die Galtchouk-Kunita-Watanabe-Zerlegung der Forderung H eine wichtige
Rolle spielt und spéter, im allgemeinen Fall, die sogenannte Follmer-Schweizer-
Zerlegung. Weiters nehmen wir an, dass es mindestens ein dquivalentes lokales Mar-
tingalmafl gibt, unter dem das Semimartingal X ein lokales Martingal ist. Diese An-
nahme kann als Abwesenheit von Arbitrage interpretiert werden. Wir werden sehen,
dass das minimale dquivalente lokale Martingalmafl Q eine wichtige Rolle bei



der Suche nach der Follmer-Schweizer-Zerlegung von H spielen wird.
Als zweite Idee werden wir uns auf selbstfinanzierende Strategien stiitzen und ver-
suchen, den quadratischen Erwartungswert zwischen dem Endportfoliowert unserer
Strategie und der Eventualforderung H zu minimieren. Diese quadratische Hedging-
Idee wird als Mean-Variance Hedging bezeichnet und ist eng mit dem Thema der
Abgeschlossenheit von Rdumen stochastischer Integrale verbunden.

In dieser Arbeit wird der Schwerpunkt auf den ersten Ansatz gelegt, da man in der
Praxis intuitiv die Moglichkeit bevorzugt, das Risiko bis zur Félligkeit der Eventual-
forderung H anpassen zu konnen.

Das erste Kapitel fasst kurz die Grundlagen von Marktmodellen in kontinuierlicher
Zeit zusammen und zeigt den Unterschied zwischen einem vollstindigen und einem
unvollstindigen Markt auf. Im zweiten Kapitel werden die beiden oben vorgestell-
ten Absicherungsansétze fiir den Martingal- und den komplexeren Semimartingal-Fall
ausgearbeitet. Schliellich findet sich im dritten Kapitel eine Anwendung auf ein Port-
folio fondsgebundener Lebensversicherungsvertrige, und in Kapitel vier werden die
wichtigsten Ideen und Ergebnisse dieser Arbeit zusammengefasst.



Acknowledgements

[ am thankful to my supervisor, Professor Thonhauser, for his continuous support
throughout the development of this thesis.






Contents

1 Market models in continuous time
1.1 Self-financing strategies . . . . . . . . .. ... Lo
1.2 Arbitrage . . . . . ..
1.3 Pricing and hedging . . . . . . . . . ... Lo

2 Quadratic hedging
2.1 The martingale case . . . . . . . . . . ...
2.1.1 Terminal constraint . . . . . . . ... ...
2.1.2  Self-financing constraint . . . . . . .. ...
2.2 Local risk-minimization . . . . . . . ... ... 0L
2.2.1 Small pertubations and R-quotients . . . . . . .. .. ... ...
2.2.2  Pseudo-optimality and the Follmer-Schweizer decomposition . .
2.2.3 The minimal martingale measure . . . . .. .. ... ... ...
2.3 Mean-variance hedging . . . . . . . .. ..o oL
2.3.1 Closedness of Gp(Z) . . . . . . ..o
232 Aspecialcase . . . . ...

3 Application to life insurance
3.1 Themodel . . . . . . . . . .
3.2 Pure endowment policies . . . . . . ...

4 Conclusion

Bibliography

63
63
67

73

77






1 Market models in continuous
time

The following chapter is structurally based on [Miiller, 2022]. Details about mathemat-
ical finance and mathematics of arbitrage can be found in [Karatzas and Shreve, 1998]
and [Delbaen and Schachermayer, 2006].

Let (Q,.A,P) be a probability space equipped with a filtration F = (F;)o<i<r On a
finite time horizon T' > 0. Assume that F satisfies the usual conditions, namely right
continuity und P-completeness. This means, that N := {A € A|P(A4) =0} C Fo.
Let the market consist of d + 1 tradeable assets with real-valued price processes
St = (SY)o<i<r, for i = 0,...,d. S° > 0 represents the riskless bond or bank ac-
count. Set S = (S°,...,S%). We use S° as a numeraire and call S = (S)g<i<r with

S, =(1,8),...,58%), Si=45i/S0

the discounted price process.

To apply basic concepts of stochastic analysis, we further assume that each S is a
semimartingale. Each process S' is assumed to be adapted to the filtration F with
cadlag paths and the stochastic integral [V dS' exists and is well defined for a previsi-
ble and S-integrable process Y € L'(S%). For more details we refer to [Protter, 2005].

Ezample. One well known continuous market model is the Black-Scholes Model.
The riskless bond is described by S? = e and the stock price by

. 5 2
h :Séexp<(,u—%)t+08t) (0<t<T),

where gé > 0 denotes the initial stock value and B = (B;)o<t<r a Brownian motion.
The parameters fulfill » > 0, 4 € R, and ¢ > 0. Here, r refers to the interest rate, i to
the drift and o to the volatility. As probability space we use the space on which B is

defined and set F = o(FZ UN). This P-completed canonical filtration of B satisfies
the usual conditions.

1.1 Self-financing strategies

Definition 1.1 (trading strategy, value process, cumulative gains, self-financ-
ing). A trading strategy ¢ = (¢1)o<i<r is a (d+ 1)-dimensional real-valued process,



2 1 Market models in continuous time

where ¢ is previsible for i = 0,...,d. Its value process f/(gzﬁ) = (f/t(gzﬁ))oStST is
defined by

Vi(9) = ¢y - 5, = Xﬁﬂ

The cumulative gains of ¢ up to time t are’

t d t
/qas.dés ::Z/ ol dSt.
0 i—0 Y0

A trading strateqy ¢ is called self-financing if

/tm-dés:‘?t(qﬁ)—%(cb) 0<t<T). (1.1.1)

Remark. By the above defintion a trading strategy is self-financing if
~ ~ d ~
dVi(¢) = ¢y - dS, ==Y ¢jdS; (0<t<T).

The intuitive meaning of a self-financing strategy is that it is self-supporting: after
time zero no further capital is added or removed from the portfolio and the initial
portfolio value %(¢) = ¢ - Sy is continuously rebalanced up to time ¢t. Thus, changes
of V(¢) are only due to changes of S and we have

Vi(¢) =Vo(¢)+/0t¢s~d§s (0<t<T).

Lemma 1.1. ¢ is self-financing if and only if dVi(¢) = ¢y - dS; V0O <t < T.

Proof. The assertion holds true for a general numeraire N := S°, which is a strictly
positive semimartingale. Using It6’s Formula and the product rule we get that V;(¢),
N~1 and all S} are semimartingales. Further, the theorem for jumps of a stochastic
integral gives

AVi(¢ (/¢sd5)=¢fA& 0<t<T),

where AV;(¢) := Vi(¢) —Vi_(¢). By comparison of coefficients we get V;_(¢) = ¢~ S;_.

Using the properties of the quadratic variation we get

(V(6),N1) = </¢ds N‘1> = [o-ais v

L All stochastic integrals are Itd integrals.
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Finally the product rule yields for 0 <t < T

dVy(¢) = d(N~'Vi(9))

= NZ1dVi(9) + Vi (0) AN +d{V(9), N7"),

= N"Yp - dS, + ¢ - S AN+ ¢, - d(S, N1,

— - (Nj1 dS, + 8, dN"' + d(8, N*1>t)

- ¢t . d(N_lgt)

= gbt ' dSt7
if and only if ¢ is self-financing. O
Remark. dVi(¢) = ¢y - dS; V0O <t < T is equivalent to

. t d t }
0+ D OIS Vo) = Vi)~ Valo) = [ 6u-ds. =3 [eldsi (1)
i=1 0 i=1 70

Since dS° = 0, this equation implies that ¢° is uniquely determined by Vj(¢) and
(o1, ..., 0%).

1.2 Arbitrage

Definition 1.2 (admissible). We call a trading strategy ¢ admissible, if V(o) is
bounded from below by a constant.

Remark. This means V(¢) > —K, for K constant. Intuitively, this condition ensures
that an investor can only use the trading stragy ¢ if he has at least a credit amount of
K. Unfortunately, short selling of one unit of asset i is not admissible, since V;(¢) =
—e; - Sy = —S! is unbounded from below. We will later transfer to L*-admissible
trading strategies, where short selling is included.

Definition 1.3 (equivalent martingale measure). A probability measure Q s
called equivalent martingale measure if Q and P have the same zero sets, which
is denoted by Q ~ P, and S is a local martingale with respect to Q.

Remark. If ¢ is admissible and self-financing we have that V(¢) is a local martingale
with respect to Q. Since V(¢) is bounded from below we even have that it is a
supermartingale.

Definition 1.4 (arbitrage). An admissible, self-financing trading strategy ¢ with

Vo(9) <0, Vi(¢) 20, P(Vp(¢)>0)>0

15 called an arbitrage.
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Theorem 1.2 (First Fundamental Theorem of Asset Pricing). If there exists
an equivalent local martingale measure Q for S, then the market model is arbitrage
free.

Proof. Assume that ¢ is an admissible, self-financing trading strategy with %(gb) <0
and VT(¢) > 0. S is by assumption a local Q-martingale. By the previous remark we
have that V(¢) is a Q-supermartingale. This implies Eq(Vr(¢)) < Eq(Vo(¢)) < 0.
Together with the assumption f/ngzS) > 0 it follows that Vi (¢) = 0 Q-almost surely.

Since Q ~ P, we also have that Vr(¢) = 0 P-almost surely. Hence, there exists no
arbitrage. ]

Remark. The reverse is also true, but in most cases only the given direction is practi-
cally useful.

1.3 Pricing and hedging

Two major aspects of financial mathematics are pricing and hedging of contingent
claims. We restrict ourselfs to claims, which pay only at maturity T'. Its payoff is
described by an Fpr-measurable random variable H > 0.

Remark. Note that the payoff H may depend on the history of S up to time 7.

Typical examples are European call and put options on the asset ¢ with strike price
K and maturity T. The net payoff is the random amount
Hell .= <S§F - K) , HP = <K - S’ZT>

+ +

An example of a payoff depending on the history of S* would be

- - 1 [T .
H = (S%—T/O S;‘Ldu) ,
+

which is a call option on the average stock value of asset 1.

Definition 1.5 (attainability, replicating strategy). A contingent claim H s
called attainable if there is an admissible, self-financing trading strategy ¢ such that
Vr(¢) = H P-a.s.. In this case ¢ is called replicating strategy of H.

Suppose H is an attainable claim and ¢ is its replicating strategy. Let Q be an
equivalent martingale measure. In this case is V(¢) a supermartingale with respect to
Q and

Eo(H | 1) = Eq(Vr(9) | F) < essinf Vi(y),

where H := H/S°.
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Definition 1.6 (L*-admissible). A trading strategqy ¢ is called L?-admissible with
respect to an equivalent martingale measure Q if

d T
Eq (Z / ¢z¢zd<sasf>s> < o0,
i,j=0

By Ito’s isometry is V(¢) not only a Q-supermartingale, but also an L2-bounded
Q-martingale, if ¢ is an L2-admissible trading strategy. In this case we have

Vi(¢) = Eo(Vr(9) | Fi) = Eq(H | F2).

Remark. Short selling is included for L2-admissible trading strategies, since it is vector
space. Thus, —¢ is L?-admissible if we assume ¢ is L2-admissible.

Definition 1.7 (~fair price, hedge, complete market). The faire price of an
attainable clatm H at time t is given by

ess(binf Vi(o),

where ¢ runs over all replicating strategies of H. ¢ is called a hedge of H,if b isa
replicating strategy with V(¢) being a Q-martingale. In this case the discounted fair
price is given by

Eq(H | Fr).
A continuous market model is called complete, if every bounded claim has a hedge.

Theorem 1.3 (Second Fundamental Theorem of Asset Pricing). Assume that
Fo is P-trivial. Then an arbitrage free time continuous market model is complete if
and only if the equivalent martingale measure is unique on Fr.

Proof. We will proof only the easy direction. The other direction can be found in
[Jarrow, 2018].

Assume the market model is complete and let H = I4 with A € Fp. Then there exists
a hedge ¢ with Vy(¢) = L4, such that Vy(¢) = Eq(Vr(¢) | Fo) = Eg(La | Fo). Since Fy
is P-trivial, the equation is P-a.s. (and also Q-a.s.) constant and we get

Q(A) = Eq(1a | Fo) = Vo(¢) = E(Vo(¢)).

Let ¢’ be another hedge. Then Vj(¢) and Vj(¢') differ only on a zero set and E(Vy(¢)) =
E(Vo(¢')), thus Q(A) is unique. O

A more general setting, where we do not rely on Fy beeing P-trivial can be found
in [Harrison and Pliska, 1983] or [Delbaen and Schachermayer, 2006].
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Incomplete markets

Assume we have an arbitrage free, but incomplete market. In such a market there
exist multiple equivalent martingale measures. The set of all equivalent martingale
measures is a convex set and denoted by Q. For each Q we have a system of arbitrage
free prices. If we add a Q-integrable claim H as additional asset to the model, whose
price lies within the interval

essinf Eq(H | F3), esssup Eq(H | F) |,
QeQ QeQ

then the enlarged model is again arbitrage free. Every other choice outside the interval
leads to an arbitrage opportunity. One can prove, that at the left end point the buyer
has no risk and at the right end point the seller has no risk. Thus, buyer and seller
have to agree on a price inbetween.

One idea is to introduce certain criteria to determine the price and the replicating
strategy of a claim in an incomplete market. We will focus on two quadratic criteria
in the next chapter, namely local risk-minimization and mean-variance hedging.
In practice one often chooses the first approach, since one prefers to bear the risk before
the maturity of the claim and not at maturity, as in the second approach. Therefore,
we will emphasis our work on local risk-minimization and only rigorously introduce
the concepts of mean-variance hedging.



2 Quadratic hedging

Assume, that we have an incomplete, arbitrage free, time continuous market. For
simplicity we define

S=(1,8"...,8 = (1,X),
¢=<¢°,¢1,.--,¢d) :(¢%,9).

Since perfect hedging in the sense of Definition 1.7 is not possible in an incomplete
market, we have to be able to make adjustments at each time ¢ € [0, T] to compensate
the ocurring hedging error. Therefore, we weaken the condition of previsibility of ¢°
to adaptedness and since dS° = 0, no problems arise in the definition of the stochastic
integral. Furthermore, we are only considering L?-admissible trading strategies. All
subsequent appearing processes are assumed to be real-valued.

2.1 The martingale case

The following section is based on [Féllmer and Sondermann, 1986, Schweizer, 1999].
We start by discussing the two quadratic approaches in the simplified case, where
the adapted, cadlag, d-dimensional process X is already a square integrable local
martingale with respect to P'. Further, note that F, may not be P-trivial. Hence,
instead of a deterministic starting value we have a random variable.

Definition 2.1 (strategy). We now call ¢ = (¢°,&) with ¢° = (¢Y)o<i<r and & =
(&)o<i<r a strategy, if ¢° is adapted to the filtration F and & is a d-dimensional

previsible process satisfying
T
E (/ e d<X>S§S) < o0,
0

2/ gl d(X, X,

2,0=1

where?

[es

such that the discounted value process V; = ¢?+&- Xy is cadlag and square-integrable.

IThis means P € Q, where Q denotes the set of all equivalent martingale measures.
2¢t denotes the transposition of &.
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Remark. From [Jacod and Shiryaev, 2003] we know the following: From the Doob-
Meyer decomposition we use the uniquely defined increasing previsible quadratic vari-
ation ((X)¢)gejer With (X)o = 0, such that (X? — (X):)o<i<r is a local martingale
with respect to P.

The discounted cumulative gains up to time ¢ are given by

Gl = [ &-ax,

Remark. Note that G4(&) is a square-integrable P-martingale and null at zero. Obvi-
ously, its mean is also zero.

A strategy is called self-financing, if V; = Vi + G4(&). Since we won’t always rely
on the self-financing constraint, the value process may deviate from the cumulative
gains process. Therefore, we introduce the discounted cumulative costs by

Cil@) = Vil@) = Gil€) = ¢ + & - X, — /O .- dX.. (2.1.1)

Ci(¢) is adapted and cadlag by construction.

Remark. A strategy is self-financing if the cumulative costs are constant over time,
namely Cy(¢) = Vy(¢) for 0 <t < T, which is the initial value to start the strategy ¢.

Currently we only have that V;(¢) is a square-integrable P-martingale, if ¢ is self-
financing. We would like to maintain the martingale property without relying on the
self-financing constraint.

Definition 2.2 (mean self-financing). A strategy ¢ is called mean self-financing,
if the cost process C(¢) is a P-martingale.

Lemma 2.1. A strategy ¢ is mean self-financing, if and only if V' is a square-integrable
P-martingale.

Proof. Using Definition 2.2 and Equation (2.1.1) we immediatelly get the assertion as
a consequence of the construction of the stochastic integral. ]

We later use Lemma 2.2 to get a unique decomposition of a discounted contingent
claim H € L?(Fr,P), namely the Galtchouk-Kunita-Watanabe decomposition.

Lemma 2.2. Let X be a local P-martingale. Define L*(X) := {& = (&)o<i<r | € is
previsible and ||€||x < oo} with

T 3
€l = E ( / szd<X>sss)

and M?*(P) := {M = (M;)o<i<r | M is a martingale and E(M?) < oo}. Then the
space T*(X) := {(f()t & - dXS>o< . e L2(X)} is a stable subspace of M*(P).
<t<
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Proof. Notice, that Z?(X) is a linear subspace of M?(P) and stable under stopping.
Further, L*(X) is a Hilbert space. We can identify M?(P) with L?(Fz,P), since for
any My € L*(Fr,P) we have that M, := E(Mr | F;) is in M?(P).

