Rules for asymptotic computations

- = PoincareSumCollect :=
{PoincareSum[a_, {m, 1, oo}]+PoincareSum[b_, {m, 1, o}] » PoincareSum[a+b, {m, 1, o}],
PoincareSum[a_, {m, 1, oo}] - PoincareSum[b_, {m, 1, o}] =
PoincareSum[a-b, {m, 1, «}]};

PoincareSumFactorUnderSum := a_ PoincareSum[b_, {m, 1, o}] » PoincareSum[ab, {m, 1, o}];

PoincareSumIndexShiftUp[Am_] :=

PoincareSum[a_, {m, 1, }] :» PoincareSum[a /. m > m+Am, {m, 1-Am, oo}];

PoincareSumSplitOffTerms[Am_] := PoincareSum[a_, {m_, m1_, oo}] :»

Sum[a, {m, m1, ml+ Am - 1}] + PoincareSum[a, {m, m1+Am, co}];

PoincareSumNormalize[K_] := PoincareSum[a_, {m, 1, o}] :» Sum[a, {m, 1, K}];

Appendix A

inf-]-  AsymptoticsLogGamma[a_, x_] :=

1 1 (=1)™?
x+a-"|Log[x]-x + ~ Log[2 ] - PoincareSum[ HurwitzZeta[-m, a]x™", {m, 1, oo}];
2 2 m

AsymptoticsHurwitzZetaPrime[a_, x_] :=

1 1
- x? Log[x] - — x? - HurwitzZeta[o, a] x Log[x] — HurwitzZeta[-1, a] Log[x] -
2 4
(-1)"
HurwitzZeta[-1, a] + Poi ncareSum[_ HurwitzZeta[-m-1, a]x™", {m, 1, oo}];
m(m+1)

Cross Checks
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Basic LogGamma Asymptotics

- = f = Log[Gamma[x + a]];

K =203 (* order of error and number of terms minus 1 in sum %)

a=24/2;(x» cf. paper %)

1 ) 1 (-1)™?

REF = (x+a— = |Log[x]-x + ~ Log[2 rr]—Sum[_ HurwitzZeta[-m, a]x™", {m, 1, K—1}];
2 2 m

LogLogPlot[{Abs[f - REF], x‘K}, {x, 1, 100000}, WorkingPrecision -» 128]

Clear[a, f, K];

Outf« J=




Br2021_completeAsympFinitelnterval_revision_TEST.nb | 3

The s-derivative of the Hurwitz zeta function

inf- - f = D[HurwitzZeta[s, x +a], sl;

K =21;(* order of error and number of terms minus 1 in sum %)
s=-1;(x DO NOT CHANGE; cf. paper %)

a=2«/3_;(* cf. paper %)

1 1
REF = = x? Log[x] -~ x% - HurwitzZeta[®, a] x Log[x] - HurwitzZeta[-1, a] Log[x] -
2 4

(-1)"

HurwitzZeta[-1, a]+ Sum[ HurwitzZeta[-m=-1, a]x™", {m, 1, K= 1}];

m(m+ 1)

LogLogPlot[{Abs[f - REF], x"‘}, {x, 1, 100000}, WorkingPrecision -» 128]

Clear[a, f, K, s];

Outl+ J= 10750

Section 2

Lemma 2.1

Log Al%F) asymptotics
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Cross Check of formula

Ann_, a_, B_] :=2""Binomial[2n+a+ B, n];

n=13; (» test integer %)

JacobiP[n, a, B, x]
L'im'it[ y X = oo] Il FullSimplify
Anln, a, B1x"

Clear[n];

outf+ ]= 1

Asymptotic Relation

Verification of starting point

i - REF = Log[2™" Binomial[2n+a + B, n]];
RES = - Log[2] n + Log[Gamma[2 n + a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];

(* direct symbolic verification %)

REF == RES // FullSimplify[H, Assumptions - {n € Integers, n21, a>-1, 8>-1}] &

(» special case %)
n=0;
REF == RES // FullSimplify

Clear[n];

ouf- = True

ouf- = True
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Application of LogGamma asymptotics

inf- = TMPO1 = — Log[2] n + AsymptoticsLogGammala + B+1, 2n] -
AsymptoticsLogGamma[a + B+ 1, n] - AsymptoticsLogGamma[l, n]

ouf- - —n Log[2] - (i + n) Log[n] - (i +n+a+ ,6) Log[n] + (l +2n+a+ B) Log[2 n] -
2 2 2

-1 - .
(-1 n™HurwitzZeta[-m, 1+ a +f]

1
~ Log[2 ] + Po-incareSum[
2

i, 1, -

m

(=17 2™ " HurwitzZeta[-m, 1+ a +f]

PoincareSum[ , {m, 1, °°}]+

m

(-1 " Zeta[-m]
Poinca reSum[

- i, 1, )|

Simplifications
[~ = TMPO1 //. PoincareSumCollect

1 1 1
ouf- - —=n Log[2] - (_ + n) Log[n] - (_ +n+a +,B) Log[n] + (_ +2n+a+ [3) Log[2 n] -
2 2 2

[(— 1) " 0™ HurwitzZeta[-m, 1+ a + 8]
+

1
~ Log[2 1] + PoincareSum
2 m

i\ - .
(— ) n""HurwitzZeta[-m, 1+ a + 8] (=1)"*" " Zeta[-m]

2
+ y {m, 1, °°}]
m m

(-1)"1*" ™™ HurwitzZeta[-m, 1+a + ]
Inf- = TMP = +
m

L\" _m .
(— 2) n~" HurwitzZeta[-m, 1+ a + @] (-1)"2*" n™ Zeta[-m]

+ Il PowerExpand // Factor

m m

1
ouf- - — (=1)FM 2™ (-HurwitzZeta[-m, 1+a+B]+2" HurwitzZeta[-m, 1 +a +B]+2" Zeta[-m])
m