Let (Y}'),en be a sequence in Z?(X). Then there exists a sequence (£"),eny with
&" € L*(X), such that

T
Y :/ & dX,.
0

Assume (Y)nen converges to some Yr € L?(Fp,P). Then Ve > 03 N € N, such that
Vn,m > N we have

E (Y — Yim)?)*

Y7 =Yl < Y7 = Yrll2 + V7" = Yol <e
From It0’s isometry we get the equality

1
2

T
||Y£—Y;“||2=E( / <ss—§;">”d<x>s<gs—g?>) — e — .

In total we have ||€" — £™||x < €. Thus, (£"),en is a Cauchy sequence in L*(X) with
limit £ € LA(X). Set Y7 := [; & - dX,. We now prove that Yy = Yy in L2(Fr,P).
Look at

1Yz = Yalls < |[Yr — Y7ll2 + Y7 = Yrll2
=K ((YICL - YT>2)% +E (/0 (5? - gs)tr d<X>s (5? - gs)) 2 :

The first part tends to zero by assumption and the second part tends also to zero, since
£" tends to &. Hence, we have Y = Y7 in L?(Fr,P) and Z%(X) is a closed subspace
of M?(P). We even have that Z*(X) is a stable subspace. O

Since we are in an incomplete market, there are non-attainable, discounted contin-
gent claims H. Thus, by definition we cannot rely on the terminal condition Vr(¢) = H
P-a.s. and on the self-financing constraint at the same time. Hence, there are two
quadratic approaches. One relies only the terminal condition and tries to minimize
the risk along the way. The other uses self-financing strategies and tries to approximate
the terminal value.

2.1.1 Terminal constraint

Let H € L*(Fr,P) be a square-integrable random variable. Since we rely only on the
terminal condition, we call a strategy ¢ H-admissible, if Vy(¢) = H P-a.s..
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An intuitive approach is to minimize the variance of the terminal cost Cr(¢) of an
H-admissible strategy ¢. Since,

Cr(6) = Ve(d) — Grl€) = H — /0 .- dX.,

we have E(Cr(¢)) = E(H). Thus, the minimization problem is given by

mdin]E ((Cr(9) —E(H))?), (2.1.2)

where ¢ runs over all H-admissible strategies. To solve this minimization problem, we
use a unique decomposition of H.
By Lemma 2.2 any H € L*(Fr,P) can be uniquely decomposed into

T
H=E(H)+ / & dX,+ L P-as, (2.1.3)
0

where & € L*(X) and L* = (L})o<i<r € M?*(P), with E(L}) = 0, is strongly
orthogonal to Z?(X). This means, that

t
0 0<t<T

is a zero mean P-martingale. The unique decomposition (2.1.3) is the Galtchouk-
Kunita-Watanabe decomposition of the claim H.

Remark. In the literature the decomposition can also be found as
T —
H=H,+ / & -dXs+ Ly P-as, (2.1.4)
0

where Hy = E(H | Fy) € L*(Fo,P), & € L*(X) and L* € M3(P)?3 is strongly orthog-
onal to Z?(X). The connection to our introduced decomposition (2.1.3) can be seen
by

T
H_E(H)+Lg+/ Er-dXs+ Ly — Ly P-as.,
N—— 0 N——

=Hp =L

where one shifts the initial random value L{ to the Fj-measurable random variable
Hy.

Using (2.1.3) we directly get a solution of (2.1.2).

3This means that Lj = 0 P-a.s..
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Theorem 2.3. The minimum of (2.1.2) is attained, if and only & = &*. Its minimal
variance is then given by B((L%)?).

Proof. Let ¢ = (¢°,€) be an H-admissible strategy. Then its costs can be written as

T T
oT<¢>:H—/O ss-dXS=E<H>+/O (€~ &)-dX, + L.

Since L. is strongly orthogonal to the stochastic integral we get

E ((Cr(6) ~ E(H)) =E (( JAGE) dXs) ) FE((L5)).

By Ito’s Isometry it holds

E ((/OT(&‘ — &) dXs)2> =E (/OT(é;“ — &) d(X), (€ — fs)) :

The last expression is equal to zero if and only if £ = £* in the L?*(X) sense. O]

By the above theorem only £* is fully specified. (¢°)* is only specified at maturity
T to fulfill the H-admissibility condition, namely (¢%)* = H — & - X7. An example
of an optimal strategy would be to choose a self-financing strategy ¢ up to time 7T'—
and adapt it with the admissibility condition at time 7. Choose Ci(¢) = E(H) for
0 <t < T. By rearranging Equation (2.1.1) we get

<¢S>*=E<H>—f:-xt+/0t5:-dxs 0<t<T)

At the terminal date T" we have (¢%)* = H — & - X7 and Cr(¢) = E(H) + L.
Obviously, we would like to have a better criterion to be able to determine ¢ more
precisely. Therefore, we need to measure the risk differently.

Definition 2.3 (risk process). The risk process is defined by

Ri(¢) =E ((Cr(¢) — Ci(9))?| F) (0<t<T), (2.1.5)

where we choose a cadlag version.

Remark. The risk process can be interpreted as the conditional mean squared error
process. In the special case, where ¢ is mean self-financing, Equation (2.1.5) is a mean
variance criterion, since it simplifies to

Ry(¢) = Var(Cr(¢) [ F) (0<t<T).
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We need to compare strategies in a fair way.

Definition 2.4 (admissible continuation, risk-minimizing). Let ¢ and ¢’ be
strategies. ¢' = ((¢°),&') is called admissible continuation of ¢ from t on, if

Ve (¢') = Vi (9) P-a.s., (6) = ¢ for 0 < s <t and § =& for 0 < s <t.
@ 1is called risk-minimizing, if V0O <t <T
Ri(¢) < Ri(¢') P-as.. (2.1.6)

Note, that for an admissible continuation we did not ask for H-admissibility. We
only minimize over strategies with the same terminal value.

Remark. Observe the following:

(i) If ¢ is self-financing, then it is risk-minimizing. From Equation (2.1.1) we get
that for a self-financing strategy we have Cy(¢) = Vy(¢). Therefore, by definition

(i) Suppose ¢ = (¢°,€) is risk-minimizing and H-admissible, then ¢ solves (2.1.2).
The Equations (2.1.5) and (2.1.6) for ¢ = 0 now imply that ¢ minimizes

E ((Cr(9) — Co(9))*) = Var(Cr(9)) + E (Cr(¢) — Co(9))”
=E ((Cr(¢) — E(H))) + (E(Cr(¢)) — Co(9))"
where we used the H-admissibility of ¢. Since ¢ is risk-minimizing, the left hand
side is minimal and therefore also the right hand side is minimal. Thus, ¢ solves
(2.1.2) and £ = &*.
Further, (E(Cr(¢)) — Co(¢))? is minimal. We know E(Cr(¢)) = E(H) and
Co(¢) = Vo(9) = 6§ + & - Xo. Minimizing (E(Cr(¢)) — Co(6))*, we set

E(Cr(6)) = Co(6) < E(H) = 63+ & - Xo.

Thus, for a risk-minimizing strategy we additionally get the initial cash amount

¢y = E(H) — & - Xo.
Lemma 2.4. Any risk-minimizing H -admissible strategy ¢ is also mean self-financing.
Proof. We need to show, that C(¢) = (Ci(¢))o<t<r is a P-martingale. Let ¢ be risk-

minimizing and H-admissible. Fix ¢, € [0,T) and define ¢’ by ¢ := £ and (¢Y)" := ¢!
for t € [0,ty) and

wwz@m+4@dn—@x;mmeMH,
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where we choose a cadlag version of Cy(¢) = E(Cr(¢)|F). ¢ = ((¢°),€) is an

admissible continuation of ¢, since
T
Veld) = @9) + & Xr = Cr()+ | & dX.— o Xr 6 Xa
0

T
= Cr(9) +/O &s=Vr=H P-as.

Further, Cr(¢') = Cr(¢), since

Ci(¢') = Vi(¢') — /0 Eo-dX, = (¢7) + & Xy — /0 & - dX, = Ci(¢) = E(Cr(9) | Fo).

Hence, Cy(¢') = E(Cr(¢) | Fi) = E(Cr(¢) | F¢) is a martingale for ¢ € [ty, T]. Together
with
Cr(¢) = Ci(9) = Cr(¢) — Cio(¢) + E(Cr(¢') | Fiy) — Ci ()

we get

Riy(6) = E ((C1(8) = C())” | Fio)
— & ((0r(6) - Cule) + BCH&) | F) ~ Cule)) | 7

= Riy() + (B(Cr(¢)) | Fiy) — Cip ()’

where the middle term vanished, since E(Cr(¢') — Cy,(¢) | Fiy) = 0. Since ¢ is risk-
minimizing, the right hand side must be minimal. Therefore, we conclude that

Cio(0) = E(Cr(¢)) | Fiy) = E(Cr(0) | Fiy) P-ass.
and since ty was fixed arbitrarily, it follows that C'(¢) is a P-martingale. O

Remark. In the above proof we did not use that X is a local P-martingale. Thus,
Lemma 2.4 will specifically come in handy later in the general case, where X is only
a semimartingale?.

Definition 2.5 (intrinsic risk process). The intrinsic risk process of a claim
H is denoted by R* = (R )o<t<T, where we choose a cadlag version of

Ry =E((Ly - L})*|F) (0<t<T). (2.1.7)
For the next theorem let VV* be a square-integrable martingale defined by
Vi=EHI|F) (0<t<T),

where we choose a cadlag version.

4Compare the proof of Lemma 2.8.
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Theorem 2.5. Suppose X is a local P-martingale. Then every claim H € L*(Fr,P)
has a unique H-admissible, risk-minimizing strateqy ¢* given by

¢ =V =& - X, &) (0<t<T),

and the remaining risk is Ry P-a.s. for every 0 <t < T'. Its cost process is given by
Ci(¢p*) =E(H)+ L;.

Proof. First, we check the admissibility condition. We have
Vr(¢") =Vr =& Xr+ & Xr=Vr =H Pas.

Second, we check the cost process Cy(¢*). The Galtchouk-Kunita-Watanabe decom-
position of V* yields
ft)

By Lemma 2.4 we know, that ¢* is also mean self-financing, which by Lemma 2.1
is equivalent to V(¢*) beeing a square-integrable P-martingale. Thus, for the cost
process of ¢* we get with V;(¢*) = E(Vp(¢*) | F) = E(V} | F) = Vi

T
Ve =B |7) =B (E(H) + [ €-axo+ 1
0

t
+/§j-dXs+L;‘.
0

T
Cul6") = Vi — / ¢ dX, = E(H) + L;.

Third, we check the minimality of ¢*. Fix t € [0,T) and let ¢ be an admissible
continuation of ¢*. Looking at the cost process of ¢, we have

Crl(@) — Cu(d)) /5dXV2 /de
:H—/t & - dX, - Vi(¢)
:E(H)+/OT§;-dXs+L*T—/tT£;-dXs—V;(¢’)

=V V) + L ik [ (6 €
Using the strong orthoganility of L¥ and the stochastic integral we get
Ri(¢') = E ((Cr(¢)) = Cuo)* | )
)+ riE( [ € - - )

7).

—E (v = Vi(¢))’
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If ¢* is risk-minimizing, only R} remains.

At last, we check the uniqueness of ¢*. Assume ¢ = (¢°, &) is another H-admissible,
risk-minimizing strategy. Then ¢ solves also (2.1.2), which yields £ = £*. Again, by
the Lemmata 2.4 and 2.1 we have that V' (¢) is a square-integrable P-martingale. Since
¢ is H-admissible, we further have Vr(¢) = Vr(¢*), which yields

Vi(6) = E(Ve(9) | Fi) = E(Ve() | ) = B(Vit | o) = V.
Thus, ¢{ = Vi(6) — & - X, = Vi' — & - Xo. m

In the next lemma we will see a summary of the obtained results in a complete
market. More specifically, we assume that H is attainable. Recall, that H is attainable,
if Vi(¢) = Vo(o) + fot & - dX with terminal value Vi (¢) = H P-as..

Lemma 2.6. The following statements are equivalent:
(i) H is attainable and H = E(H) + fOT & dX, P-as.,
(i) the risk-minimizing strategy is self-financing,

(#i) The intrinsic risk process of H is zero.

Proof. The equivalences follow immediately by the respective definitions and the above
results. O

2.1.2 Self-financing constraint

An alternative approach for hedging an unattainable claim H is to rely on the self-
financing constraint. The error at the terminal date T is then given by

H—W@=H—%W—A§yﬂg

Since ¢ is self-financing, the strategy is uniquely determined by the choice of (4, &) €
R x L?(X) (compare Equation (1.1.2)). Then the minimization problem is given by

T 2
min E((H—%—/‘@d&)>. (2.1.8)
(Vo,6)ERXL2(X) 0

To find its solution we have to project H € L*(Fr,P) onto the linear space spanned

by R and
T
{/ fs : dXs
0

feL%X%.
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Fortunately, since X is a local martingale the stochastic integral is an isometry and
hence this linear space is closed in L?*(P). Hence, by Hilbert’s Projection Theorem the
solution exists and is unique. By using (2.1.3) the solution is directly given by

Vo, €) = (E(H), £)

and the minimal residual risk by optional stopping isE((L%)?) = Var(L%), since L* €
M?(P) with E(Ly) = 0.

In the general case, where X is a semimartingale, this projection idea will lead to
mean-varinace hedging. Further, the generalized Galtchouk-Kunita-Watanabe decom-
position will play an important role in both quadratic hedging approaches and we will
often choose a suitable equivalent local martingale measure to simplify our work.

2.2 Local risk-minimization

The structure of the following section is based on [Schweizer, 1999]. The details are
worked out in different references, which are mentioned throughout this section.
Assume, that the adapted, cadlag, d-dimensional process X is now only a semimartin-
gale with respect to P and not a local P-martingale. As in the martingale case, we
would like to find for a claim H € L*(Fr,P) an H-admissible, risk-minimizing strategy
¢*. Unfortunately, this is not possible.

Theorem 2.7. Assume X is not a local P-martingale. Then a claim H € L*(Fr,P)
has in general no H-admissible, risk-minimizing strateqy ¢*.

Proof. We will prove this theorem by giving a counterexample in the simplified case of
a time discrete market model. Then the filtration is given by F = (Fg)r=o01....
T € N. Let X = (Xy)k=0,1,..7 be a one dimensional, real valued, square-integrable,
F-adapted process and assume, that the probability space is finite. We need this
assumption to ensure that all integrability conditions are fulfilled.

Assume ¢* is an H-admissible, risk-minimizing strategy. Then C(¢*) is by Lemma
2.45 a P-martingale, which yields

Ri(¢*) = E (Cr(¢") — Cu(6)* | Fi)
= Var(Cr(¢*) — Cr(¢") | Fi) + E(Cr(¢*) — Cil9") | Fi)?
= Var(Cr(¢") | Fi)
]—"k>

T
Fk‘)v

= Var (vT(¢*) ) gAX;

=1

T
= Var <H - ) §AX,

1=k+1

5Compare the remark afterwards.
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where AX; = X; — X,_,. Using Cy(¢*) = E(Cr(¢*) | Fi) = E (H T EAX,

we further have

i),

k
(60)" + &iXp = Vi(¢) = Cu(6") + Y ETAX;
=1

T k
=E <H ~- > gAx, J-"k> +) GAX
=1 =1

Thus, ¢* is uniquely determined by £*. Since ¢* is risk-minimizing, it holds for any
H-admissible, mean self-financing strategy ¢
fk) |

T
Var (H— AKX,

i=k+1

i=k+1
fk>

with respect to &1, which is Fi-measurable. The minimum is attained, if and only if
fk) “o

%)

By a backward recursion argument, we have to minimize

T
Var (H — &1 AX 1 — Z LAX;

i=k+2

T
Cov (H — &1 AX 1 — Z §AXG, AX
i=k+2

Thus, £, is uniquely determined by

_ Cov(H =L, 60X, AXy
§k+1 n Val”(AX;H_l |-7:k>

(2.2.1)

To give a counterexample, choose 7' = 2 and let X be a random walk with Xy, = 0 and
i.i.d. increments, which only take the three values —1,0, 1 with probabilities P(AX; =
—1)=1/2, P(AX; =0) =1/4 and P(AX; =1) =1/4 for i = 1,2. Let H = X3. The
information flow is given by the canonical filtration F* of X. We have F;* = {0, Q},
F¥ = o(AX;) and F5¥ = 0(AX;, AXs), where Q = {—1,0,1}? and A = P(Q2). We
have three possible choices of & depending on X;, which we abbriviate by & (—1),
§2(0) and &(1).

Assume there exists an H-admissible, risk-minimizing strategy ¢*. Then £* is given by
(2.2.1) and we get &5(—1) = 23/11, £(0) = —1/11, &(+1) = 21/11 and & = —1/11.
In total we get
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On the other hand, for any H-admissible, mean self-financing strategy ¢ we can view
Ry(¢) as a function of &1, &(—1),&(0) and &(1). Minimizing this function in these
four variables we get & = —1/11,&,(—1) = —71/33, £,(0) = 5/33 and &,(1) = 59/33
and in total

Ro(d) = o5 < Fo(").