(_ 1)m—1

inf- - TMP == ((1-2"")HurwitzZeta[-m, 1+a+ B]+Zeta[-m])n™" // FullSimplify

outf- |- True
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1 1 1 1
inf- = TMP®2 = =n Log[2] - (' + n) Log[n] - (' +n+a+ B) Log[n] + (' +2n+a+ [3) Log[2 n]- = Log[2 ] +
2 2 2 2

(_ 1)m—1

Poi ncareSum[ ((1-2"")HurwitzZeta[-m, 1+ a+ B]+Zeta[-m])n™", {m, 1, oo}];

m

1 1
in[- = —n Log[2] - (_ + n) Log[n] - (_ +n+a+ B) Log[n] +
2 2

1 1
(' +2n+a+ ﬁ) Log[2 n] - =~ Log[2 rr] /| FullSimplify
2 2

1
ouf-J- (n+a + B) Log[2] - — Log[n rT]
2

1
inf- - REF = (n+ a + B) Log[2] - = Log[n rt];
2
1 1
RES = Log[2] n — = Log[n]+ (a + B) Log[2] - ~ Log[ rt];
2 2

REF == RES // FullSimplify

ouf-]= True
Formula
1 1
inf-]=  ASYMPA[n_, a_, B_] :=Log[2]n - = Log[n] + (a + B) Log[2] - ~— Log[ ] +
2 2

(-1

Po-incar'eSum[ ((1-2"")HurwitzZeta[-m, 1+a+ B]+Zeta[-m])n™", {m, 1, oo}];
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Cross Check

inf- = REF = = Log[2] n + Log[Gamma[2 n+ a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];

K =20;
e
B =r;

ASYMP = ASYMPA[n, a, B] /. PoincareSumNormalize[K - 1];
LogLogPlot[{Abs[REF - ASYMP], n"‘}, {n, 1, 100000}, WorkingPrecision - 128]

Clear[a, B, K];

Outf» =

Log P\*F)(1) asymptotics

Cross Check of formula

Pochhammer[a + 1, n]
inf- = JacobiP[n, a, B, 1] == Il FullSimplify
n!

Pochhammer[a + 1, n] 1 Gamma[n + a + 1]

Il FUullSimplify

n! Gamma[a +1] Gamma[n + 1]

ouf- = True

ouf- = True
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Asymptotic Relation

Verification of starting point

Pochhammer[a + 1, n]
inf- = REF = Log[ ];

n!
RES = - Log[Gamma[a + 1]] + Log[Gamma[n + a + 1]] - Log[Gamma[n + 1]];

(* direct symbolic verification %)
REF == RES // FullSimplify[H#, Assumptions - {n € Integers, n2 0, a>-1, >-1}] &

outf- |- True

Application of LogGamma asymptotics
inf- = TMPO1 = — Log[Gamma[a + 1]] + AsymptoticsLogGamma[a + 1, n] — AsymptoticsLogGamma[l, n]
1 1
outf+ J= —(_ + n) Log[n] + (_ +Nn+ a) Log[n] - Log[Gamma[l + a]] -
2 2

(-1)™ 1" 0™ HurwitzZeta[-m, 1+a]

Po-incareSum[ , {m, 1, w}]+

m

(-1)™ 1" 0™ Zeta[-m]
Poinca reSum[

A, 1, o

m

Simplifications
inf- 7= TMPO1 /l. PoincareSumCollect

1 1
outf« J= —(_ + n) Log[n] + (_ +n+ a) Log[n] - Log[Gamma[l + a]] +
2 2

(-1)"n™HurwitzZetal-m, 1+a] (-1)*"n™ Zeta[-m]
Poinca reSum[ +

m m ’{m’ l, oo}]

(-1)" n™ HurwitzZeta[-m, 1+a] (-1)"*"n™ Zeta[-m]
inf- = TMP = + Il Factor
m m

(-1)"n™™ (HurwitzZeta[-m, 1+ a]-Zeta[-m])

Outf« ]=
m
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(-1)"

Inf~ = TMP == (HurwitzZeta[-m, 1+ a]-2Zeta[-m])n™" // FullSimplify

ouf ]- True

1 1
inf- = TMPO2 = —(_ + n) Log[n] + (_ +n+ a) Log[n] - Log[Gamma[l + a]] +
2 2

(-1)"

m

Po-incareSum[ (HurwitzZeta[-m, 1+ a]-Zeta[-m])n"", {m, 1, oo}];

m

1 1

Inf J:= —(_ + n) Log[n] + (_ +n+ a) Log[n] - Log[Gamma[l + a]] // FullSimplify
2 2

ouf- - & Log[n] — Log[Gamma[1 + a]]

Formula

inf-=  ASYMPJacobiPofOne[n_, a_, B_] := a Log[n] - Log[Gamma[1 + a]] +
(-1)"

m

Po-incareSum[ (HurwitzZeta[-m, 1+ a]-Zeta[-m])n"", {m, 1, oo}];
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Cross Check

inf- = REF = = Log[Gamma[a + 1]] + Log[Gamma[n + a + 1]] - Log[Gamma[n + 1]];

X
]

N
[c]

R
I
N

)
n
3

ASYMP = ASYMPJacobiPofOne[n, a, B8] /. PoincareSumNormalize[K - 1];

LogLogPlot[{Abs[REF - ASYMP], n"‘}, {n, 1, 100000}, WorkingPrecision - 256]

Clear[a, B, K];

outf« J=
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Lemma 2.4
Log D!*P) asymptotics

Cross Check of formula

Symbolic Cross Check (small degree n)

nf~ = n=4;
a=1/2;
B=m;

(* Thm 2.3 %)
REF = 27"(n-1) Product[v'?™* (v+a)" ™ (v+ )" (ven+a+B)"", {v, 1, n}]/

)2 n-2

(27" Binomiall2n+a+ B, n])>" // Fullsimplify;

(* definition of discriminant %)

zeros = x /. Solve[JacobiP[n, a, B, x] == 0, x];
RES = Product[(zeros[[j]] - zeros[[k]])?, {j, 1, n-1}, {k, j+1, n}] Il Simplify;

(* verification %)
REF == RES // FullSimplify

Clear[a, B, n];

ouf- = True
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Numerical Cross Check (general degree n)