Thus, there exists no H-admissible strategy ¢*, which is risk-minimizing. [

Remark. Intuitively, we have a compatibility problem. Since we only look at admissible
continuations of ¢ from ¢ on, the optimal continuation is only optimal at time ¢. Hence,
for s < t, the s-optimal strategy may be different from the t-optimal strategy. But
since (s,7] D (t,T], the s-optimal strategy already defines the strategy on (t,77,
which leads to compatibility problems. In short, the admissible continuation criterion
is not time consistent. The extraordinary result on the other hand is that, if X is a
local P-martingale, we do not have this compatibility problem and we get a unique
H-admissible, risk minimizing strategy ¢* (compare Theorem 2.5).

Since we assumed, that the adapted, cadlag process X is a semimartingale with
respect to P, we know from [Protter, 2005] that X admits the decomposition

where M € MG . .(P) is a locally square-integrable local P-martingale with M, = 0
and A is a finite variation process with Aq = 0.

Definition 2.6 (L2-strategy). Let X be a semimartingale satisfying (2.2.2). Define
E:={& = (&)o<i<r | € is previsible and |||z < oo}, where

T T 2 %
léll= =E</ 5;fd<M>sgs+( / |§3dAS|)) |

Then ¢ = (¢°,€) is called L*-strategy if ¢° is F-adapted and & € =, such that the
value process V(¢) is cadlag and square-integrable.

Remark. In case of X beeing a local P-martingale we have A = 0. This yields = =
L?(X) and the L%-strategy coincides with the strategy of Definition 2.1.

2.2.1 Small pertubations and R-quotients

Let us now restrict ourselfs to the case d = 1 to simplify our notation. In the case
d > 1 analogous results can be obtained. The idea of the following definition is a
variational argument. If we change the optimal strategy in a small way, we should
have (asymptotically) an increased risk.
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Definition 2.7 (small pertubation). Let A = (g,08) be an L?-strateqy with e =
Or = 0. Further, suppose that § is bounded and fOT |0s| |dA]s is uniformly bounded in
w and t. Then A is called a small pertubation and on (s,t| C [0,T] it is defined as

Al = (elis.: 0lesa1) -

with

6|[S,t)(w,u) = 5u(w)ﬂ[syt) (u), 5|(5,t] (w,u) = 5u(w)ﬂ(s,t] (u).

Remark. The definition of Al 4 reflects the fact, that ¢ is adapted and § is previsible.

Remark. Since X = Xo+ M + A, where M is the unprevisible martingale part and A
the drift, fOT &5 dAg could be interpreted as the systematic gains of the strategy A. Its
assumption of bounded total variation means, that these systematic gains are limited
and in this sense are small enough.

The condition e7 = 67 = 0 implies Vy(A) = 0 P-a.s.. Therefore, we have Vp(¢+ A) =
Vr(¢) = H P-a.s., if ¢ is H-admissible. Hence, ¢ + A is H-admissible.

Definition 2.8 (local risk-minimization). Let ¢ be an L*-strategy and A be a small
pertubation. For a partition m = {to,t1,...,tn} of [0,T] with 0 =ty < t; < -+ <
ty =T we define the R-quotient as

N-1

™ (o, Z Rt

i=0 t7,+1 - < >t7l

tivl ) _ Rtl()¢) (w)ﬂ(ti,ti+1](t>'

Suppose it holds for every small pertubation A and every increasing sequence of par-
titions (Tp)nen With lim,_,o |m,| = 0, where |7,| := maxeqo1,.. N1} (tig1 — ), that

lini)infr”"@, A)>0 (P® (M))-a.e. on Q2 x[0,T]. (2.2.3)

Then ¢ is called locally risk-minimaizing.

Remark. Loosely speaking, r™(¢, A) are the directional derivatives on the respective
time scale. If we assume that ¢ := ¢ + A is an admissible continuation from ¢ on,
then (2.1.6) reads for all 0 < ¢ < T as

Ri(¢p+ A)— Ri(¢) >0 P-as..

Thus, Equation (2.2.3) is the infintesimal analogon of (2.1.6).
The following result shows, that a local version of Lemma 2.4 holds true.
Lemma 2.8. Suppose d =1 and X satisfies the decomposition (2.2.2). Assume that

(M) is P-a.s. strictly increasing. Then a locally risk-minimizing L*-strategy is mean
self-financing.
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Proof. The proof is based on [Schweizer, 1991].

Let ¢ be a locally risk-minimizing L2-strategy. Choose to = 0 and define ¢’ as in
Lemma 2.4. Then A := ¢’ — ¢ is a small pertubation. For the sequence of partitions
(7 )nen We choose m, to be the n-th dyadic partition of [0,7] and define ¢, := (¢t +
27"T) AT as the successor of ¢ € m,. Since

Vi + Aleen) = Vi) + (87) — ¢} = ¢ + &Xe + (1) — o) = Vi(d),

we have Cy(¢+ Ale,1) = Ci(¢'). Further, ép = ep = 0 yields V(¢ + Alwr.)) = V(o)
and since Vy(¢) = Vp(¢') we get Cr(¢ + Alwe,)) = Cr(¢'). In total we have Vn € N
and t € 7,

Cr(¢+ Alry)) — Ce(d + Alry) = Cr(¢') — Co(¢).
Hence,
Ri(¢+ Algey)) = Bu(¢).
From the proof of Lemma 2.4 we have for T' >t > t5 =0
Ri(¢) — Ri(¢) = (E(Cr(¢) | Fi) — Cu())*.
Thus,
Ry(¢ + Aley) — Re(d) = Ri(¢) — Ru(¢) = — (B(Cr(¢) | F) — Ci(9))°

and we obtain

(E(Cr ()| Fo) — Cil9))?
E((M),, — (M);|F)

P (g, A) == Lo, (2.2.4)

temy

If E(Cr(¢) | Fi) = Ci(¢) for 0 <t < T, we are done. Otherwise there exists a dyadic
rational ¢ and a set B of positive probability, such that

E(Cr(9) | Fo)(w) # Cy(d)(w) Vwe B.

By right continuity of E(Cr(¢)|F.) and C.(¢) we have Yw € B3 constants c(w) >
0, B(w) > 0, such that

|E(Cr(¢) | Fi) — Ci(¢)| (w) > ¢(w) >0 for any dyadic rational ¢ € [q,q + B(w)].
But then (2.2.4) implies for s € (¢,q + f(w))
lim inf 7™ (¢, A)(w, s) < 0,

n—oo

contradicting our assumption of ¢ beeing locally risk-minimizing. Thus, we have
E(Cr(¢) | F:) = Ci(¢) P-ass. for every dyadic rational ¢

and since the dyadic rationals are dense in [0,77], the assertion follows from right
continuity. O]
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Remark. The condition, that (M) is P-a.s. strictly increasing is necessary to exclude
the possibility of M beeing locally constant. This would lead to problems in the
definition of ™ (¢, A).

Thanks to Lemma 2.8 we can restrict our search for a locally risk-minimizing strategy
to mean self-financing strategies. Following [Schweizer, 1991] we will split 7™ (¢, A) into
two terms, where the first one only depends on ¢ and § and the second only on ¢° and
€. The assumptions in the following Lemma 2.9 are needed to ensure that the second
term vanishes asymptotically.

Let H € L*(Fr,P) and ¢ be an H-admissible, mean self-financing L*-strategy. The
terminal constraint yields

T
Cr(¢) = H—/O £,dX; P-as.

and since C'(¢) is a martingale, we have

T
¢?:E(H|Ft)_£tXt_]E(/ gsts

>

and ¢ is uniquely determined by &. Thus, we have to deal with one dimension less
and we abbreviate C;(§) = Cy(¢) and Ri(§) := Ri(¢). As usual, let A be a small
pertubation and 7 be a partition of [0,T]. Then for t; € m we assume, that {48, 4,,,]
is H-admissible and mean self-financing. ¢ + A|, 4,,,) is H-admissible, but may not
be mean self-financing due to the merely adapted component |, +,,,). With Vp(¢ +
Al ti01]) = Vr(¢) = H P-a.s. we have

T tit1
(tiﬂfiﬂ}) - / §sd X, — / 0sd X
0 t

i

T tit1
:H—/ ssts—/ 5. dX,
) . (2.2.5)

tit1
= Cp(¢) — / 0sdX,
t;
- CT(£ + 5|(ti7ti+l])'

Cr(¢+ A

(titin]) = Vr(o + A

Further, it holds

C’tz(¢ +A

(titia]) = V(o + A

t;
(ti:tiJrl]) - / 53 dXs
0

= V;fz(gb) +ét — / igs dXs
0
= Ctz(¢) + €t;
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and since £ + 0|, is mean self-financing we have

i)

Oti (

i) i+1]) = E(CT( i) ¢+1]> |"T_;fz)
tit1
=K (CT(gb) — / 0sdX,
t;

tit1
—C(¢)—F (/ 5. dA,
t;

where we used the decomposition (2.2.2) of X. This implies

tit1
(i,z‘+1})+E(/ 5dA
t;

Now the Equations (2.2.5) and (2.2.6) yield

ti)
5.

Cti (

(titina]) = Ot ) + &, (2.2.6)

th<¢ + A|(ti,ti+1}) =K ((CT(¢ + A|(ti,ti+1]> - Ct1(¢ + A|(ti,ti+1]>)2 ‘ ]:tz)
tit1 2
= Rti (5 + 5|(ti7ti+1]> + (]E (/ 68 dAS ‘Fti) + Eti) )
t;

where the middle term vanished, since C.(§ + 6|, +,,,)) is a martingale. Summing up
we obtain

(¢, A)
2
Ry, (& +0|ttiin)) — Rei(€ ]It ) +Z < <f )-'-gt) -
tiem E(<M>ti+l B <M> ( Z+1] tem z+1 - < >t¢ |‘Ft7,> (“ Z+1]
( <J; i+1 (5 dA > 4 6ti)2
=r&0) Z Lt i) (2.2.7)
t,em tiy1 < >ti )

Lemma 2.9. Suppose d = 1, X satisfies the decomposition (2.2.2) and is P-a.s. con-
tinuous at maturity T. Assume that (M) is P-a.s. strictly increasing. Further, assume
that A is continuous and A < (M) with a density o satisfying Epg (o] log™ |a]) <
oo. Then an L?*-strateqy ¢ is locally risk-minimizing, if and only if gb 1S mean self-
financing and

liminfr™(£,0) >0 P® (M)-a.e. on Q x [0,7], (2.2.8)

n—o0

for every previsible process ¢ satisfying the same conditions as in Definition 2.7 and
every increasing sequence of partitions (T, )nen with lim, . |m,| = 0.
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Proof. Using Lemma 2.8 we can assume that ¢ is mean self-financing. Further, assume
that Equation (2.2.8) holds. Then from Equation (2.2.7) it immediately follows that ¢
is locally risk-minimizing. For the converse direction, we choose ¢;, = 0 for all ; € .

Then
tit1 2
(2([ " 0aa]7)) <B4 17)
ti
yields
(L’LJA(S dA < ”5”2 Z tit1 |A|t ‘_El)
t,€mn E<<M>ti+1 - <M>tz ‘Ft ) t tH—l] tiETn E M> tigt1 < >ti |~th> (ti’ti+1}.

With the technical proof of Proposition 3.1 in [Schweizer, 1990] we get the convergence
of the last equation and again with Equation (2.2.7) the converse direction follows.
Note, that the stated assumptions on the structure of X, as well as the condition

Eps o (Ja log™ |a]) < oo are used in the proof of Proposition 3.1 in [Schweizer, 1990].
[l

Remark. In the special case, where (M) = t and A is absolutely continuous with
respect to the Lebesgue measure and bounded density «, the right hand side of the
last equation converges to zero (P ® (M))-a.e. and we do not need Proposition 3.1 of
[Schweizer, 1990].

Remark. The assumption of X beeing continuous at maturity 7" and A beeing contin-
uous imply that M does not jump at time 7" and hence, (M) has no mass at 7.

Thanks to Lemma 2.9 the locally risk-minimization problem splits into two simpler
problems. Namely, we only have to find the optimal ¢ component and choose ¢° in
such a way that ¢ is mean self-financing. Therefore, we look into the R-quotient of
the martingale

tit1
Ci(§ +dtitipn) = E (CT(f) - / 0s d X
t;

t) (0<t<T), (2.2.9)

as it is done in [Schweizer, 1990]. Since M is a local P-martingale, the Galtchouk-
Kunita-Watanabe decomposition of Cr(§) with respect to P yields

T
Cr(€) = Co(€) + /0 1€ dM, + IS P-as, (2.2.10)

where u¢ € L?(Q x [0,T],P,P® (M)), with P denoting the o-algebra of previsible
sets and LY € M*(P), with E(LC) = 0, is strongly orthogonal to Z%(M).
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Lemma 2.10. Suppose the same assumptions as in Lemma 2.9 hold on X, (M), A
and . Then, we have’

lim r™(&,8) = 6% — 20p° (P ® (M))-a.e.,

n—oo

for every previsible process § satisfying the same conditions as in Definition 2.7 and
every increasing sequence of partitions (T )neny with lim, . |m,| = 0.

Proof. By using (2.2.9) and the decomposition (2.2.2) of X we have

OT(& + 5|(ti,ti+1]> - Cti (5 + 5|(ti7ti+1})
tit1 Lit1 tit1
= CT(&) - Cti (5) - / 53 dMs - (/ (55 dAs —-E (/ 63 dAs
t t t

)

It holds Ri(§) = E((C(&))r — (C(&)): | Fi). Then (2.2.10) and the calculation rules
for the quadratic variation yield
)

th‘ (5 + 6|(ti,ti+l]) - Rti (5)
tit1 tit1
= (/ 62 — 20,uS d(M), fm) + Var (/ Ss dA,
ti t;
J—“> |

tir1 tit1
+ 2Cov (/ ds dMs — (Cy,, (&) — C,(£)) / 0s dA;
t; t;

Summing up we obtain

yn (57 5) _ E]P’@(M) (52 o 25MC ‘ PW")
Var <ftii+1 ds dA;

)

- Lt b0y
t;n E (<M>ti+1 — (M), fti) (£ tig1]
+ 2 Z COV (Li”l 55 dMS - (Cti+1(§) - Cti (5)) ) LiHl 55 dAS ’ fh) ]I
ti€mn E (<M>ti+1 - <M>tl ‘ ftl) (tirtiv1]s

where
P™o= J({Bo X {0},31 X (ti7ti+1:||BO e Fo,t; em,fori=1,.... N—1,B; € ftl})

denotes the o-algebra on Q x [0, T|. Note, that by the assumptions on 7, it holds

p:a@m).

6Note that u© depends on £.
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Hence, by Doob’s Martingale Convergence Theorem we have
hm Eraory (6% — 26 | P™) = 6% — 261 (P ® (M))-a.e..

The middle term on the right hand side is bounded by

E ((j;ji“ 5, dAS>2 ‘]—})

Var (fti”l 0y dA,
) H(tivti+1]

E (M)r, — (M, [Fy) ten) = 2 E (M), — (M),

i+1 t;Emn

t;€my
and with Cauchy-Schwarz and the above inequality we obtain for the last term

).

M), | 72) i

Cov <ftii+1 05 dMs — (Cti+1 (f) o Cti (5)) ) ftiiﬂ 0s dA;
E ((M)

t; €Ty tiy1 <

[NIE

Iy (i sa)'|7 )

Lt 4.
t,Emn E (<M>ti+1 - <M>t1 }-th) (t“tl-’_ﬂ

E (f 02 d0M), + ((C(O))ays — (CON)) ]1
2 E (M), — (M), | F.) (tistia]

ti€EmTn

i+l

But since the second term on the right hand side is a nonnegative (P ® (M), P™)-

supermartingale, it is bounded by O(n) (P ® (M))-a.e.. Thus, it remains to prove

(e )

Z) H(ti7t¢+1]

lim Z =0 (P® (M))-ae.

tﬂn L+1_< >z

For this rather technical calculation we refer the reader again to the proof of Propo-

sition 3.1 in [Schweizer, 1990].

[]

In summary, we get a characterization theorem for locally risk-minimizing strategies.
Before we formulate the characterization, we introduce a certain structure on X based

on [Monat and Stricker, 1995]. Assume that

A" < (M") with previsible density o’ = (a})o<i<r fori=1,...,d. (2.2.11)

Fix a previsible integrable increasing cadlag process W with W, = 0, such that (M*) <
W for alli = 0,...,d." By the Kunita-Watanabe Inequality we have that (M, M’) <

"We can choose for example W = Z?:1<M 4.
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W with previsible density o given by

ii d{M*, M’ .
oy’ ::<Wt>t fori,7=1,...,d, (0<t<T).

Hence, o is a symmetric, nonegative definite d x d matrix and we get

t
(Mi,Mj)t—/ o7 dW, P-as. fori=1,...,d, (0<t<T).
0

By construction we have that A® < W with previsible density v* := a‘c® for i =
1,...,d and we get

t
Ai:/'ygdWs P-as. fori=1,...,d, (0<t<T).
0

Definition 2.9 (structure condition, mean-variance tradeoff process). Suppose
X satisfies the decomposition (2.2.2) and we have (2.2.11). Then X salisfies the
structure condition, if there exists a d-dimensional previsible process A = (A)o<t<r,
such that

Ut>\t = P—CL.S., (0 S t S T)

and
t
K, = / ANrygdWy < 0o P-a.s., (0<t<T).
0

The cadlag version of K is called the mean-variance tradeoff process.