Inf~]=nN=Tj
a=1/2;
B=rt;

(* Thm 2.3 %)

REF = 27" (1) Product[v"'2 "2 (v+a)t(v+B) T (venta+B)"Y, {v, 1, n}]/

)2 n=-2

(27" Binomial[2n+a+ B, n] Il FullSimplify;

(* definition of discriminant %)

zeros = x /. NSolve[JacobiP[n, a, B, x] == 0, x, WorkingPrecision - 64];
RES = Product[(zeros[[j]] - zeros[[kIl)*, {j, 1, n=1}, {k, j +1, n}] // SimpLify;

(* verification %)
RES - REF

Clear[a, B, n];

ouf- - 0. x 10_70

Direct computation of discriminant using Thm 2.3

i - REFDiscriminant = 27" ("% Product[v"'2 "“2vea) P (veB) T (venta+ B, {v, 1, n}]
outf- = 2—(—1+n)n

L

e 12" Log[Gamma[1+n]J+Zetat®[-1,1+n]-Zeta® O [-1, 2+a]+Zeta> V[-1, 1+n+a]-Zeta D V[-1, 2+ 8]+ Zeta O [-1, 1+n+B]+Zeta O -

Glaisher Gamma[l + n]2

Inf- = TMP =
Log[REFDiscriminant] //. {Log[A_B_]:» Log[A] + Log[B], Log[A_~B_]:> B Log[A]} // FullSimplify

1
ouf-]- =" =(-1+4+n)nLog[2] + Log[Glaisher] + 2 Log[Gamma[l + n]] -

12
2 n Log[Gamma[l + n]]+Zeta(l’®)[—1, 1+ n]—Zeta(l’O)[—l, 2+al+
Zeta(l’o)[—l, l+n+a]—Zeta(l’O)[—l, 2+,B]+Zeta(l’o)[—l, 1+n+B]+

Zeta(l’o)[—l, 1+n+a+ﬁ]—Zeta(l’0)[—1, 1+2n+a+/3]+(1+a)Zeta(l’0)[0, 2+al-
(1+a)Zeta(1’O)[0, l+n+al+(1+pB) Zeta(l’o)[ﬁ), 2+B]-(1+P) Zeta(l’e)[e, 1+n+pf]-
(2n+a+,B)Zeta(l’o)[O, l+n+a+[3]+(2n+a+,B)Zeta(l’0)[0, 1+2n+a+f]
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1

inf- = == + Log[Glaisher] == —Zeta‘l’e)[—l, 1] == —=Zeta'[-1] /] FullSimplify
12

outf- = True

Inf+ =
TMP == —=(-1+n) n Log[2] + Zeta(l’e)[—l, 1+n]-Zeta'[-1]-2(n-1) Log[Gamma[l + n]] +
Zeta(l’e)[—l, 1+n+a]—Zeta(l’°)[—1, 2+al+(1+a) Zeta(l’o)[o, 2+al-
(1+a) Zeta(l’o)[e, 1+n+a]+Zeta(1’°)[—1, 1+n+ﬁ]—Zeta(1’°)[—1, 2+ B+
(1+B) Zeta(l’e)[e, 2+B]1-(1+R8) Zeta(l’e)[e, l1+n+ ]+ Zeta(l’e)[-l, l+n+a+p]-
Zeta(l’e)[—l, 1+2n+a+B]—(2n+a+B)Zeta(l’°)[0, l+n+a+B]+
2n+a+pB) Zeta(l’o)[o, 1+2n+a+ B]/l FullSimplify

ouf = True

Not used, since no proof for this result.

Starting Point of Proof of Lemma 2.4

- Sum[(k +x+a)~%, {k, m+1, n}] == HurwitzZeta[s, m+x +a+1] - HurwitzZeta[s, n+x+a+1]

(* follows from definition of Hurwitz zeta function %)

ouf-J= True

i~ = Sum[(k + x + a) Log[k + x+a], {k, m+1, n}] == Zeta(l’e)[-l, n+x+a+1]—Zeta(1’°)[—1, m+Xx+a+1]

(» follows from termwise differentiation w.r.t. s of the sum and setting s to -1. %)

ou-J- True

A,

inf- = FracA[n_] := Sum[(v-2n+2) Log[v], {v, 1, n}];
FracA[n] // Distribute

1
ouf- - =~ + Log[Glaisher]+ 2 Log[Gamma[1l + n]] - 2 n Log[Gamma[l + n]] + Zeta(l’o)[—l, 1+4n]
12

in[- = REF = FracA[n];
RES = Zeta(l’e)[—l, n+1]-Zeta'[-1]-2(n-1) Log[Gamma[l + n]];

REF == RES // FullSimplify

ouf-J=- True

- J=  FracA2[n_] := Zeta(l’o)[—l sy N+1]-Zeta'[-1] -2 (n-1) Log[Gamma[1 + n]];
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Bn (a)

inf- - FracB[n_, a_] := Sum[(v - 1) Log[v+a], {v, 1, n}];
FracB[n, a] /l Simplify

outf« J= —Zeta(l’o)[—l, 2+a]+Zeta(l’0)[—l, l1+n+al+(1+a) (Zeta(l’o)[o, 2+(1]—Zeta(1’0

)[0 , 1+n+ (1])
n=3; (* positive integer %)

REF = FracB[n, a];

RES = Zeta(l’e)[—l, n+a+1]- Zeta(l’e)[—l, a +1] - (a +1) Log[Pochhammer[a + 1, n]];

f = REF - RES // FullSimplify[H, Assumptions = {a > -1}] &

Plot[f, {a, -1, 3}, WorkingPrecision - 64]

Clear[n, f];
ouf-J- Log[2 +al+2 Log[3+al+(1+a)lLog[(l+a)2+a)3+a)]+ Zeta(l’o)[—l, l+al- Zeta(l’o)[—l, 4 +qa]

1.0+
05t

Outf« J=

-05 |

Proof straight forward; Verification via Mathematica via selected examples.

1=  FracB2[n_, a_] := Zeta(l’e)[—l, n+a+1]- Zeta(l’e)[—l, a + 1] - (a + 1) Log[Pochhammer[a + 1, n]];
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Cn (b)

inf- - FracC[n_, b_] := Sum[(n - v) Log[v+n+Db], {v, 1, n}];
FracC[n, b] // FullSimplify

Outf« ]= Zeta(l’o)[—l, l+b+n]—Zeta(l’0)[—l, l1+b+2n]-

(b+2n) (Zeta(l’o)[o, 1+b+n]- Zeta(l’o)[e, 1+b+2 n])
nf-]=n=23 (¥ positive integer %)
REF = FracC[n, b];
RES = (2 n + b) Log[Pochhammer[n+b + 1, n]] - Zeta(l’o)[—l, 2n+b+1]+ Zeta(l’e)[-l, n+b+1];
f = REF - RES // FullSimplify[H, Assumptions = {b > -2}] &
Plot[f, {b, -2, 3}, WorkingPrecision - 64]

Clear[n, fl;
ouf- - Log[3 +b] - (4 +b) Log[(3 +b) (4 + b)] - Zeta(l’o)[—l, 3+b]+ Zeta(l’o)[—l, 5+ b]

1.0
05}

Outf+ |=

-2 -1 1 2 3

-05¢}

Proof straight forward; Verification via Mathematica via selected examples.

1=  FracC2[n_, b_] :=
(2 n+b) Log[Pochhammer[n+b +1, n]]—Zeta(l’o)[—l, 2n+b+1] +Zeta(1’°)[—1, n+b+1];
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Asymptotic Relation

Verification of starting point

n-j-n=4;(x integer =2 0 x)
REF = Log[z'n (n-1) Product[v' 2™ (v+a)" ™ (v+ )" (ven+a+B)"", {v, 1, n}]];
RES = - n(n-1) Log[2] + FracA[n] + FracB[n, a]+ FracB[n, B]+ FracC[n, a + B];
REF == RES // FullSimplify[H, Assumptions » {a >-1, B8 >-1}] &

Clear[n, f];

ouf-J=- True
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n-1=n=2;(* integer = 0 %)

REF = - n(n-1) Log[2] + FracA[n] + FracB[n, a] + FracB[n, B]+ FracC[n, a+ B];

RES = - n(n-1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a + B];

f = REF - RES;

ContourPlot[f, {a, -1, 3}, {B, -1, 3}, WorkingPrecision > 64]

Clear[n, f];

3+

Outf» =
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In[~ = acC = 64}

n=2;(* integer = 0 %)

a=n[yfe , acc]

B =N[1/ t, acc];
REF = = n(n=-1) Log[2] + FracA[n] + FracB[n, a]+ FracB[n, B]+ FracC[n, a + B];

RES = = n(n-1) Log[2] + FracA2[n] + FracB2[n, a] + FracB2[n, B] + FracC2[n, a + B];

N[REF - RES, acc]

Clear[a, B, n, f];

ouf~ ]- ©. % 107%t
Asymptotics : #,

Application of LogGamma and Zeta prime asymptotics

Zeta(l’e)[-l , N+1]-Zeta'[-1]-2 (n-1) Log[Gamma[l + n]]; (* for comparison %)
inf~ = TMPO1 =
AsymptoticsHurwitzZetaPrime[l, n]-Zeta'[-1]-2(n- 1) AsymptoticsLogGamma[l, n] // Expand
7n? 13 Log[n] 3 3,
ouf-]=- =2n+ —_ +Log[Glaisher]+ — + T~ nlLog[n]- — n” Log[n]+
4 12 2 2
(-1)"n™" Zeta[-1-m]

Log[2 1] - n Log[2 1] + Poinca reSum[ s {m, 1, oo}] -

m (1 + m)

(-1 1" n ™ Zeta[-m]

2 PoincareSum

(-1)™ MM ™ Zeta[-m]
, {m, 1, oo}] +2n Po-incareSum[

) {m5 1, °°}
m m
Simplification
inf- = TMPO1 /. PoincareSumFactorUnderSum
7n? 13 Log[n] 3 3,
ouf-]-=2n+ — +Log[Glaisher]+ —— — + ~ nlLog[n]- ~ n“ Log[n] +
4 12 2
(-1)"n™" Zeta[-1-m]
Log[2 r1] - n Log[2 1] + Poinca reSum[ s {m, 1, oo}] +
m (1 +m)
2 (1) MM 1" Zeta[-m] 2 (=1 " Zeta[-m]
Po-incareSum[ , {m, 1, oo}]+ PoincareSum[— , {m, 1, oo}]
m m
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7 n? 13 Log[n] 3 3
n-j==2n+ " +Log[Glaisher]+ = + ~ nlLog[n]-— n? Log[n] +
4 12 2 2

(-1)"n™ Zeta[-1-m]

Log[2 rt] - n Log[2 7t] + PoincareSum s {m, 1, oo}] +

m(1+m)

2 (-1)" 1M a1 M zeta[-m]

PoincareSum s {m, 1, oo}] |. PoincareSumIndexShiftUp[1] |+

m
2 (-1)™ 1" 1" Zeta[-m]
Po-incareSum[— » {m, 1, °°}]
m
7 n? 13 Log[n] 3 5
ouf-]= =2n+ — +Log[Glaisher]+ —— — + ~ nlLog[n]- ~ n“ Log[n] +
4 12 2 2

2(-1)"n""Zeta[-1-m]

Log[2 r1] - n Log[2 1] + Poinca reSum[ , {m, 0, oo}] +
1+m

2 (-1 Zeta[-m]

(-1)"n™" Zeta[-1 -m]
, {m, 1, °°}]

, {m, 1, oo}]+Po1'ncareSum[—

Poinca reSum[
m

m(1+m)

2(=1)"n™" Zeta[-1-m]

in[- = PoincareSum s {m, 0, oo}] /. PoincareSumSplitOffTerms[1]