Note, that we have

t t t
4:/%&M%:/@ﬁﬂm:/ﬁmg
0 0 0

d t d t
:Z/ a;'jAgdWs:Z/ N d(M?, M),
j=1"0 j=1"0

t 1
:(/d(M)s/\S) fori=1,...,d, (0<t<T)
0
and

d t d t
K=Y [niaw.= Y [ xomaw,
=170 0

ij=1
d t

- Z/ NN d(M* M7,
ij=1"0

t t
:;/ de(M>s/\S:/ ANrdA, (0<t<T).
0 0
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Since we assumed to have an arbitrage free market, there exists an equivalent martin-
gale measure Q for X. To apply Girsanov’s Theorem we need that A < (M) with
a locally square integrable density process a. Hence, the structure condition is quite
natural in our setting. We will later see that the structure condition is fulfilled for
every continuous, adapted process X for which an equivalent local martingale measure
exists.

Remark. From [Schweizer, 1994] we have the following:

(i) Assume that X satisfies the structure condition. Then K is locally bounded and
does not depend on the choice of A.

(ii) Since 7} := ajo}’, in case of d = 1 we have o\, = oya;. Thus,

dA;

)\t:Oét:dM
t

and the time discrete analogon yields

A4 E(AX,| i)
AMt Var(AXt | ft—l) .

This gives the heuristically motivation for the name 'mean-variance tradeoff’.

(iii) K7 reflects the deviation from which X is a martingale. In particular, X satis-
fying the structure condition is a martingale, if and only if K7 = 0 P-a.s..

Finally, we can formulate the characterization theorem for locally risk-minimizing
strategies.

Theorem 2.11. Suppose d = 1, X satisfies the structure condition, (M) is P-a.s.
strictly increasing, A is P-a.s. continuous and E(Kr) < oco. Let ¢ be an H-admissible
L?-strategy. Then ¢ is locally risk-minimizing, if and only if ¢ is mean self-financing
and the martingale C(¢) is strongly orthogonal to M.

Proof. By assumption it holds

E(Ky) = E ( / i d<M>s) <.

Hence, A = a € L*(P ® (M)) and consequently |a|log™ |a| is (P ® (M))-integrable.
Note, that from (2.2.10) C(¢) is strongly orthogonal to M, if and only if

=0 (P®(M))-ae. (2.2.12)

Using Lemma 2.9 it remains to prove the equivalence between (2.2.8) and (2.2.12).
But from Lemma 2.10 we get that the limit in (2.2.8) exists and equals 6% — 20u¢
(P ® (M))-a.e.. It is left to show that (2.2.8) implies (2.2.12). We use a proof by
contradiction argument, which can be seen immediately if we set § := € sign u® L a<k
and send € to zero and k to infinity. O]
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Remark. The question arises in which sense a locally risk-minimizing strategy is op-
timal. If ¢ is locally risk-minimizing, we have from Lemma 2.10 and Theorem 2.11
that

lim 7™ (£,0) = 6% (P® (M))-a.e..

n—oo

Thus, Vn > no(w,t), t; € T, t € (t;,ti41] it holds for (P ® (M))-almost all (w,t)
Rti (f + 5‘(ti7ti+1])(w) > Rt¢ (5) (w)a

which means that any locally pertubation of £ leads to an increase of risk. If &’ € = is
another mean self-financing strategy, such that § := £ — £ satisfies the same condition
as a small pertubation, then we even have the more intuitive formulation

th‘ (6 + (5, - 6) (ti,t¢+1])(w) Z Rti (5)(("})’
which holds for (P® (M))-almost all (w,t) and Vn > ng(w,t), t; € m, and t € (¢;, ;1]

The strength of Theorem 2.11 is that it reduces the problem of finding a locally risk-
minimizing L2-strategy to solving the optimality equation (2.2.12). The Galtchouk-

Kunita-Watanabe decompositions of H and fOT & dA, with respect to P and M are

T
HzE@ﬂ+/;ﬁ@%+L¥l%mw
0
T T T
/‘gwg:E</§AA>+/‘@AML+L$ P-a.s..
0 0 0

T
Cr(¢) = H_/o & dX, P-as.

Hence, with

we conclude

T T T
Cr(6) = E(H) + / W dM, + L — / € dM, — / €. dA,
OT 0 T 0 T
:E(H)+/ :uf_gdes‘i_LjI{_]E(/ fsdAs>_/ MguAdMs_L%A
0 0 0

T
= o)+ [l -6t aM - L — 150 Paas.
0

Under the assumptions of Theorem 2.11 is ¢ locally risk-minimizing, if and only if £
solves the optimality equation

pf —¢— st =0 (P (M))-ae..

Of course, this is equivalent to the optimality equation (2.2.12). Existence and unique-
ness results can be found in [Schweizer, 1991]. Here we will follow a different approach,
which will lead to the same solution but in a slightly more intuitive way. Let us now
return to the general case d > 1.
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2.2.2 Pseudo-optimality and the Follmer-Schweizer
decomposition

Definition 2.10 (pseudo-optimal). Let H € L*(Fr,P) be a contingent claim. Then
an H-admissible L?-strateqy ¢ is called pseudo-optimal for H, if ¢ is mean self-
financing and the martingale C(¢) is strongly orthogonal to M.

For suitable X and d = 1 we have just seen in Theorem 2.11, that a locally risk-
minimizing strategy coincides with the pseudo-optimal strategy. In general, pseudo-
optimal strategies are easier to find as the next theorem shows.

Theorem 2.12. An H-admissible, L?-strategy ¢! is pseudo-optimal for H € L*(Fr,P),
if and only if H admits the Follmer-Schweizer decomposition

T
H=FE(H)+ / ehoax, + L% P-as., (2.2.13)
0

where ¢ € = and L7 € M?(P), with E(LY) = 0, is strongly orthogonal to I?(M)
with respect to P. It is then given by

off = (Vi(o™) — ¢ - X, &) (0<t<T),
where

Vi(¢™) = E(H) + /Ot EHdX, + L (0<t<T) (2.2.14)

and for its cost process we have Cy(¢) = E(H) + L for 0 <t < T. The remaining
risk is given by

Ri(¢") =E ((L¥ - Lf)2’}}> =Var(LE|F) (0<t<T)

Proof. Observe

T T
H = Va(o) = Cr(é) + / €. dX, — E(H) + / €. dX, + Cr(6™) — E(H).

Using the definition of pseudo-optimality we immediately get the assumption. O]

A sufficient condition for the existence of the Follmer-Schweizer decomposition of
H is that the mean-variance tradeoff process K is uniformly bounded in ¢t and w. To
see this we will follow [Monat and Stricker, 1995|. From now on, we always assume
that K is uniformly bounded.

Note that = = L2(M) N L?(A), where a previsible Re-valued process & = (§)o<i<r
belongs to L?(M), if

t
</ fﬁrasﬁs dWs) 18 integrable
0 0<t<T
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and belongs to L%(A), if

t
( / [ dWs> is square-integrable.
0 0<t<T

Lemma 2.13. Assume X satisfies the structure condition and that K is uniformly
bounded, then Z = L*(M).

Proof. For £ € L*(M), Cauchy-Schwarz’ Inequality yields
T T
/ ‘fg%‘dWs :/ |§§T03As]dWs
0 0
T 1
< / (&0s&s)2 (ATos)s)

0
( / o dws)é .

Thus, L?*(M) C L?*(A) and consequently = = L?(M). O

N

AW,

[N

< (Kr)

Definition 2.11 (Uy). Let 0 < Ty < Ty, < T be previsible stopping times and as-
sume that H € L*(Fr,_,P). For & € L*(M), look at the Galtchouk-Kunita- Watanabe
decomposition of H — fOT Liry 1) (8)EL dAg with respect to P and M

T T T
H - / ]I(T1,T2)(S)€§T dAs =K (H - / I (T1,T2) ( )f dA ) / Vs » dMs + LT ]P’-a.s.,
0 0 0

where v € 2, L € M2(P), with E(Ly) = 0, is strongly orthogonal to T2(M). Then we
define the mapping Vy as

Uy: LA(M) — L*(M)

\I]H(g) =¢§:= H(T1,T2)l/'

Since H — fOT Liry 1) (8)EL dAg is Fr,_-measurable, its Galtchouk-Kunita-Watanabe
decomposition can be rewritten as

T
H—/ Lery my)(8)&," d A,
0

T T T
=K (H — / I (T1.T) ( )5” dA ) / I[(O T) ( )VS dM, + LO —I—/ ]I(()’TQ)(S) dL;.
0 0 0

If we define H by

T T T
H =K (H — / I (T1,T%) ( )6 dA ) + Lo + / H(O,Tl](s)l/s . dMS + / ]I(OyTl}(S) dLs,
0 0 0
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then H is Fr,-measurable and

T T T
H— / H(T17T2)(S)€z7” dAS =H + / H(T17T2)(S)€S . dMS + / ]I(T1,T2)(S) dLS P-a.s..
0 0 0

Note, that we switched to the other formulation of the Féllmer-Schweizer decompo-
sition (compare Equation (2.1.4)). Now suppose & € L?*(M) is a fixed point of Wg.
Then the last equation yields

T T
H=H -+ / H(T1,T2)<8)€S . dXS + / I[(TLTZ)(S) dLS P-a.s.. (2215)
0 0

Conversely, if Equation (2.2.15) holds for ¢ € L?(M), the Galtchouk-Kunita-Watanabe
decomposition of

~ ~

T
H = E(H) + / ]I(07T1}(8)95 . dMS + NT1 P-a.s.
0

yields

T
H_/ ]I(TLTQ)(S)SET dAS
0

T

~

T
= E(H) + / (H(()’Tﬂ(s)es -+ I[(T1,T2)(S>§s) . dMs + (]\/vT1 + / H(Tl,Tz)(S> dLS) P-a.s..
0 0

Since the Galtchouk-Kunita-Watanabe decomposition is unique, we obtain v = (g 7,0+
Iir, )€ and thus it holds Wy (&) = &.

To prove the existence and uniqueness of the Follmer-Schweizer decomposition we
need some auxiliary results, which are dealt with in the next two lemmata.

Lemma 2.14. Assume X satisfies the structure condition. Let 0 < T7 < Ty < T
be previsible stopping times and let H € L*(Fr,_,P). If there 3b € (0,1), such that
Kp, — K, <bP-a.s., then Yy has a unique fized point.

Proof. Define the norm

T
/ gs ' dMs
0

Then (L*(M), || - ||z2(ar)) is a Banach space. With Banach’s Fixed Point Theorem it
remains to prove that Wy is a contraction on L*(M). Take &,& € L?(M) and recall

€z = \
2



32 2 Quadratic hedging

~

Uy(€) =&, Uy(€) =€, then we have

2
+|H - H|}+
2

T T
. Ms —+ (H — H’) —+ (/ ]I(T1,T2)(S) dLS — / ]I(T1,T2)(S) dL;)
0 0

T A T A
/ H(T17T2)<3) dLs — / H(Tl,T2)(3) dL;
0 0

2
2

IA
O\ﬂ
/N /N /N
» >
|
I
N— N— N—
IS
=

L

2

T
= | [ nmo)e - o a,
0

T T
<E (/0 Ly 1) ($) AT 05\ dWS/O (€ — €)7oy (€, — &) dWS)

T
< |Kn- — Kl E ( | e-erae-e dWs)

where we used orthogonality, the definition of the structure condition and the symme-
try of the nonnegative matrix o. ]

Lemma 2.15. Assume X satisfies the structure condition and K is uniformly bounded.
Let 0 < Ty < T be a previsible stopping time and let H € L*(Fg,,P). Then

T
H=H+ / Iy, (s)Es - dXs + Ly, P-a.s., (2.2.16)
0

where H € L*(Fp,_,P), € € 2 and L € M2(P), which is equal to zero® on the interval
[0,Ty) and is strongly orthogonal to I*(M). Further, the decomposition is unique in
the sense that if also

T
H=H+ / Ir,(s)&, - dXs + Ly, P-a.s.,
0

where (ﬁ’,g’, [N/) satisfies the same conditions as (ﬁ,é, IZ), then it holds
H=H' P-as.,

Ir,& = I5,&  in L*(M),
Ly, =Ly P-as.

8Compare Equation (2.1.4).
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Proof. Since (E(H | F}))g<i<p is a square-integrable martingale we have
T ~
H=E(H|Fr) =E(H) + / £ -dM,+ Ly P-as.,
0
where { € L*(M) and L € M*(P), with E(Lg) = 0, is strongly orthogonal to Z*(M).

By assumption we have H € L*(Fr,,P). Thus, £ equals zero on the interval (Tp, T
and Lp, = Ly P-a.s. and we get

T
H=E(H) +/ Lo (8)&s - dMs + Ly,  P-as..
0
Further,
T ~
BUT| Fry) = B + [ Tom(6)6 - aM.+ Ly P
0

Rearranging the last equation by E(H) and inserting it into the decomposition of H
yields

T
H=FE(H|Fr,_)+ / Iy, ()€, - AM, + Ly, — Ly, P-as..
0

From Lemma 2.13 we know L?(M) = = and since A is previsible, fOT Iy, (5)E dA, is
Fr,—-measurable. Thus, we get the desired decomposition

T T
H = E(H | .FTO_) — / HT()(S)sz dAS +/ ]ITO (8)55 . dXS -+ LTo — LTo— P-a.s..
N 0 0 N——

-
' =
‘L,

o

Now let us prove the uniqueness. Using substraction, we can assume without loss of
generality H = 0 P-a.s.. Then

T
0=H+ / Ir,(s)€s - dXs+ Ly, P-as.,
0
and hence
~ T ~
0=EO|Fp-)=H +/ I, (s)E7 dA, P-as..
0

Substracting the last equation from the previous one yields

T
0= / I, (s)&s - dMs + Ly, P-as.
0
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and since the Galtchouk-Kunita-Watanabe decomposition is unique we get

T
/ Ip,(s)és - dMs =0 P-as.,
0
Ly, =0 P-as..

The structure condition finally yields

T
0< / I, (s)ET dA,

T
HTo é gtr Vs

HTO 5 ctr Og

T 3 T 3
(/ Ir, (s §”03§s dW) (/ )\ZTUS)\S dWs>
0 0
(< I, (5)é, - dM> >2(KT)
T
0

Y

/OT
f

IN

[N

where we used that K¢ is bounded and <f0 I[To(s)fs . dMs> = 0. Thus, we also have
T

H = 0 P-a.s. and hence the decomposition is unique. O

We can now formulate the corresponding theorem. The idea is to use a chopping
technique: The result is easy if || Kr|lo < 1. Since K is uniformly bounded there are
only finitely many jumps and we differ between jumps less than a constant b € (0, 1)
and jumps exceeding b. Hence, we divide the interval [0, 7] into subintervals by a
suitable sequence of stopping times, such that on each subinterval the growth of K is
bounded by b < 1 and on the boundaries we deal with the jumps exceeding b. Finally,
we use a backward induction argument.

Theorem 2.16. Assume X satisfies the structure condition and K is uniformly bounded
int and w. Then, every H € L*(Fr,P) admits a Follmer-Schweizer decomposition
and 1t 1s unique in the sense that if

T T
H =E(H) +/ ¢ dX,+ LY =E(H) +/ U dX,+ L2 P-as,
0 0

where (le, LH’) satisfies the same conditions as (SH, LH), then it holds
LE =Ll P-oas.,
M= in LA(M),
L= LI Pogs.
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Proof. Observe, since K is uniformly bounded there 3 b € (0,1) and a finite sequence
(Th)o<n<n of previsible stopping times, such that for 0 =7, <77 <.-- <Tny =T

KTn— — KTn71 < b IP’—a.s., n = ]_7 ce N.
Now let 5 € (0,1) and construct the sequence
TO - O

T inf{T, <t <T|K,— K, >3}
T , if this set is empty

Ty =T,

where N is large enough, such that Ky — K7, < 8 P-a.s.. By definition is each
stopping time T,, previsible.
Since H € L*(Fry,P), Lemma 2.15 yields

T
H=H" + / Iry ()Y - dX+ Ly, P-as..
0

Now using Lemma 2.14 and Equation (2.2.15) between T and T_; we can rewrite
HY as

T T
HY = HM +/ ]I(TNA,TN)(S)&?Ll - d X +/ ]I(TNA,TN)(‘S) d[ﬂ]sv*l
0 0
and we get

T
o= Hv1 gy / <H<TN717TN>(8)€§V T I (s)€ ) HdX,
0

T
+ (LIJYN +/ ]I(TN—LTN)(S) dLiV_l) :
0

By recursively using Lemma 2.15 and 2.14 we obtain

T N
H= A° +/ > (L s (6 + I (567) - X,
\/'/A 0 n=1
=E(H)+Lo ~ s
e

N T
+) <L%n + /0 Lz, 1)(8) dLZ”)
n=1

T N T
= E(H) + / ¢ dX,+ Lo+ ) (L’Tln + / Lir,_,.1.)(5) dLgl),
0 1 0

A 7
—~—
—. T H
=Ll
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where ¢7 € Z and L7 € M2(P), with E(LY) = E(E(L¥ | F)) = E(Ly) = 0, is
strongly orthogonal to Z?(M).

Now let us prove the uniqueness of the Foéllmer-Schweizer decomposition. Using
substraction, we can assume without loss of generality H = 0 P-a.s. and we have

T
E(H) + L{ +/ o aX + L - L =0 Pas.
0 hf_’ig

Rewriting yields
T
(]E(H) + L +/ Loy () - d X, + L?N)
0

T
b [ I X (- 1) =0 Pas,
0
Since the first summand is in L?(Fr,_,P) we obtain as in the proof of Lemma 2.15

T
E(H) + LY + / Loy ()68 -dX, + L _ =0 P-as.,
0

T
/ I, ()¢ -dM, =0 P-as.,
0
L2 = E?Nf P-a.s..
Consequently,

T T
(E(HHL%? + [ om0 -dXS+L5!N1) + [ T () -ax,
0 0

T
+/ ]I(TN—l,TN)(S) dif =0 P-as.
0

and since the decomposition (2.2.15) is unique we obtain

T
E(H) + LY + / Loy (8)E8 -dX,+ L =0 P-as,
0

T
/ H(TNflyTN](S)gf : dMs =0 P‘&.S.,
0
Lf = E%V_l P-as..
Applying induction this proves

E(H)+L{ =0 P-as.,
=0

T
/ H(TmTN](S)gf : dMs =0 P‘&.S.7
0

L =L = E?O =L=0 P-as.
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and thus the Follmer-Schweizer-decomposition is unique. O

Remark. In case of K beeing not uniformly bounded, the Follmer-Schweizer decompo-

sition may not exist. To see this, assume d = 1 and suppose we are at a time u, where
K jumps. Further, suppose H = £,AM, with ¢ € L*(M). The Follmer-Schweizer
decomposition of H is

T
H=FE(H)+ / hax, + L P-as.
0

But since E(H | F,—) = 0, we have
H=¢,AM, = 9AX, + ALY,

Then L# € M?(P), with E(LY) = 0, is strongly orthogonal to Z?(M), which implies
&, = &1 However, from the structure condition in the case d = 1 we get AA, =
MA(M), and AK,, = A2A(M),. Therefore,

E (2(A4,)°) = E (CA(M),AK,) .

But since £2A(M), spans L'(F,_), E (£2(AA,)?) is only bounded, if and only if AK,
is uniformly bounded. Thus, H may not have a Follmer-Schweizer decomposition.

2.2.3 The minimal martingale measure

Because of the Theorems 2.11 and 2.12 we are heavily interested in finding the Follmer-
Schweizer decomposition of a contingent claim H. We will see a constructive way by
switching to a specific martingale measure. This approach works especially very well,
if we assume that X is continuous and K is uniformly bounded. Let us first only
assume continuity of X. The following theorem is based on [Schweizer, 1994].

Theorem 2.17. Suppose X is a continuous semimartingale with decomposition (2.2.2)
and Z* € M3 _(P) with Z* > 0 and Z; = 1 P-a.s., such that the product Z*X" is a
local P-martingale for i = 1,...,d. Then X satisfies the structure condition and

ot € L2 (M) fori=1,...,d. Furthermore, Z* has the representation

7r=¢ (—/)\-dM) E(L),

where L € M2 _(P), with E(Lgy) = 0, is strongly orthogonal to M* for alli=1,...,d.

Proof. First, we need to find the previsible, symmetric, nonnegative definite d x d
matrix density o. Let N',...,N% € M§, .(P) be pairwise strongly orthogonal, such
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that each M® is in the stable subspace of M3(PP) generated by N',... N Then each
M has a representation

d
Mizz/pifdzvj,
j=1

.....

X is continuous, also M is continuous. Thus, we can assume that N is continuous as
well. Choose an increasing previsible cadlag process W with Wy = 0 and (N) < W
for each ¢ and define

d{N"),

oW, fori=1,...,d.

G-

We can assume without loss of generality ¢} € {0,1} for all i,¢, by simply replacing
Nt with fﬂ{ci#o}ﬁ dN*. Since

/H{cj=0} d(N7) = /Cjﬂ{gj:()} dW =0, (2.2.17)
we can further assume p? = 0 on the set {gg = 0} for all 7, 5, ¢. Thus, it holds
PG =p Vit

and hence we have
d d -
(M, M) = Z/pikpfkduv’f) = Z/pikpjkg’f dW = / (pp™)? aw,  (2.2.18)
k=1 k=1

where we used the pairwise strong orthogonality of N*, N7 Vi # j. Thus, we conclude
oy = ppt P-as., (0<t<T). (2.2.19)

Next, we need the previsible densities 7%, for i = 1,...,d. Define U := [ % dZ* with
Up = 0. Then U € MG, (P) since Z* € M;, (P). U is well defined, since Z* > 0.

loc

Observe, Z* = £(U). The Galtchouk-Kunita-Watanabe decomposition of U can be
written as

d
U:—Z/¢dej+R,
j=1

where ¢/ € L2 (N?) and R € M2 _(P), with E(Ry) = 0, is strongly orthogonal to

loc

T?(NY) for each j. From (2.2.17) we get that we can choose

Yl =0 on the set {¢/ =0}, Vj,t. (2.2.20)
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Applying the product rule to Z* and X' = X} + M® + A’ yields
dZ*X") = (XLdZ*+ Z* dM' + d[Z*, A")) + Z* dA" + d[Z*, M. (2.2.21)

The product Z* X" is a local P-martingale. From [Protter, 2005] we know that [Z*, A]
is a local P-martingale, since Z* is a local P-martingale and A is a previsible process
of bounded variation. Thus, the bracket term on the right hand side is the differential
of a local P-martingale. By the definition of U we have

[(Z*, M'] = / Z* d|U, M').

Further, it holds
d d
U, M) = [—Z / W AN+ R, / piF de]
j=1 k=1
d d
— _Z/Wpij d(N7) + R,Z/p““dN’f]
j=1 k=1
d
= — Z/pij¢j dw,
7j=1

where we used the pairwise strong orthogonality of N7, N¥ Vj # k and the strong
orthogonality of R to Z?(N¥) for each k. Together with (2.2.21) and the fact that
Z* > 0 we conclude

A":/(pw AW fori=1,...,d.
N——

:;’yl

Finally, let us check the assumptions of the structure condition. Denote by Y the
projection of ) on Ker p. Then ¢ =1 4 v for some previsible process v, with pr = 0.
Since

(Ker p)* =Tm p,
there exists a previsible process A, such that
p=1+v=p"\+r (2.2.22)

Thus, with (2.2.19) we obtain

Ai:/(pw)i dW:/(JA)" AW fori=1,...,d.
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Observe, that on the set {o}"

—OVE=1,...,

implies p**

= 0} we have ¢,/ = 0. This is true since

=3

k=1

d, and hence

d
ol — szkp]k —0
k=1

Thus, the density

i (UA)i

o

o't

is well defined and we conclude with the Kunita-Watanabe inequality that A® < (M?)

and o\

where we used the definition of o,

and (2.2.20). Since 97 € L2 (N7),

= P-a.s. for 0 <t < T. Further, we obtain

(2.2.18), the Cauchy-Schwarz Inequality, (2.2.19)
the above inequality yields o' € L2 (M) for each



2.2 Local risk-minimization 41

i. Similarly, we obtain with (2.2.18), (2.2.19), (2.2.22) and (2.2.20) that

d d
K=Y /w d(M' M) =) /x’ (pp™)" N dw
i,j=1 4,j=1
:/)\”a/\dW
:/||ptu||2 aw
< [Iwlaw
d
_ Z/ (v7)* d(NY).
j=1

Hence, A € L}, (M), which in particular implies that the process [ A-dM € M3, (P)

loc

is well-defined.
What is left to show is the representation of Z*. Let Y € M3, () and look at

<Y,//\-dM> = i/»’d(y,M’}
¥ [ ot gy

ij=1

_ <Y§/ (o A)’ de>.

By comparison of coefficients we get

/)\-dM: i/ (0" A)” AN

Then U simplifies with (2.2.22) to

d
U:—/)\-dM+R—Z/ydej,
j=1

=L

where we get with pv = 0 that L is strongly orthogonal to Z?(N*¥) for each k and hence
also to M*. By (2.2.22) we have v/ € L2 (N7) for each j and since Z* € M2 _(P) we

loc loc
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have L € M2 _(P), with E(Ly) = 0. From [Jacod and Shiryaev, 2003, p. 53 ff.] we

loc
will use the identity for two square integrable local martingales’ X,Y

[X, Y] = (X, V), + > AXAY,. (2.2.23)

s<t

Since M is continuous, also [ A-dM is continuous. Hence we have

o] (o ) o )

since L is strongly orthogonal to each M7. Together with the product rule formula
EX+Y +[X,Y]) =E(X)E(Y), where X, Y are two semimartingales, we get

Z*:E(U):E(—//\-dMJrL):é’(—/)\-dM)S(L).

Now we look at the stochastic differential equation

dZt - _Zt—At . th,

(2.2.24)
Zo=1 P-as..

Its unique solution is given by

Zt:(‘i(—/)\-dM)t 0<t<T)

Since X is continuous, we have that M is continuous and hence also — f A dM.
As we have seen in the above proof it holds — [A - dM € MG, .(P). Using the
theorem of exponential processes for continuous semimartingales we get that Z is a
local martingale with respect to P. By continuity of M we further have Z > 0. Note,
that by construction of Z we get that the product ZX' is a local martingale with
respect to P fori =1,...,d.

Now assume that K is uniformly bounded and look at the solution of (2.2.24)

t 1
Zt:é’(—/)\-dM> :exp<—/)\s-dMs——</)\-dM>)
t 0 2 t
¢ 1
= exp <—/ )\S-dMS——Kt).
0 2

9X = X°4 X% where X¢ is the continuous part and X is the discontinuous part.
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From Theorem II.2 in [Lepingle and Meémin, 1978] it follows that Z is square inte-
grable, since in this case we have that [ A-dM is a square integrable local martingale
null at zero and < JA-dM > is bounded. Further, the Novikov Condition

E (exp (%Kt)> <oo Vt>0,

is fulfilled, which yields that Z is even a square integrable martingale with respect to

P. Hence, the density
dQr /
— =Zr=&(— | A-dM 2.2.25
e ). (2225)

defines a probability measure Qr equivalent to P. Note, that we choose a cadlag
version of the martingale 7, = E(Zr | F;). The following definition and theorem are
based on [Follmer and Schweizer, 1990].

Definition 2.12 (Minimal martingale measure). We call an equivalent martingale
measure Q with square integrable density minimal, if Q = P on Fy and if it holds for

any L € M?*(P) with (L, M*) =0 for each i, that L is a martingale under Q.

Under P, (L, M*) = 0 is equivalent to L beeing strongly orthogonal to M*, since we
know that (L;M} — (L, M*);)o<i<r is a local P-martingale.
Remark. Looking at the Follmer Schweizer decomposition, the probability measure
Q7 is minimal in the sense that we maintain the orthogonality property of L to the
stochastic integral as the next theorem shows. Thus, we disturb the structure of X as
little as possible. We additionally need, that the density Z is P-square-integrable to
ensure that the claim H is Qp-integrable.
Theorem 2.18. Suppose X is continuous.

(i) The minimal martingale measure Qr defined by (2.2.25) is unique.
(ii) The minimal martingale measure Qr exists, if and only if

t 1
Zt:exp(—/ )\S-dMs—éKt) 0<t<T)
0

is in M?(P). In this case Qr is defined by (2.2.25).
(iii) If L € M?(P) with (L, M*) = 0 under P for each i, then it holds (L, X") = 0
under Qr for each i.

Proof. Ad (i): Let Q% ~ P be another minimal martingale measure defined by a
process Z* = (Z])o<i<t € M?*(P). Then Z; has a Galtchouk-Kunita-Watanabe de-
composition with respect to M under P

t
Z =E(Z;) + / Bs-dMs+ Ly P-as.,
0
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where 8 € L*(M)™ and L € M?*(P), with E(Ly) = 0, is strongly orthogonal to M* for
each 7. Applying the product rule to Z* and X' = X{ + M' + A’ yields

d(Z*XY) = (X1 dZ* + Z* dM' + d(Z*, AY)) + Z* dA' + d(Z*, M).

The product Z*X* is a P-martingale. From [Protter, 2005] we know that (Z*, A") is
a P-martingale, since Z* is a P-martingale and A is a previsible process of bounded
variation. Thus, the bracket term on the right hand side is the differential of a P-
martingale and we obtain for A’ the representation

. tq . tq ‘
Al :/ - d Z*,MZ s — (/ ——*ﬁsz M s) .
t 0 Z;k_ < > 0 ZS_ < >

Since X is continuous and Z* satisfies the appropriate conditions, we get from Theorem
2.17 that the structure condition is fulfilled and from the calculation after the definition
of the structure condition we conclude that A is given by

A=

Q4 ~ P is equivalent to Z* > 0 P-a.s.. Thus, we get from 3 € L*(M) that A € L?*(M).
Now we use that Q7} is minimal. From Q} = PP on Fj we get Z; = 1 and hence also
E(Z;) = E(Z) = 1. Further, since L € M?(P) is strongly orthogonal to each M* we
get that L is a martingale under Q.. Hence we have

(L) =(L,2")" =0,

which implies L = 0. Hence, Z* has the simplified decomposition
t
Zr =1 —/ Z7 As-dMg  P-as.
0

and since M is continuous we get Z* = Z.

Ad (ii): With Theorem 2.17 we have that the process Z is is well defined. But, as
we have seen, it is in general only a locally square integrable local P-martingale. If
Qr exists and is defined by (2.2.25) then Z is by definition a square integrable IP-
martingale. Conversely, suppose Z € M?*(P). We will show that the corresponding
martingale measure Qr is minimal. Let L € M?*(P) with (L, M*) = 0 under P for
each i. Since Z solves (2.2.24) it holds (L, Z) = 0. Thus, ZL is a local P-martingale
and hence L is a local Qp-martingale. Since L € M?(P) we have

sup |L;| € L*(Fr,P)

0<t<T

10See Lemma 2.2.
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and with Zr € L?(Fr,P) we obtain with Cauchy-Schwarz’ Inequality

sup |Ly| € L'(Fr, Qr).

0<t<T

Thus, L is even a Qp-martingale.

Ad (iii): Again, let L € M?*(P) with (L, M®) = 0 under P for each i. We need to show
(L, X"y = 0 under Q7 for each i. Since X" is continuous and A’ is a continuous finite
variation process we obtain with (2.2.23)

(L, X') = (L%, X")
= [L, X]
= [L, M'] + [L, A']
= [L, M']
under Q7. Under P we further have, since M?* is continuous,
[L,M"] = (L, M") = (L, M") = 0.
But since Q7 < P we even have [L, M*] = 0 under Qr, which completes the proof. [J

Lemma 2.19. If ¢ is a pseudo-optimal L?-strateqy for H and Z is the solution of
(2.2.24), then ZV (¢") is a local martingale with respect to P.

Proof. Look at the decomposition (2.2.14)
t
Vie") =BG + [ € dX, 4 Ll Pas,
0

where ¢# € = and L € M?(P), with E(L{) = 0, is strongly orthogonal to Z?(M) with
respect to P. We know that the product ZX* is a local P-martingale for i = 1,...,d.
Since X is continuous, Z [ £dX is a local P-martingale for £ € = as well. Further, we
have that ZL" is a local P-martingale. In total we get

t
ZVi(o") = ZE(H) + Zt/ 8 dX,+ ZLF (0<t<T),
0

which is a local P-martingale as composition of local P-martingales. O]

Consider the situation of Lemma 2.19 where Z is a square-integrable P-martingale.
We know that supg<,<r |Vi(¢%)| is square-integrable with respect to P. Using Cauchy-
Schwarz® inequality we obtain ZV(¢f) € L'(P). Thus, ZV(¢") is even a true P-
martingale, which is equivalent to V(¢") beeing a Qp-martingale. Therefore, we
define

VO = B, (H | F) = Eq, (Ve(¢™) | F) = Vi(g™) (0<t<T).
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Note, that VtH’QT is well defined since

1
Eo,(H| F) = 5 E(HZr| F)
t
and H and Z; are both square-integrable with respect to P. Hence, by Cauchy-Schwarz
we have H € L'(Qr).
Further, X is a local Qp-martingale. Thus, V;H’QT has a Galtchouk-Kunita-Watanabe
decomposition with respect to X under Q7 and we get for 0 <t < T

t
‘/tH@T _ EQT (%H7QT) +/ 557QT SdX, + Lfv@T
0

t
= EQT(H) +/ gf’QT ~dX + LtH’QT Qr-a.s.,
0

where ¢70r ¢ [2(X)" and L7 ¢ M?(Qr) with Eg,(Li"®") = 0 is strongly Qq-
orthogonal to X for each i. By switching to the P-measure we obtain

t
lﬁ%zm@m+/dmfﬁm¢ﬂ%Pﬂa
0

where ¢79r ¢ 2 and L70r e M2(P), with E(ZyLJ"%") = 0, is by Theorem 2.18
strongly P-orthogonal to M* for each i.
In summary we get the following theorem.

Theorem 2.20. Assume X is a continuous semimartingale. Define Qp, VIQr qs
above and suppose Zp = E (— [A-dM) € M*(P). If either H admits a Féllmer-
Schweizer decomposition or

t
W“zﬂ%m+/5%d&+w%wm&m9sﬂ, (2.2.26)
0

where €78 ¢ = and L7 ¢ M2(P), with E(ZrL{"®") = 0, is strongly orthogonal
to Z?(M), then V:,fI’QT gives a Follmer-Schweizer-decomposition of H and 721 s q
pseudo-optimal L*-strategy for H. K beeing uniformly bounded is a sufficient condi-
tion for the square integrability of Zr and the uniqueness of the Féllmer-Schweizer
decomposition.