1+m
1 2(-1)"n"Zeta[-1-m]
outf«]- = + PoincareSum[ , {m, 1, oo}]
6 1+m
7 n? 13 Log[n] 3 3
inf- = TMP@2 = =2 n+ = + Log[Glaisher] + + ~ nlLog[n]-— n’ Log[n] + Log[2 1] - n Log[2 ] +
4 12 2 2

2(-1)"n™" Zeta[-1-m]

PoincareSum s {m, 0, oo}] /. PoincareSumSplitOffTerms[1] |+

1+m
(-1)"n™ Zeta[-1-m]
PoincareSum , {m, 1, oo}]+
m (1 +m)
2 (-1)"*" 0" zeta[-m]
PoincareSum|- s {m, 1, oo}]
m
1 7 n? 13 Log[n] 3 3,
ouf- 1= =" =2n+ —_ +Log[Glaisher]+ =  + T nlLog[n]- ~ n” Log[n]+
6 4 12 2 2

2(-1)"n"Zeta[-1-m]

Log[2 r1] - n Log[2 ] + Poinca reSum[ , {m, 1, oo}] +
1+m

(-1)"n™" Zeta[-1 - m] 2(-1)" "™ Zeta[-m]

, {m, 1, oo}]+Po1'ncareSum[— , {m, 1, 00}]

Poinca reSum[
m

m (1 + m)
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inf- 7= TMPO2 /l. PoincareSumCollect

1 7n? 13 Log[n] 3 3,
ouf- = =" =2n+ —_ +Log[Glaisher]+ = + T nlLog[n]- ~ n” Log[n]+ Log[2 1] - n Log[2 ] +
6 4 12 2 2
2(-1)"n"Zeta[-1-m] (-1)"n"Zeta[-1-m] 2(-1)"1*"n"Zeta[-m]
Po-incareSum[ + - , {m, 1, oo}]
1+m m (1 + m) m
2(-1)"n™zeta[-1-m] (-1)"n""Zeta[-1-m] 2(-1)"1*"n™" zeta[-m]
In[+ = TMP = + - Il Simplify
1+m m (1 +m) m
(-1)"n™((1+2m)Zeta[-1-m]+2 (1 +m)Zeta[-m])
Outf+ |=
m (1 + m)
(L +2m)Zeta[-1-m] +2 (1 +m) Zeta[-m])
Infe = Il Apart
(1+m)
(L+2m)Zeta[-1-m]
outf+ J= +2 Zeta[-m]
1+m
(-1)" 2m+1
inf- = TMP == 2 Zeta[-m] + Zeta[-1-m]|n™ // FullSimplify
m m+1
outf- |- True
1 7 n? 13 Log[n] 3 3
inf- = TMP@3 = == =2n+ =  +Log[Glaisher]+ = + T nlLog[n]-~— n? Log[n] + Log[2 ] -
6 4 12 2 2
(-1)" 2m+1
n Log[2 rt] + Poi ncareSum[ 2 Zeta[-m] + Zeta[-1-m]|n™", {m, 1, oo}];
m m+1
1 7 n? 13 Log[n] 3 3
nf-j= TMP=="=2n+ = +Log[Glaisher]+ = + ~ nlLog[n]-~— n? Log[n] + Log[2 7t] - n Log[2 ]}
6 4 12 2 2
3 7 3 13 1
TMP == - = n? Log[n] + — n” + — n Log[n] - (2 + Log[2 7t]) n + = Log[n] + Log[Glaisher] - = + Log[2 7] /I
2 4 2 12 6
FullSimplify
outf- |- True
3 7 3 13 1
- - TMPO4 = = = n? Log[n] + — n+=n Log[n] - (2 + Log[2 it]) n+ = Log[n] + Log[Glaisher] - = +
2 4 2 12 6
(-1)" 2m+1
Log[2 5t] + PoincareSum 2 Zeta[-m] + Zeta[-1-m]|n™", {m, 1, oo}];
m m+1
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Formula
3 7 3 13
inf-}=  ASYMPFracA[n_] :=-— n? Log[n] + — nZ+=n Log[n] - (2 + Log[2 it]) n+ = Log[n] + Log[Glaisher] -
2 4 2 12
1 (-1)" 2m+1

= + Log[2 7t] + PoincareSum (2 Zeta[-m] + Zeta[-1 - m]) n", {m, 1, oo}];

m m+1

Cross Check

inf- = REF = Zeta(l’e)[—l, n+1]-Zeta'[-1]-2(n-1) Log[Gamma[l + n]];

™ R X
non

. N

(o]

ASYMP = ASYMPFracA[n] /. PoincareSumNormalize[K - 1];
LogLogPlot[{Abs[REF - ASYNP], n'K}, {n, 1, 100000}, WorkingPrecision -» 256]

Clear[a, B, K];

1h

Outf« J=
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inf- - REF = Zeta(l’e)[—l, n+1]-Zeta'[-1] -2 (n-1) Log[Gamma[1l + n]];

ASYMP = ASYMPFracA[n] /. PoincareSumNormalizel[K - 1];
LogLogPlot[{Abs[REF - ASYMP], n™}, {n, 1, 100000}, WorkingPrecision - 256]

Clear[a, B, K];

1010

_40 |
-90 |
Outf+ = 10

10—140 L

10—190 L

Asymptotics : B, (a)

Application of LogGamma and Zeta prime asymptotics

Zeta(l’e)[—l s, h+a+1]- Zeta(l’e)[—l, a + 1] - (a + 1) Log[Pochhammer[a + 1, n]];

(* for comparison %)

Zeta(l’e)[—l s n+a+1]- Zeta(l’e)[—l, a + 1] - (a + 1) Log[Gamma[n + a + 1]] + (a + 1) Log[Gamma[a + 1]];
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inf- - TMPO1 = AsymptoticsHurwitzZetaPrime[a +1, n] - Zeta(l’e)[-l , a+1]-
(a + 1) AsymptoticsLogGamma[a + 1, n] + (a + 1) Log[Gamma[a + 1]] // Expand
n? Log[n]

ouf-j=N=""+na-HurwitzZeta[-1, 1+a]-
4

1,
-nLog[n]+ — n“ Log[n] -
2

3
~ a Log[n]-na Log[n] - a? Log[n] - HurwitzZeta[-1, 1+ a] Log[n] -
2

1 1
nHurwitzZeta[®, 1+ a] Log[n]- ~ Log[2 5T]- — a Log[2 1] + Log[Gamma[l + a]] +
2 2