Proof. Since Qr = P on JF{ we conclude that the starting values of the decompositions
(2.2.13) and (2.2.26) of H and V"%, respectively, must coincide. If H admits a
Follmer-Schweizer decomposition, then Theorem 2.18 implies that L is a local Q-
martingale, which is strongly Qp-orthogonal to Z?(X). Since the Galtchouk-Kunita-
Watanabe decomposition is unique, we conclude that (2.2.13) and (2.2.26) for t = T

1 Cp. Lemma 2.2 under the measure Qr.
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must be equal.

If we have (2.2.26), then the last argument before this theorem shows that for ¢t = T
we obtain a Foéllmer-Schweizer decomposition of H, which by uniqueness must again
be the same as (2.2.13).

With Theorem 2.12 we conclude that %07 gives a pseudo-optimal L2-strategy for H
and that uniform boundedness of K is sufficient follows from Theorem 2.16 and from
Theorem I1.2 [Lepingle and Mémin, 1978]. O

For continuous X, a locally risk-minimizing strategy can be obtained by finding
the Galtchouk-Kunita-Watanabe decomposition of H under the minimal martingale
measure Qr. This is useful, since the density process Zy of Qr is explicitly given and
we can study the behaviour of X under Q.

Remark. As a byproduct we obtain from (2.2.26) that V;(¢) can be used for pricing
H at time t, where ¢! is a H-pseudo-optimal L?-strategy. In this sense

VO =B, (H | F)

can be interpreted as intrinsic valuation process for H and Qr is the corresponding
valuational operator. But we have to keep in mind that VtH’QT is only a valuation with
respect to our definition (2.2.3) of local risk-minimization.

With the help of the minimal martingale measure we can now prove a generalization
of the Follmer-Schweizer decomposition based on [Schweizer, 1994]. This theorem will
specifically come in handy in the next section. For the proof recall the following two
inequalities:

(i) Burkholder-Davis-Gundy’s Inequality: Suppose M is a local P-martingale
with My = 0. Then for any 1 < r < oo there 4 positive constants c,, C,, such
that V¢ > 0 we have

o E ([M]f/2> <E ((ssglto IMS\)T) <C.E ([M]f/2) :

(i) Doob’s Maximal Inequality: Suppose V is a cadlag Q-martingale and ¢ > 0.
Then for every ¢ > 1 we have

o () ) = (75) a0,

Theorem 2.21. Suppose X is continuous and K is uniformly bounded. Then any H €
LP(Fr,P) with p > 2 admits a Féllmer-Schweizer decomposition with €8 € L™ (M) and
L7 € M"(P) for every r < p.

Proof. With Theorem 2.17 we know that X satisfies the structure condition. Hence,
by Theorem 2.16 we know that H € LP(Fr,P), for some p > 2, admits a Follmer-
Schweizer decomposition. With E(H | Fy) = E(H) + L we automatically get L{ €
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LP(P). Tt remains to prove ¢ € L"(M) and LH — LI = L € M} (P) for every r < p.
Since X is continuous and K is uniformly bounded, we know from Theorem II.2
[Lepingle and Meémin, 1978] and Theorem 2.18 that

-

is in M?(P) and defines the minimal martingale measure. Since K is uniformly
bounded, we have for every 1 < r < oo

Zp € M"(P), (2.2.27)
1/Zr € M"(Qp). (2.2.28)

Continuity of X and Theorem 2.18 further imply with V7#Qr = yH#.Qr _ yH0r

</§H.dM>T= UfH.dM]T: UgH.dXL < [vHer) — [pren)

and
[L7], < [VHer] =0 [VHor]

But since L is a local P-martingale starting in zero, we obtain by Burkholder-Davis-
Gundy’s Inequality for every r > 1

Y FHT/2
(o o11) ) <o (117,

where C). is a constant depending on r. Let us now prove

[\_/H’QT]T € L'*(P) for every r < p.

T

Then the integrability conditions on ¢H and LT are an immediate consequence.
Since ZVHQr i a P-martingale, we know V@7 is a Qp-martingale. Hence, we obtain
by Burkholder-Davis-Gundy’s Inequality and Doob’s Maximal Inequality for 2s > 1

2s s
Eq, ([V*9r];) < %E@T (( sup ’VtH’@T ) > < C,Eg, (‘VY{J,QT 2 > |

0<t<T
where ¢;, Cs are constants depending on s. By assumption we have Vq{{ O — e
LP(Fr,P) for some p > 2. Consequently V8 ¢ [p(P) and with (2.2.27) and Holder’s
Inequality we have VZ{{ Qr e L*(Qr) for 2s < p and using the above inequality implies
that [VH’QT}T € L*(Qr) for every s < p/2. Finally, with (2.2.28) and Holder’s

Inequality we conclude [VH’QT}T € L"/*(P) for every r < p. ]

Remark. In Lemma 6 of [Pham et al., 1996] it is even proven £ € LP(M) and L¥ €
MP(P). Instead of switching to the Qp-measure they work directly under P and thus,
do not lose the case r = p.
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2.3 Mean-variance hedging

The following section is based on [Monat and Stricker, 1995]. From now on, if not
mentioned otherwise, we do not assume continuity of X.

In comparison to local risk-minimization we do not rely on the terminal constraint
Vr = H P-a.s.. Instead we focus on self-financing trading strategies and minimize the
hedging error at maturity.

Definition 2.13 (mean-variance optimal). Let H € L*(Fr,P), then the unique
solution (VOH,5H) eERx = of

T 2
min E((H—Vb—/ fs'dXs>>
(Vo,6) ERXE 0

is called mean-variance optimal. Similarly, for any given initial capital Vy € R
the unique solution £Y° € = of

T 2
rgleiélE<(H—%—/0 fs-dXs) >

1$ called mean-variance optimal.

To find its unique solution we want to use Hilbert’s Projection Theorem. Thus, we
project H onto the linear space spanned by R and
fEE}.

T
Gr(Z) = {/0 €. dX,

This projection idea only works if {R + Gr(Z)} is a closed subspace of L?*(P). The next
subsection proves this condition under the assumption that X satisfies the structure
condition and that the mean-variance tradeoff process K is uniformly bounded.

2.3.1 Closedness of Gr(Z)

Before we can prove the closedness of Gr(Z) we have to prove the continuity of the
Follmer-Schweizer decomposition. As for the existence and uniqueness Theorem 2.16
of the Follmer-Schweizer decomposition, we need two auxiliary results. Note again
that we switch to the different formulation of the Follmer-Schweizer decomposition
(Compare Equation 2.1.4).

Lemma 2.22. Suppose X satisfies the structure condition. Let 0 < Ty} < Ty < T
be previsible stopping times and assume there 3b € (0,1), such that Ky, — Ky, <b
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P-a.s.. Further, suppose H, H? € L*(Q, Fp,_,P) with decompositions

T T
H=H+ / ]I(T1,T2)(8)€S : dXs + / H(T1,T2)(8) dLS ]P)—CL.S.,
0 0

T

T
HP = H? 4 / H(Tl,Tz)(‘S)Sg ’ dXs + / ]I(Tl,Tz)(s) dLg ]P)—CL.S.,
0 0
as defined in Equation (2.2.15). If we have

12
H 2 H
p—00

then it holds

A~ L2 A~
ar -,
p—r00

~ LQ(M) A
]I(Tl,TQ)Sp ;—_m_o_} H(T17T2)57

p—o0

T T
A~ L2 A~
/ H(T17T2)<S) dLI; } H(T17T2)<S) dLs.
0 0

Proof. Let é and ép be the unique fixed points of the mappings Yy and Yg», re-
spectively, which are defined in Definition 2.11. Since Wy is a contraction'? with
parameter v/b independent of p, we have

169 = €l r2an) = 10 (€) — V(€ r2an
< e (EP) = Wi (&) L2y + 1V ar () — Ya ()] L2
< VOIIEP — €l r2any + 1P (§) — T () 22an)s

which is equivalent to

1
1—V0b

We will now show continuity in H of Wy with respect to || - ||z2(ar) for a general but
fixed § € L*(M).

Denote 67 = Wyp(0) and § = Uy (), then we obtain with the equation before
Equation (2.2.15)

167 = Ell2an) < 150 (€) = Wit ()l 2 any- (2.3.1)

T T T
H — / 927’ dAs =H +/ ]I(Tl,TQ)(S)es . dMs +/ ]I(T1,T2)(S) dLS P-a.s.
0 0 0

12Compare Lemma 2.14.
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and
T . T . T R
H? —/ 0? dAs = H? +/ H(T17T2)(8)0§ . dMs +/ ]I(T17T2)(8) dLg P-a.s..
0 0 0

Thus, it holds

Y

T
17— 1 | [ T o) (32 -0.) - anr
0 2

where we used the orthogonality of the three terms. Under the assumption

1.2
H?» — H
p—o0

we obtain

T A 2 T ~
/ ]I(TLT2)(S)0§ . dMS L—> I[(Tl,Tg)(S>Qs . dMS
0

p—00 0
and finally, with Equation (2.3.1) also
T ~ L2 T ~
/ I[(T1,T2)(S>£§ - dM; ” ]I(T17T2)(8)£s - d M.
0 p=oo Jo
Since X satisfies the structure condition and Kp,— — K7, < b, we further have

/OT (55 - é)ﬂ ¥s AW 2

2

/O ' (&) o aw, z

< I~ Ko ([ (&-6) 0 (&-6) aw.)

/OT (&-¢) - anm,

T, . AT 2
| (&-¢) an.

2

<1

2

Thus, we also have

T ~ L2 T A~
/ ErdA, —— ErdA,,
0

p—o0 0

which implies

2
L2
— 0.
2 p—00

(- ) (n- [ )
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By assumption we have from Equation (2.2.15)

T

T T
H —/ ErdAs = ﬁ—f—/ Lir, 1)(5)Es - dM +/ Lery 1) () dL, P-as.,
0 0

0

T T T
5{; tTdAS = ]:_]p + / H(T1,T2)(S)£§ . dMS +/ ]I(T1,T2)(S) d[:g P-a.s..
0 0

Since the three terms

A

T
H / ]I(Tl T2 ép 53) dMsa / (T1,12) ( ) de / ]I(Tl T2) (S) dLS
0

are orthogonal, the last L2-convergence implies

Ap L2 A~
o h,

pP—00

T T
A~ L2 ~
/ H(T17T2)<S) dLI; } H(T17T2)<S) dLs.
0 0

p—o0
]

Lemma 2.23. Suppose X satisfies the structure condition and K is uniformly bounded.
Let 0 < Ty < T be a previsible stopping time and assume we have H, H? € L*(Fr,,P)
with

T
H=H+ / I, () - dXs + Ly, P-a.s.,
0
~ T ~ ~
HP = HP —|—/ I7,(s)6% - dXs + L, P-a.s.,
0
as defined in Equation (2.2.16) of Lemma 2.15. If we have

L2
H?P —— H,

p—o0

then it holds

~ L2 ~

HP —— H,
p—00

~ L2 (M

]ITofp ]IT0€7
N

To To-

p—00
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2
Proof. Under the assumption H? —" 4 H we have with the use of the tower property

p—00
and Jensen’s Inequality

2
E(H?| Fr,-) ——— E(H | Fr,-).
Substraction yields
H? — E(H” | Fr,_) —=— H —E(H | F,_)
p—0o0
and inserting the given decompositions we obtain
T ~ ~ L2 T ~ ~
/ ]ITO (S)gf . dMS + LI;«O E— ]ITO(S)gs . dMS + LTO-
0

p—0o0 0

However, the unique Galtchouk-Kunita-Watanabe decompositions of HP—E(H? | Fr, )
and H — E(H | Fp,—) are given by

T
H? — B(H? | Fr, ) = /0 Iny(s)E? - dM, + [, P-as.,

T
H—E(H| Fp, ) = / Ly ()€, - M, + Ly, P-as..
0

Since the Galtchouk-Kunita-Watanabe decomposition is a projection on a closed sub-
space of L?, it is continuous in the L? sense. Thus, we obtain

T T
/ HTO (S>§§ ’ dMS L—2> ]ITO (8)58 ’ dMsv
0 p=ooJo
~ L2 ~
L5, L,

In general, if & — ¢ for some &,& € Z, then it also holds [ €7 - dX, ——
Pp—00

p—0o0

fOT & - dX,. This is true since

T
< 11€” = Ellqan + /0 (& — )" dA,

T

2 2

T
< 1€ — Ellqan + / (€ — &), dIV,

2

T
<11E” = Elluzqan + / (€ — €)' oA dIV,
0

< (LK) 1€ = Ellzqany.

2

Therefore, in our setting we conclude fOT Iz, (5)E7 - dX, BN fOT Iz, ()&, - dX, and
Pp—00

~ 2 ~
consequently, H? BEEEN & § O]

p—00
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Now use the same notations as in the proof of Theorem 2.16 and set

N
f - Z <H(Tn—1,Tn)€n_1 + HTn€n> )

i
I

N
&=>, (H(Tn_l,Tn)fp’”_l + HTnf”’”) 7

S
I
—

Applying Lemma 2.23 at T,, and Lemma 2.22 between T,,_; and 7,, recursively for
n=N,...,1 yields the following theorem.

Theorem 2.24. Suppose X satisfies the structure condition and K is uniformly
bounded. Let H, HP € L*(Q, Fp,P) be given with Fdllmer-Schweizer decompositions

T
HzE(H)—i—/ & -dXs+ Ly, P-a.s.,
0
T
Hp:]E(Hp)—i-/ - dXs+ LY, P-as..
0
If we have

L2
H?Y —— H,

p—o0

then it holds

p L*
Ly —— Lo,

p—0o0
L*(M)
—

& £,

p%OO
p L?
LY, —— Ly.
p—00

Finally, we can prove the closedness of {R + G (Z)}.

Theorem 2.25. Suppose X satisfies the structure condition and K is uniformly
bounded. Then the subspaces Gr(Z) and {R + G(2)} are closed subspaces of L?.
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Proof. Let (HP)yen, be a sequence in G (Z), which satisifies H? L, H. Since for
p—00
each p, HP € Gp(Z), there 3&P € =, such that

T
H? :/ & dX,.
0

This is the unique Follmer-Schweizer decomposition of HP. On the other hand, H €
L3(Q, Fr,P) admits by Theorem 2.16 a unique Féllmer-Schweizer decomposition

T
H=FE(H)+ / ¢ ax, + LY Pas.
0

But since H? —~ H, Theorem 2.24 yields E(H) = 0, LY = 0 P-a.s. and L¥ =

p—r00
P-a.s.. Hence, H € Gr(Z) and G(Z) is a closed subspace of L.
Since Gr(Z) is now closed, observe that also Gr(Z) plus any finite dimensional sub-
space of L? is closed. Hence, in particular also {R + G7(Z)} is closed. ]

In case of X beeing continuous we don’t even need the continuity of the Follmer-
Schweizer decomposition to prove the closedness of Gr(Z). This can be seen as follows.
Since K is uniformly bounded and X is continuous, we know that

ce(fro)

is in M?(PP), is strictly positive and defines the equivalent minimal martingale measure

Qr by
dQ

dTP;F = ZT on .FT.

Recall the definition G(§) = fg & - dX,. Since ZG(€) € M01oc( ), we have G(§) €
MG 10¢(Qr) and with

Eg, ( sup |Gt(§)|) =E (ZT sup |Gt(€>|)

0<t<T 0<t<T

E ((oilffT’Gt@‘Y)
/ %

N[
D=

<E(2)

SE( Csup

0<t<T

< 00,
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we even have G(£) € M}(Qr). Now let H € L*(Fr,P) and (Gr(£M))

in Gr(Z), which satisfies

nen be a sequence

L2(P)
———

Gr(§") H.

n—oo
This implies

Gr(¢") = H

n—oo

and since (Eq,. (H | F;))y<;<p is @ martingale with respect to Qz, we conclude for t =T
with the Martingale Representation Theorem that there exists a previsible process &,

such that
T
H :/ & - dX;.
0

Since X is a continuous local Qr-martingale, we know [ £-dX is a local Qp-martingale.
Together with the Follmer-Schweizer decomposition of H we obtain

)

since ZL# € M} _(P). For t = 0 we conclude E(H) + L{ = 0 P-a.s. and taking the
previsible quadratic variation yields

(LMY = (7, L") =0,

Hence, L = 0 P-a.s. for all 0 < ¢ < T, since E(L{") = 0. For ¢t = 0 we conclude
E(H) =0 and hence H € Gr(Z).

t
/ﬁs-dstE@T(Hlﬂ)
0

T
:EQT (E(H)+/ gdes+L¥
0

t
:E(H)+/ ¢hoax, + L P-as.,
0

Corollary 2.26. Suppose X satisfies the structure condition and K is uniformly
bounded. Then the norms || - |2y and [|Go(+)||2 are equivalent.

Proof. For £ € = it holds
T
| graa,
0

T
/ &, dM.
0

T
< Nl oan + H | tgraam,
0

1Gr(&)ll2 <

+ ‘
2

2

2

T T 1/2
< ||£||L2(M) +E (/ 5?0855 dWs/ )\irgs)\s dWs)
0 0

< (1 + 1K) gl z2can)-
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Now assume Gr(£") BN Gr(€). Then with Theorem 2.25 there 3¢ € =, such that
n—oo

Gr(&) BN Gr(¢&'). But the Follmer-Schweizer decompositions of H and H™ are
n—oo
given by
H=Gr(), H"=Gr(£").

2
Continuity of the Follmer-Schweizer decomposition now yields £ M &', In partic-
n—oo

ular there 3¢ > 0, such that || - || 2 < ¢f|Gr(:) ||z O

With Theorem 2.25 we are now able to project H € L*(Fr,P) onto the closed sub-
spaces Gp(Z) and {R; + Gr(2)}. Thus, Hilbert’s Projection Theorem immediately
proves the following theorem.

Corollary 2.27. Suppose X satisfies the structure condition and K is uniformly
bounded. Then for any H € L*(Fr,P) there exists a unique (Vi7,¢7) € R x E,
such that

T 2 T 2
E H—VOH—/ ¢l dXx, = min E H—Vo—/ &-dX,) .
0 (V()f)ERXE 0

Similarly, for any Vy € R there exists a unique £"° € =, such that

2 2
E((H-{/O—/Tgsvo-dxs) ) :gligE((H—vo—/Tgs-dXs) )
0 e= 0

2.3.2 A special case

The following subsection is based on [Pham et al., 1996].

In practice, we would like to have a more explicit representation of the mean-variance
optimal trading strategy £'°. We will prove such a representation in a special case.
Let X be continuous, K be uniformly bounded and Q7 be the minimal martingale
measure with density Zr. Since K is bounded we have V1 < p < oo

Zr € LP(JT"T,IP), ZLT S LP(JT_'T’ QT) (232)
Hence, Theorem 2.21 yields that Zr has a general Follmer-Schweizer decomposition
Zp =R(Z%) — E(ZpLZ) + /T (o-dX,+ L7 P-as., (2.3.3)
0
where ¢ € L"(M) and L? € M"(P) with E(LZ) = 0 for every r < p and p > 2.
Starting under Q7 the constant is obtained by the fact that [ ¢-dX is Qz-martingale

and finally, by switching back to the P-measure. The goal of this subsection is to prove
the following theorem.
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Theorem 2.28. Suppose X is continuous and K 1is uniformly bounded. Further,
assume the special case

LZ =0 in Equation (2.3.3). (2.3.4)

Then for fizred H € L**<(Fr,P), with € > 0, the mean-variance optimal trading strategy
£V s given by

t
=g — S (vier v [iax,)), (235)
t 0

where

t
Z;@T = Eo.(Zr | Ft) = E(Z%) +/ (-dXy (0<t<T),
0
t
VST B, () + [ €49 aX, 4 LI (0 <t <),
0

Before we prove this theorem it is worth to sketch the idea. By Hilbert’s Projection
Theorem the mean-variance optimal trading strategy &0 fulfills
H —Vy — Gr(€")

Zr

E ((H = Vo — Gr(€%)) Gr(€)) = Eq, ( GT@)) —0,

for every ¢ € Z. For any N € M?(Qr) strongly Qp-orthogonal to Z%(X) it holds
Eg, (NrGr(€)) =0 Vbounded £ € E.

Hence, we are looking for an N, such that
H—Vy— Gr(€") = Ny Zp = Np Z3". (2.3.6)

Using the Follmer-Schweizer decompositions of H = Vf 9 and ZgT, together with
the product rule applied to NTZgT we obtain

H—Vy— Gp(W) — Npzdr

T
— B, (H) — Vs — NyE(Z2) + /0 (19 _ g% N, () dxX,

T
+ L / 79 dN, — [N, 2% .
0

Since X is continuous and N is strongly Qp-orthogonal to X* for each i = 1,...,d,
we have

[N, 297 = Z/gid[N, X = Z/gid@v, X9 — .
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Thus, Equation (2.3.6) will hold, if we choose

Nti

_ EQT(H)—V()—FLgLQT +/t dLH0r
0

E(Z3)
€% = gHO _ N_(.

ZQT

s

Lemma 2.29. Define the process N as above. Then for e > 0 we have
N e M*T(P)  for0<n<e

Further, N is a Qr-martingale strongly Qr-orthogonal to X* for eachi=1,...,d and
N_¢ € L*(M).

Proof. The process Z;@T is strictly positive and continuous, since X is continuous.
Thus, the process N is well defined. By Jensen’s Inequality we have

1 1 1
_ <Ey (= |7
79" " Equ(Zr|F) =Y (ZT ‘ t)

and hence with Doob’s Maximal Inequality and (2.3.2)

1
sup —— € LP(P) V1<p<oo.
ogthZgT (P) P

By Theorem 2.21 we have L1 € M?2¢(P) and therefore with Burkholder-Davis-
Gundy’s Inequality we obtain for every § < €/2

E | 1
Nlr = d[L7er), <[],
M= [ Gy M < Ly ey

[LH@T _ Lé{’QT]T sup

€ L'(P).
0<t<T (ZS T)

2

This proves N € M*™(P).

Note, that L7Q7 is strongly P-orthogonal to each M? for i = 1,...,d. Hence with
Theorem 2.18 and the definition of NV, we conclude that NV is a Qp-martingale strongly
Qr-orthogonal to X* for each . Finally, since ¢ € L"(M) for every r < p, it holds for
every 0 < €/2

T T
/ N, ("o ¢ No_ dW, < (sup |Ns|2) / (oo dW, € LM(P).
0 0

0<s<T

This shows N_¢ € L*(M). O
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Proof of Theorem 2.28. We first prove that 0 := ¢#Qr — N_( is equal to (2.3.5).
From Lemma 2.29 we know that N is a Qp-martingale strongly Qp-orthogonal to X*
for each i = 1,...,d. Since X is continuous and L% = 0, we obtain

[N, 2] = Z/gidw, X = Z/gid@v, XN —g

and hence by the product rule and the respective definitions
NZUr = NJE(Z2) + / N_C-dX + / 79 dN
=Eq,(H) — Vo + / (M0 — %) . dX 4 LOr
= VHQr _ v, /5% -dX.

With the continuity of Z9" we conclude that

Vo _ ¢HQr S At L0r
50 _5 T ZQTN_Zi

equals (2.3.5).
Now let us prove that "0 is mean-variance optimal. By construction we have

H—Vy — Gp(EY) = NpZ¥" = NpZyp.

By the strong Qr-orthogonality of N and X' for each 7, we have that NG(€) is a local
Qr-martingale with NgGo(§) = 0 for every ¢ € =. With Lemma 2.29 and Hoélder’s
Inequality we have for every § < €/2

sup |N,G(&)| € L' (P),

0<t<T

which implies with (2.3.2)
sup |N:Gy(¢)] € LN(Qr),

0<t<T
Thus, NG(§) is even a true Qpr-martingale and consequently

E ((H - Vo — Gr(€")) Gr(€)) = Eq,(NrGr(€) =0 for every € € =
and by Hilbert’s Projection Theorem is 0 mean-variance optimal. ]

Corollary 2.30. Suppose we have the same assumptions as in Theorem 2.28. Then
the minimal residual risk Jy :=E <(H -V — GT(£V°))2> is

. (B, (H) — %})EQ;;;: ((Lé{@T)z) LB, ( /OT Ziz g LH,@T]S) '

S
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Proof. With H — Vi — Gp(£Y°) = NrZz and Eq,.(NrG7(€)) = 0 for every £ € = we

obtain
: <(H — V- GT(§V0))2) = Eq, (Nr (H = Vo = Gr(¢7)))
= Eg, <NT (E@T(H) —Vo+ GT(é'H,QT _ €V0> X L?’@T»
= Eq, (Nr(Bg, (H) — Vo)) + Eq, (NpL10r).
From Lemma 2.29 we know that N is a Qp-martingale and we conclude
Eq, (Nr(Eq, (H) = W)) = (Eq, (H) — Vo) Eq,.(No)

(EQT (H) - %)2 + (EQT (H) - %) EQT (L(I)LI’QT>
E(Z3%)

(Bq, (H) — Vo)
E(zz)
since Eq, (L") = 0. For the second part, since L1, N € M2(Qy), we get
Eq, (NrLz®") = Eqp (NoLy ") + Eqy ([N, L%7]r)
Eqr <(L5’QT)2> T
= E ——d[L"r] .

Bz (/0 7 1 )

The observation Q7 = IP on Fy concludes the proof. O

Remark. Note, that the mean-variance optimal pair (VOH JEH ) € R x = of Definition
2.13 is given by
(Vo' €") = (Equ(H),£").

The obtained results are only possible, because we assumed L% = 0. The question
arises for which class of examples our special assumption is satisfied. We will show
this in case where the terminal value K7 of the mean-variance tradeoff process is
deterministic.

Suppose X is continuous and Zr defines the minimal martingale measure. Then
continuity of K and the product rule for semimartingales imply

Zzg(—//\-dM):S(—/A-dX+K):5(—/)\-dX>eK,

since <— [A-dX, K > = 0. Thus, we obtain for the terminal value

T
ZT:eKTS(—/)\-dX) = iT (1—/ 5(—/)\-dX> )\S-dXS)
0 s
g T
_eKT+/ —efre (—/A-dX) A, - dX,.
0 s

/

~~

:;Cs
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Under the assumption of K1 beeing deterministic we conclude that Zr can be written
as the sum of a constant and a stochastic integral, where ( € Z since K is obvi-
ously uniformly bounded. Hence, the special assumption (2.3.4) is fulfilled. Since
E (— [A-dX ) is a Qp-martingale, we further have

7 =, (7|7 =1e (- [x.ax) si<m),

t

and hence

G
—Z§T =X\ (0<t<T),

which simplifies the mean-variance optimal trading strategy £"° of Theorem 2.28 to
t
D=0, (Vtif’@T —Vo— / e dxs) 0<t<T). (2.3.7)
0

Using the obtained representations of Z97 and Z, as well as the fact that 1/Z is the
density process of P with respect to Qr we have

. (/T 1 d[LH’QT] ) — oK /T 1 K d[LH7QT]
o o Z&r °) Or 0 5(—f)\-dX)seKs y

T
=e ETE (/ ek d[LH’@T}S) )
0

Thus, the remaining quadratic risk of Corollary 2.30 is given by

Jo = e K1 ((EQT(H) ~ V)’ +E ((Lé{’QTf) +E ( /0 ' els d[LHv@T]S» . (2.3.8)

If one wants to find a general explicit representation of the mean-variance optimal
trading strategy, one has to work with the variance optimal martingale mea-
sure Q. It is defined by its density dQ/dP, which minimizes the L?(PP)-norm.
In [Delbaen and Schachermayer, 1996], Lemma 2.2, it is then proven that dQ2"/dP
always satisfies our special assumption (2.3.4). In particular it is proven, that the as-
sumption (2.3.4) is equivalent to the assumption that the minimal martingale measure
Q7 and the variance optimal martingale measure @Zf’t coincide. For more details in
this direction we refer to [Delbaen et al., 1997] and for an overview to section four of
[Schweizer, 1999].

As a final observation, note that in case of a complete market the minimal and
the variance optimal martingale measure coincide, since there is obviously only one
equivalent martingale measure. Hence, the special assumption (2.3.4) is automatically
satisfied!3.

13This can also be seen by the martingale representation theorem, as in most cases a d-dimensional
Brownian motion B and its P-augmented filtration 72 are used in the description of X.



3 Application to life insurance

This chapter is based on [Mgller, 1998]. Detailed background information can be found
in [Mgller and Steffensen, 2007].

We would like to apply the introduced theory of quadratic hedging to a portfolio of
unit-linked life insurance contracts. In particular, we consider only pure endowment
insurance policies, since these contracts can be directly casted into our setting of
European type contingent claims.

3.1 The model

The financial market

We start by introducing the financial market. Let (£2,.A4,P) be a probability space
equipped with the P-augmented filtration G = (G;)o<i<7 of a standard one dimensional
Brownian motion' B = (B;)o<i<r on a finite time horizon T" > 0. Let the market
consist of two tradeable assets with real-valued price processes S = (5' }o<t<r, for
i =0,1. S > 0 represents the riskless bond or bank account and S! the risky asset.
Their dynamics are given by?

St = S <m(t,§,})dt+a(t,§})dBt), St 0, (3.1.1)
dS? = SVr(t,SHydt, S9=1. (3.1.2)

Here 5'5 is not random. m can be interpreted as the mean return rate of S*, o as the
volatility and r as the interest short rate. A solution to Equation (3.1.1) exists for
smooth enough functions xm(t, z) and xo(t, x), namely Lipschitz continuity in z and
admission of a linear growth condition. Both regularity assumptions we shall assume
henceforth. Furthermore, assume r(¢, z) is continuous and satisfies

E (exp (/OTr(s,S*;) ds)) < 0.

'We assume that all paths of B are continuous. In case B’ is only a Brownian motion with P-a.s.
continuous paths, let N denote the exceptional set and define B = B’ on N¢ and B =0 on N.
2For constant m, o and r this is the Back-Scholes Model.

63
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For zo(t, z) we assume in addition V(¢,z) € [0, 7] x Ry Je > 0, such that zo(t,z) > €
We need this to ensure the well definedness of the market price of risk

m(t,S}) —r(t,S})

A 1= -
' o(t, Sb)

(0<t<T),

which we assume to be uniformly bounded. Then, we can define a change of measure
density process Z = (Z;)o<i<T by

t t 1 t
Zt ;:5 (—/ >\3st> = exp —/ )\sst——/ Aids (OStST)
0 0 2 0

=Ky

Observe, that the mean-variance tradeoff proccess K of Definition 2.9 is uniformly
bounded since the market price of risk is assumed to be uniformly bounded. Further,
Z is a local P-martingale and since Novikov’s Condition

o (o (L)) <

is fulfilled, we even have that Z is a true P-martingale. Thus, we can apply Girsanov’s
Theorem and

d
;%)T =Zr onGr

defines a probability measure Q7 equivalent to P, such that the process
tAT
B2 .— Bt+/ Aods t>0,
0

is a QT-standard Brownian motion. Applying the product rule to the continuous
process X; = S} = 5} /S? now yields with (S?)~' = exp(— [, 7(s, S!) ds)

1%, e Broseg)
—d <€7f(f r(s,gsl)ds> Sftl +e fg r(s,gg)dsdgtl +d |:€7 fg 7"(s,§§)ds7 S«tl]

—r(t, Sy JoreSDds Gl gy 4 o= Jir(s.5Dds G (m(t, SYydt + o(t, S1) dBt)

— X, (m(t, SY —r(t, Sg)) dt + o(t, 51 dBt>
= o(t,SHX, dB2".
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The explicit solution is?

t ¢
X, = Xpexp </ (m(s, SH —r(s,SY) — %0‘2(5,5’;)) ds —|—/ o(s, St st>
0 ) o ~ 0
= Xpexp </ o(s,SY)dBYT — 5/ o?(s,S1) ds) (0<t<T).

0 0

Thus, X is a local Qp-martingale and by Theorem 1.2 the financial market model is
arbitrage free. Since Qr is unique on Gr, the financial market model is even complete.
Suppose now we have an undiscounted square-integrable claim H. TIts price process

V = (V})o<t<r is then given by
y

and H is attainable by a self-financing, previsible strategy ¢ (compare the Definitions
1.1 and 1.5). Assume further, that for some Qr-integrable function f: Ry — R, we
have H = f(SL). Then the price process can be written as V; = F(t, S}) with

ggzs).

Assuming that all regularity conditions of the Feyman Kac Formula are fulfilled,
we can now link F' to the smooth enough solution of the partial differential equation

N SO
T

F(t,s) = Eg, <exp (— /t 8 du) £(31)

u(t, s) +r(t, s)sus(t, s) + %JQ(t, 8)8%ugs(t, ) — r(t, s)u(t,s) =0 (t,5) €[0,T] x Ry,

wT,s) = f(s) se€R.,
u(t,0)=0 te[0,T]
(3.1.3)

where the subscripts denote the respective partial derivatives. For the conditions on
the existence of such a smooth enough solution we refer the reader to the general PDE
literature.

The insurance portfolio

Now let us turn to the description of the insurance portfolio. Suppose we have a
portfolio of x-year old individuals and each has the same unit-linked pure endowment
contract with survival benefit f(S}) € L*(P) for some continuous function f: R, —
R, . Let I, € N denote the total number of persons we have in our portfolio and

3Can be validated with Ito’s formula.
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77777

mortality jiz1¢. Thus, the individual survival function is given by

t
tPz = ]P(Tz > t) = exp (_/ Ha+ts dS) )
0

atp:L‘ _ P
875 ,ux—i-tt €T

Now, define the counting process N = (N¢)o<i<7 by

Ly
Ny = ZH{Tigt},
i=1

which counts the dead in our portfolio and let H = (H;)o<i<r with H; = o{N,|s < t}
be the generating filtration of N. By construction, N is cadlag. Furthermore, N is a
Markov process under H. Observing, that

E(Nt - Nt— |Ht_) = (l:c - Nt_),uw_H dt

should coincide gﬂvith "pydt’, we can define the non-negative, previsible intensity p =
(pt)o<t<r With fo psds < oo P-a.s. by

pr = (le = Ne-Jpare (0T,

The compensated counting process M = (M;)o<i<r is then given by
t
Mt:Nt—/deS (OStST),
0
which is a P-martingale under H.