(-1)"n"™™HurwitzZeta[-1-m, 1+ a]

a Log[Gamma[l + a]] + Poi ncareSum[ , {m, 1, oo}] +

m(1+m)

(-1) ™" 0™ HurwitzZeta[-m, 1+a]

PoincareSum[ , {m, 1, °°}]+

m

, {m, 1, oo}]—Zeta(l’o)[—l, 1+al

(-1 0™ HurwitzZeta[-m, 1+a]
a Poinca reSum[

m

Simplification

inf- - TMPO@2 = TMPO1 /. PoincareSumFactorUnderSum

n Log[n]
ouf-]-N="_+na-HurwitzZeta[-1, 1+a]-
4

1,
-nLog[n]+ — n“ Log[n] -
2
3 2
~ alog[n]-na Log[n]-a“ Log[n]—-HurwitzZeta[-1, 1+ a] Log[n]-
2

1 1
nHurwitzZetal[@, 1+ a]Log[n]- ~ Log[2 rT]- ~ a Log[2 1] + Log[Gamma[l + a]] +
2 2

(-1)"n"™HurwitzZeta[-1-m, 1+q]

a Log[Gamma[l + a]] + Poi ncareSum[ y {m, 1, oo}] +

m (1 + m)

(-1 0™ HurwitzZeta[-m, 1+a]
Po-incareSum[ , {m, 1, oo}] +

m

(-1 1™ g HurwitzZeta[-m, 1+a]
Poinca reSum[

s {m, 1, oo}]—Zeta(l’O)[—l, 1+al
m
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inf- 7= TMPO2 /l. PoincareSumCollect

n? Log[n] 1, 3
ouf-j=N=""+na-HurwitzZeta[-1, 1+a]- -nLog[n]+ ~ n” Log[n]- ~ a Log[n] -
4 2 2
na Log[n] - a? Log[n] - HurwitzZeta[-1, 1+ a] Log[n]-nHurwitzZeta[®, 1+ a]Log[n]-

1 1
~ Log[2 1] - — a Log[2 1] + Log[Gamma[l + a]] + & Log[Gamma[l + a]] +
2

(-1)"n™HurwitzZeta[-1-m, 1+a] (-1 n"HurwitzZeta[-m, 1+ a]
Poinca reSum[ + +
m (1 + m) m

(-1)" " ™™ o HurwitzzZeta[-m, 1+ a]

, {m, 1, oo}]—Zeta(l’G)[—l, 1+a]
m

(=1)" "™ HurwitzZeta[-1-m, 1+a]
Inf- = TMP = +
m(1+m)

(-1 0™ Hurwitzzeta[-m, 1+a] (-1)"*"n™ a HurwitzZeta[-m, 1+a]
+ Il Simplify

m m

(- 0™ (~HurwitzZeta[-1-m, 1+ a]+(1+m)(l+a)HurwitzZeta[-m, 1+ a])

Outf+ |=

m (1 + m)
(-1)™? HurwitzZeta[-1-m, 1+ a]
inf- = TMP == (1 +a)HurwitzZeta[-m, 1+a] - n™" Jl Simplify
m 1+m
ouf- = True
n2 Log[n]
TMPO3 =n- " +na-HurwitzZeta[-1, 1+a] - -nLog[n]+
4 2
1 3
= n? Log[n]- = a Log[n] -n a Log[n] - a’ Log[n] - HurwitzZeta[-1, 1+ a] Log[n] -
2 2
1 1
nHurwitzZeta[0, 1+ a]Log[n]- =~ Log[2 ] - ~ a Log[2 mr] +
2 2

Log[Gamma[l + a]] + a Log[Gamma[l + a]] - Zeta(l’e)[—l , 1+al+ Po-incareSum[

(-1)™1 HurwitzZeta[-1-m, 1+ a]
(1+a)HurwitzZeta[-m, 1+a]- n", {m, 1, °°}]§
m 1+m
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n2 Log[n] 1 3

nf-7= TMP=n-="4+na-HurwitzZeta[-1, 1 +a] - -nlLog[n]l+ ~ n’ Log[n] - ~ a Log[n] -
4 2 2 2

na Log[n] - a? Log[n] - HurwitzZeta[-1, 1+ a] Log[n] - n HurwitzZeta[®, 1+ a] Log[n] -
1 1
= Log[2 r] - ~ a Log[2 5it] + Log[Gamma[1l + a]] + a Log[Gamma[1 + a]] - Zeta(l’o)[—l , 1+al;
2 2

Auxiliary computations

inf- = HurwitzZeta[@, 1+ a] // FunctionExpand

Out[-]- = —Q
2

inf- = =n Log[n] = n a Log[n] - n HurwitzZeta[0®, 1+ a] Log[n] // FullSimplify

1
ouff- ]- == n Log[n]
2

Log[n] 3
Infe = = - = a Log[n] - a’ Log[n] - HurwitzZeta[-1, 1+ a] Log[n] // FullSimplify
2 2
1
ouf-]- =" (5+6a(2+a))Log[n]
12
1 1/(1
e === (5+6a(2+a)) == = |~ =(a+1)* |/ FullSimplify
12 2 \6
ouf- = True