The combined model

In the combined model we assume independence between G and H under P and use
the filtration F = (F})o<i<7 given by

Fo=H,VG (0<t<T)
as information flow. Here, Fy is P-trivial. At time ¢ = 0 each of the [, individuals
signs an endowment contract with discounted benefit
1

_ ol
H; = H{Ti>T}g_%f(ST)
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at maturity 7. The total portfolio claim at maturity is then given by

H = (= No) /(8h).
T

The insurance company is now allowed to trade freely without transaction costs, taxes
or short sale restrictions any unit of the underlying assets Sto and gtl on the time horizon
[0,7]. Note, that the combined model with respect to F is incomplete. Intuitively
this is clear, since we have the additional death uncertainty of each individual.
In detail, this can be seen as follows.

Suppose h = (h¢)o<t<r is an H-previsible, non-negative process with fOT hsps ds < oo
P-a.s.. Define U = (U;)o<i<r by

dUt = dUt_(ht - 1)th,
Uy = 1.

Under the assumption E(Ur) = 1, we know by construction that U is an H-martingale
and we can define a new probability measure

dP*

P = ZrUr on Fr,
dP*

TP = Z,U;, on F;.

We obtain that X, = S} = 5}/59 is also a P*-martingale, since for s < t

B (x| F) = EZ2Un | F) _ B(XZr |G BUR I _ g oo
IE’(ZT[JT | fs) E(ZT | gs) E(UT ’ 7—[5)
where we used the independence of G and H under P. Hence, for any h with E(Ur) =
1 we have an equivalent martingale measure on Fr. Consequently, the equivalent
martingale measure is not unique on Fr and with Theorem 1.3 we conclude that the
combined market is incomplete.

The question arises, which equivalent martingale measure to use. To obtain the
minimal martingale measure P* = Qr, we choose h = 1. Note, that this choice is
in perfect analogy with the usual assumption of risk neutrality with respect to mortality.
Finally, observe that M, = N, — f(f ps ds is a Qp-martingale under F, since the change
of measure only affects the financial part.

3.2 Pure endowment policies

From Theorem 2.20 we know we need to find the decomposition of

VI —Bo, (H|F) (0<t<T).

4Compare Theorem 2.17 and the proof of Theorem 2.18 (7).
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Since N and (S°, S') are stochastically independent under Q7 we get

G ).

1 S0
VIOr — Bg, (I, — Nr | He) =B, | =5 f(S7)

For the insurance part we get

le

Eq, (l. — Nr | H:) = Eq, <Z Liz, >y
=1

Ht) = (lw - Nt)T—tpac—‘rt

and from the previous section we know

is obtained by solving the PDE (3.1.3). Hence, we have

1 ~
VtH’QT =(l, — Nt)Tftp:JchtEF(t: Stl) 0<t<T),
¢

VT — 1, op. F(0, S0).

Since Fy is P-trivial, we try to find the Galtchouk-Kunita-Watanabe decomposition
t
A / ¢HQr gx, + LM% Qr-as. (and P-as.),
0

where VOH’QT € R, ¢70r ig a strategy in the sense of Definition 2.1 with respect to
Qr and L7 € M2(Qr), which is strongly orthogonal to Z?(X). Observing that
only jumps of (I, — N;) cause discontinuities in V@7 we obtain with It6’s Formula

t
1 ~
V;H@T = ‘/(]H@T +/ (lx - ]\/'u—)ﬁF(u7 Sl)T—up:v-l-uluﬂH-u du (3'2'1)
0

u

t 1 ~
+/0 (le = Ny )r—uPatu d (S_gF(u Si)) + Z (qu,@T _ Vu’iQT> .

O<u<t
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Using the PDE (3.1.3) we calculate

1 Sy ) a1y L 1
d (S—?F(t, st)) = —r(t, 51 g5 .51
4 % ((Ft(t, 3N + %Fss(t, e, §g>(§,})2) dt + Fiy(t, 8 dS;l)
t
1 1 - 1
- 5 (Bt )+ GRS SN — 0.3 5P 0.5 b
]' ol 1
+ g—ng(t, S, ) dS;
= & (~r(LS)SIR(LS)) di+ 5 B(1.5) S
S? )y Mt t+ s\ Mt gto s\"y» Mt t

= —r(t, SHX,F,(t,S}) dt + F,(t,SH X, <m(t, SHdt + a(t,Sh) dBt)
= F(t, 81X, ((m(t, SY —r(t, 5;1)) dt + o(t, ) dBt)
= F,(t,S})dX,.

The discontinuities can be expressed as

Z <VuH,QT _ VUIEQT> — Z (—Nu + Nu—)T—upx-i-u%F(u? Sﬁ)

O<u<t O<u<t

t
1 ol
= _A TfuprruﬁF(u? Su) dNU

u

Inserting both results in (3.2.1) and recalling that M; = N; — f(f pudu with p, =
(lp — Ny )fbzyv 18 @ Qp-martingale under F yields

t
1 ~
‘/;H,QT _ ‘/OH7QT + / (lx — Nu_)EF(U, S;)T—upx—i-u,ux-i-u du
0

u

t t
~ 1 ~
b [ = NP0, 5 X = [ roupisg Pl 81 N,
0 0

u

t t
_ 1 _
— yer / (Lo = Nu)rupesuFo(u, 1) dX, + / P S e dM,
0 - 0

(.

v~ u

H,Qp /
=:&y ~\~
::LtH’QT

and hence we have found the Galtchouk-Kunita-Watanabe decomposition of V;H’QT
under Q. Note, that L7Q7 is strongly orthogonal to Z?(X) since pure jump and
continuous martingales are orthogonal. Using Theorem 2.20 and Theorem 2.12 now
leads to the following corollary.
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Corollary 3.1. The pseudo-optimal strategy ¢ = ((¢{)",&") for the claim H =
(1, — Ne)(B)£(38) is given by

& = z{LQT = (lp = Ni=) 11Dt Fs(t, StI) (0<t<T),

1 -
() = v O X, = (1, — Nt)T_tpH@F(t, SH—e"¥rx, (0<t<T),

t
with minimal remaining risk

2 T
E ((L?’@T - Lo ‘f) = (I = \,) / E ()| G) woiposattarudu (0<t<T),
t

where vt = —(SO) " F(u, S p_uPesu. Fort =0 it reduces to

H,Q 2 g G0\ —1 a1y ) 2
E <LT7 T) - l:t Tpar/ E <(Su) F(U, Su)> T—uPz+ullz+u du.
0
Proof. Note, that d(M); = p; dt. Then we get with It6’s Isometry und Fubini’s Theo-
rem
) T
E ((L;L@T - LfI’QT> ‘]—}) —E (/ vl dMu) 7,
t
T
5 ([ 002 putu| 7)
t

- / E ()2 | G) E(pu | Hy) du

2

T
- / K ((V£)2 ‘ gt) (lw - Nt)u—tPac—i—t/%:—O—u du.
t

The special case t = 0 can be concluded with the observation ,p, r—wpPrivw = 7Pe. U

Remark. In case one of the insured persons dies (I, — N;) reduces by one. Thus,
one unit of 7_ypy4:(S?) " F (¢, S}) in the position (¢?)7 is freed, which results in an
immediate gain for the insurer. Also, the position in the risky asset is rather intuitive,
since it is simply the A-hedge of the claim f (g%) times the expected value of survivors.

Corollary 3.2. Suppose Ky is deterministic and H = (I, — N7)(S$) " f(SL). Then
the mean-variance optimal strateqy 0 for a given inital capital Vi is determined by

t
=g (V;IE’QT —Vo— / 3 dXS) (0<t<T),
0

with minimal quadratic risk

2 T
Jo=e K ((VOH’@T ~Vo) +E ( / e d[LH@T]s)) .
0
H@T'

In case we can choose the initial capital Vy, then it is optimal to take Vj
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Proof. Follows directly from the Equations (2.3.7) and (2.3.8). O

Let us now consider the standard Black-Scholes Model, where m, o and r are con-
stant. We will look at two examples of explict given functions f. One deals with a
pure unit-linked contract and the other with a unit-linked contract with guarantee.

Ezample (pure unit-linked). Assume we have f(s) = s. This means, that the insured
person obtains at maturity 7 the pure stock value Sk. The process (F'(t, S}))o<i<r is
then determined by

F(t,5}) =Eq, (¢ 7798} |G,) = B, (¢ Xr | G) = X, = §}.
Thus, we have

VtH@T = (lo = No) 11Dt Xy,
‘/()H7QT = lx TpxSé

Using Fy(t, S}) = 1, the pseudo-optimal strategy is given by
gtH = fLQT = (lo = Nt )7—tDwtt
(1) = V"8 — g1,
= (lo = No)r—ipertXe — (I — Ni )1 1Po e Xi
= —AN; 7 1D2 1+ X

Finally, with vX = — X, 7_.p.1. the process (Lf ’QT)ogth is given by

t
H)
Lt Qor - _/ XuT—up:C—l—u dMua
0

and for the remaining risk we conclude

2 T
E ((Lg’QT - L,EH’QT> ’ ft) = (lx - Nt) / E (XS Tfupi-i-u ‘ gt) uftpx+t/ix+u du
t

Ezample (uni-linked with guarantee). Assume we have f(s) = max(s, K), for some
constant guarantee K > 0. Note, that in case K = 0 we have the same setting as
in the previous example. Rewriting f(s) = K + (s — K),, we obtain the process
(F(t,S5!))o<t<r by the use of the well known Black-Scholes formula

F(t,S}) = Eq, (e_T(T_t) <K + (S} - K) ) ‘Qt)
+
= Ke T 4 <§t1c1>(dt) ~ Ke T 00(d, — ov/T — t))

= Ke7"T0®(—d, + o/T — t) + S} ®(d,),
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where ® denotes the standard normal distribution and
10g%i1+ <r+%2> (T —1)
oVl —t '

Note that d; depends on S}. With F,(¢,S}) = ®(d,), the pseudo-optimal strategy is
given by

dt =

HQr
t

()"

(lx - Nt—)T—tpm+t(D(dt)
(lx - Nt)Tftprrte_rtF(ta Stl) - (lx - Ntf)Tftprrtq)(dt)Xt
(I, — Nt)TfththK@frT‘I)(—dt +oVT —t) = ANy 7 1D2 1 P(dy) X

and for its remaining risk we have with
Vf = — <K€7TT(I)(_du +ov T — U) + XucI)(du)) T—uPz4u)

that it is given by

9 T
E ((L?’@T - Lf’QT) ‘F) = (I, — Ny) / E (@5)2 \ gt) u—tPatthau du.
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We started under the simplified case where the underlying discounted, d-dimensional,
real valued price process X is already a local martingale under P. By relying on the
terminal constraint Vr = H P-a.s., where H is a given discounted contingent claim,
our variance-minimization problem was given by

min ((Cr(9) — E(Cr(9)))%) .

where ¢ = (¢°,€) runs over all H-admissible strategies. Under the assumption H €
L?(Fr,P), we used the Galtchouk-Kunita-Watanabe decomposition

T
H—E(H)+/ & -dX,+ Ly P-as,
0

where &* € L?(X) and L* € M?*(P), with E(L}) = 0, is strongly orthogonal to Z?(X).
By Theorem 2.3 the optimal strategy was directly given by £*. But the position ¢° in
the bank account only needed to fulfill the admissibility condition at maturity.

To get a better criterion for ¢°, we switched to the idea of minimizing the conditional
mean squared error

Ri(¢) :=E ((Cr(¢) — Ci(9))*| Fr) (0<t<T).

With the help of Lemma 2.4 we could restrict our search for a risk-minimizing strategy
to mean self-financing strategies. Thus, R;(¢) is in fact the conditional variance of
the terminal costs. Theorem 2.5 then gave us the unique risk minimizing strategy
where ¢ = ¢* and ¢° is chosen in such a way that the strategy maintains its mean
self-financing property for each 0 <t < T.

In the general semimartingale case, we tried first to find a risk-minimizing strategy.
Unfortunately, due to a time inconsistency problem this is not possible as it is shown in
Theorem 2.7. Hence, we switched to Definition 2.8 of a local risk-minimizing strategy.
Subsequently, we tried to characterize the local risk-minimizing strategy by a vari-
ational argument. The idea was that any small pertubation of the optimal strategy
should lead to an (asymptotically) increased risk. The actual calculation became quite
technical, where X needed to fulfill a certain structure condition, see Definition 2.9,
to get some meaningful results. Finally, Theorem 2.11 gave us a characterization of a
locally risk-minimizing strategy. Theorem 2.12 then linked the locally risk-minimizing
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strategy to the integrand of the Follmer-Schweizer decomposition
T
H =E(H) +/ ¢ dX,+ LY P-as,
0

where ¢ € = and L7 € M?(P), with E(L{) = 0, is strongly orthogonal to Z?(M)
with respect to P. Since the Galtchouk-Kunita-Watanabe decomposition yielded a
risk-minimizing strategy in the martingale case, we already suspected that the Féllmer-
Schweizer decomposition yields a locally risk-minimizing strategy. However, it took
quite some technical effort to verify this idea.

Subsequently, we proved the existence and uniqueness of the Follmer-Schweizer de-
composition under the assumption, that X satisfies the structure condition and
that the mean-variance tradeoff process K is uniformly bounded, see Definition
2.9. This seems quite restrictive, but in fact these assumptions are quite natural in
arbitrage free time continuous market models: One often prefers to be able to apply
Girsanov’s Theorem and switch to an equivalent martingale measure @Q under which
X is a local martingale. Furthermore, in these models K is usually the integrated
squared market price of risk.

The existence and uniqueness Theorem 2.16 of the Féllmer-Schweizer decomposition
took again quite some effort, since in the literature a different formulation of the
Follmer-Schweizer decomposition was used, namely

T
H:HO+/ ¢ dX,+ LY P-as.,
0

where Hy := E(H | Fy) € L*(F,P), €1 € = and L € M2(P) is strongly orthogonal
to Z*(M). The connection to our introduced decomposition can be seen by

T
H=FE(H)+ LY +/ e oax, + L2 - L P-as,
—— 0 —r

=Ho =L
where one shifts the initial random value LI to the Fy-measurable random variable
Hy. Thus, we had to be very careful in our argumentation regarding the starting value.
As a next step we tried to find the Follmer-Schweizer decomposition of H. The
idea was to switch with Girsanov’s Theorem to an equivalent martingale measure Q,
then find its Galtchouk-Kunita-Watanabe decomposition under Q and finally, switch
back to the measure P. Since we are in an incomplete market, the question was
which equivalent martingale measure to choose. Of course, under each Q € Q, where
Q denotes the set of equivalent local martingale measures, the Galtchouk-Kunita-
Watanabe decomposition yields the optimal strategy, which minimizes

Eq ((Cr(¢) — Ci(¢))* | F) (0<t<T).
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But here we want to find the risk-minmizing strategy under P ¢ Q. An essential
ingrediant in the proof of Theorem 2.5 was the orthogonality of L* and X. Thus, by
switching back and forth between P and Q we may loose this property. Fortunately,
the minimal martingale measure QQ; maintains this property and it is unique under
the assumption of X beeing continuous, see Theorem 2.18. Furthermore, the technical
Theorem 2.17 proved that the continuity of X implies the structure condition. Hence,
for continuous X and uniformly bounded K, a locally risk-minimizing strategy
can be obtained by finding the Galtchouk-Kunita-Watanabe decomposition of H under
the minimal martingale measure Qr. This is useful, since the density process Zr of
Qr is explicitly given by

dQr _ ! 1
T ame(-[ran) —ew(- [ g)

and we can study the behaviour of X under Q7.

As a second idea we relied on the self-financing constraint and tried to minimize
the mean-squared error of the terminal portfolio value

T 2
I&lélE((H_%_/o gs'dXs)>a

where V5 € R is the given initial capital. Since ¢ is self-financing, the strategy is
uniquely determined by the choice of (Vp,§) € R x Z (compare Equation (1.1.2)). To
find its solution we had to project H € L*(Fr,P) onto the linear space

T
GT<E>={/O - dX, 565}.

In the martingale case this was easy, since by construction we know that the stochastic
integral with respect to a local martingale is an isometry and hence Gr(Z) is closed
in L?>(P). Consequently, by Hilbert’s Projection Theorem the solution exists and is
unique. Furthermore, in the martingale case the solution was again given by the
integrand of the Galtchouk-Kunita-Watanabe decomposition.

In the general semimartingale case the proof of G7(Z) beeing a closed subspace
took quite some effort. We showed this in Theorem 2.25 with the help of the Follmer-
Schweizer decomposition, which is continuous under the assumptions of X satisfying
the structure condition and K beeing uniformly bounded, see Theorem 2.24. Using
Hilbert’s Projection Theorem again, we obtained the existence and uniqueness of the
mean-variance optimal strategy.

In practice, we would like to have a more explicit representation of the mean-variance
optimal trading strategy. Thus we looked at the special case (2.3.4) and assumed that
X is continuous and K is uniformly bounded. Then, Theorem 2.28 gave us a mean-
variance optimal strategy in feedback form.
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Lastly, we pointed out that if one wants to find a general explicit representation
of the mean-variance optimal trading strategy, one has to work with the variance
optimal martingale measure Qg?t. This we did not study. But in the literature
[Delbaen and Schachermayer, 1996] it is proven that our special case (2.3.4) is always
fulfilled under the variance optimal martingale measure and that in this case the vari-
ance optimal martingale measure and the minimal martingale measure coincide.

In Chapter three, which is based on [Mgller, 1998|, we applied the introduced the-
ory of quadratic hedging to a portfolio of unit-linked life insurance contracts. The key
difference to [Moller, 1998] was that we solved the problem of local risk-minimization
under P ¢ Q instead of Q € Q.
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