Leading terms

1 1 1 1/1
i~ TMP == = n? Log[n] -~ n-=n Log[n]+(a+1)n + =~ |~ -(a + 1)2 Log[n] - HurwitzZeta[-1, 1+a]-
2 4 2 2 \6
1 1
= Log[2 ] - ~ a Log[2 ir] + (a + 1) Log[Gamma[a + 1]] - Zeta(l’o)[—l, 1+a] /l FullSimplify
2 2

ou-J- True

of which is the constant term

inf- - —HurwitzZeta[-1, 1+ a] // FunctionExpand

1( 5 5
ouf- - — |- -—a+(1+a)
2 6



26 | Br2021_completeAsympFinitelnterval_revision_TEST.nb

Inf« Ji=

Outf+ |=

Outf+ |=

1
REF = —HurwitzZeta[-1, 1+a]- ~ Log[2 ] -
2
1
= a Log[2 ] + (a + 1) Log[Gamma[a + 1]] - Zeta(l’e)[-l , 1+al;
2

RES = Log[Glaisher] - PolyGamma[-2, a + 1] + (a + 1) Log[Gamma[a + 1]];
f = RES = REF // FunctionExpand // FullSimplify
Plot[f, {a, -1, 3}, WorkingPrecision - 64]

(1-x)x x
RES1 = RES /. PolyGamma[-2, x_]1 > =  + ~ Log[2 ;ir] - Zeta '[-1] + Zeta(l’o)[—l, x]3
2 2

RES1 == REF // FullSimplify

Clear[f];
1 a a? . 1 (1,0)
-~ -~ - " +Log[Glaisher]+ ~ (1 +a) Log[2 1] - PolyGamma[-2, 1+ a]+ Zeta'’'[-1, 1+ a]
12 2 2 2
10
051
-1 1 2 3
-05}
-10}
True
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1 1 1 1/1
nf- = TMP == = n? Log[n] -~ n-=n Log[n]+(a+1)n + =~ |~ -(a + 1)2 Log[n] +
2 4 2 2 \6

Log[Glaisher] - PolyGamma[-2, a + 1] + (a + 1) Log[Gamma[a + 1]];

(1-x)x x
% I. PolyGamma[-2, x_] = =+ ~ Log[2 t] - Zeta '[-1] + Zeta(l’e)[—l, x]3
2 2
% Il FullSimplify
ouf = True
1 1 1 1/(1
inf- = TMPO4 = = n’ Log[n] - = n>-=n Log[n]+(a+1)n + = |~ -(a + 1)2 Log[n] +
2 4 2 2 \6

Log[Glaisher] - PolyGamma[-2, a + 1] + (a + 1) Log[Gamma[a + 1]] + Poi ncareSum[

(=1)™? HurwitzZeta[-1-m, a + 1]
(a +1)HurwitzZeta[-m, a +1] - n", {m, 1, oo}];
m 1+m
Formula
1 1 1 1/1
inf-J=  ASYMPFracB[n_, a_] := = n’ Log[n] - — n-=n Log[n]+(a+1)n + =~ |~ -(a + 1)2 Log[n] +

2 4 2 2 \6

Log[Glaisher] - PolyGamma[-2, a + 1] + (a + 1) Log[Gamma[a + 1]] + Po-incareSum[

-1)™? HurwitzzZeta[-1-m, a+1
b
(a + 1) HurwitzZeta[-m, a + 1] - n", {m, 1, °°}];

m 1+m
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InfeJ:=

Outf+ =

Cross Check

REF = Zeta(l’e)[—l, n+a+1]- Zeta(l’e)[—l, a +1] - (a + 1) Log[Pochhammer[a + 1, n]];

K =40;

a=e-1;

B=.;

ASYMP = ASYMPFracB[n, a] /. PoincareSumNormalize[K - 1];

LogLogPlot[{Abs[REF - ASYMP], n™}, {n, 1, 100000}, WorkingPrecision - 256]

Clear[a, B, K];

1010

-40 |

o140 [

107190 L

Asymptotics : C, (b)

Application of LogGamma and Zeta prime asymptotics

(2 n+b) Log[Pochhammer[n+b + 1, n]] - Zeta(l’o)[—l, 2n+b+1]+ Zeta(l’e)[—l, n+b+1];

(* for comparison %)

(2 n+b) Log[Gamma[2 n + b + 1]] - (2 n + b) Log[Gamma[n + b + 1]] -
Zeta(l’e)[—l, 2n+b+1]+ Zeta(l’e)[—l, n+b+1];
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inf- = TMPO1 = (2 n+ b) AsymptoticsLogGammalb+ 1, 2 n]-(2 n+b) AsymptoticsLogGamma[b + 1, n] -
AsymptoticsHurwitzZetaPrime[b+ 1, 2 n] + AsymptoticsHurwitzZetaPrime[b+ 1, n] // Expand
5n? 1 5 3,
ouf-j- =bn—-"-"bLog[n]-b” Log[n]-n Log[n]-3bn Log[n]- — n“ Log[n] -
4 2 2

1
HurwitzZeta[-1, 1+b] Log[n]-nHurwitzZeta[®0, 1+ b]Log[n]+ ~— b Log[2n]+
2

b2 Log[2n]+nLog[2n]+4bnLlog[2n]+2 n’ Log[2 n] + HurwitzZeta[-1, 1+b]Log[2n]+

(-1)"n"™HurwitzZeta[-1-m, 1+b]

2nHurwitzZeta[0®, 1+b]Log[2n]+ PoincareSum[ , {m, 1, oo}] -

m (1 +m)

1\ _p .
(— ) n~" HurwitzZeta[-1-m, 1+b]

Po-incareSum[ , {m, 1, oo}]+

m (1 + m)

) (-1)" " 0™ HurwitzZeta[-m, 1+ b]
Poi ncareSum[

i ,{m,l,oo}]+

(-1)" M 0™ HurwitzZeta[-m, 1+b]
2nPoinca reSum[

NUERSIE

m

. (-1)" " 2™ W™ HyrwitzZeta[-m, 1 +b]
Poi ncareSum[

A, 1, ]

m

(=1)"M*" 27" 0™ HurwitzZeta[-m, 1 +b]
2 nPoinca reSum[

i, 1, )]

m
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Simplification

nf- - TMPO2 = TMPO1 /. PoincareSumFactorUnderSum
5 n?

1 3
ouf- - =bn-""-"Db Log[n] - b? Log[n]-nLog[n]-3 bnLog[n]- — n? Log[n] -
4 2 2

1
HurwitzZeta[-1, 1+b]Log[n]-nHurwitzZeta[®, 1+ b]Log[n]+ ~ b Log[2n]+
2

b? Log[2 n]+nLog[2n]+4bn Log[2n]+2 n’ Log[2 n]+HurwitzZeta[-1, 1+b] Log[2 n] +
(-1)"n™™HurwitzZeta[-1-m, 1+b]

2 nHurwitzZeta[®, 1+b]Log[2n]+ Po-incareSum[ , {m, 1, oo}] +

m (1 + m)
(-1)MM 2™ N HurwitzZeta[-1-m, 1+ b]
PoincareSum , {m, 1, w}]+
- m (1 + m)
] 2 (-1)" " M HurwitzZeta[-m, 1+ b]
PoincareSum , {m, 1, °°}]+
. m
F(-1)" 21 M HurwitzZeta[-m, 1+ b]
PoincareSum , {m, 1, w}]+
. m
) ((-1)""*" b n™HurwitzZeta[-m, 1+b]
PoincareSum > {m, 1, °°}]+
. m
1\m -m .
_(— 2) bn™" HurwitzZeta[-m, 1+ b]
PoincareSum s {m, 1, oo}]

m
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5n2 1
inf-]= TMP@3 = =bn- """ - " b Log[n] - b? Log[n] - n Log[n] -3 b n Log[n] -
4 2

3
= n? Log[n] —HurwitzZeta[-1, 1+b] Log[n] - nHurwitzZeta[0, 1+b]Log[n]+
2

1

= b Log[2n] + b? Log[2 n]+n Log[2n]+4bnLog[2n]+2 n’ Log[2 n] +

2

HurwitzZeta[-1, 1+b] Log[2 n]+2 nHurwitzZeta[0@, 1+b]Log[2n]+

(-1)" "™ HurwitzZeta[-1-m, 1+b]

PoincareSum s {m, 1, oo}] +
m (1 +m)
(-1)¥*™ 27 ™™ HurwitzZeta[-1-m, 1+b]
Poi ncareSum[ » {m, 1, °°}] +
m(1+m)
2 (-1)™ " a1 HurwitzZeta[-m, 1+b]
Po-incareSum[ s {m, 1, oo}] + Poi ncar‘eSum[
m

(-1)" 2™ 1™ HurwitzZeta[-m, 1 +b]

, {m, 1, 00}] /. PoincareSumIndexSh+iftUp[1] |+
m
(-1)"™" b n™ HurwitzZeta[-m, 1+b]
PoincareSum , {m, 1, oo}]+
m

1 m
(— ') b n™ HurwitzZeta[-m, 1+b]
2

Poi ncareSum[ s {m, 1, °°}]
m
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5n 1 5 3 5
ouf- = =bn-""="DbLog[n]-b“ Log[n]-n Log[n]-3bnLog[n]- ~— n” Log[n] -
4 2 2

1
HurwitzZeta[-1, 1+b]Log[n]-nHurwitzZeta[®, 1+ b]Log[n]+ ~ b Log[2n]+
2

b? Log[2 n]+nLog[2n]+4bn Log[2n]+2 n’ Log[2 n]+HurwitzZeta[-1, 1+b] Log[2 n] +
2(-1)"n""HurwitzZeta[-1-m, 1+b]

2nHurwitzZetal[0, 1+b]Log[2n]+ Po-incareSum[ , {m, 0, oo}] +

1+m
) (- 1) 2™ N HurwitzZeta[-1-m, 1+ b]
PoincareSum » {m, 0, °°}]+
- 1+m
~(-1)" n"™ HurwitzZeta[-1-m, 1+b]
PoincareSum , {m, 1, oo}]+
- m (1 +m)
) (-1 2™ N HurwitzZeta[-1-m, 1+ b]
PoincareSum > {m, 1, °°}]+
. m (1 +m)
(=1 b n™™ HurwitzZeta[-m, 1+ b]
PoincareSum , {m, 1, m}]+
. m
1\m -m .
_(— ) bn™ HurwitzZeta[-m, 1+b]
. 2
PoincareSum , {m, 1, oo}]

m
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5n2 1
inf- = TMP@4 = =bn—- """ - " b Log[n] - b? Log[n] - n Log[n] -3 b n Log[n] -
4 2
3
= n? Log[n] —HurwitzZeta[-1, 1+b] Log[n] - nHurwitzZeta[0, 1+b]Log[n]+
2
1
= b Log[2n] + b2 Log[2 n]+n Log[2n]+4bnLog[2n]+2 n? Log[2 n] +
2
HurwitzZeta[-1, 1+b] Log[2 n]+2 nHurwitzZeta[0@, 1+b]Log[2n]+
2(=1)"n"™HurwitzZeta[-1-m, 1+b]
Po-incar'eSum[ 5 {m, 0, oo}]+Po‘i ncareSum[
l1+m

(-1)M*" 2™ 0™ HurwitzZeta[-1-m, 1+b]

s {m, 0, oo}] /. PoincareSumSplitOffTerms[1] |+
1+m

(=1)"n™™ HurwitzZeta[-1-m, 1+b]

PoincareSum » {m, 1, °°}]+
m (1 +m)

(-1)M*" 2™ 0™ HurwitzZeta[-1-m, 1+b]

Poi ncareSum[ sy {m, 1, oo}] +
m(1+m)

(-1)™ ™" b n™ HurwitzZeta[-m, 1+b]

PoincareSum » {m, 1, °°}]+
m

1 m
(— ') b n™™ HurwitzZeta[-m, 1+b]
2

Poi ncareSum[ s {m, 1, oo}]
m
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5 n? 1
ouf- - =bn-""+HurwitzZeta[-1, 1+b]- ~ b Log[n] - b? Log[n]-nLog[n]-3 bnLog[n]-
4 2

3 1
= n? Log[n] - HurwitzZeta[-1, 1+b] Log[n]-nHurwitzZeta[®, 1+b]Log[n]+ ~— b Log[2n]+
2 2

b? Log[2 n]+nLog[2n]+4bn Log[2n]+2 n’ Log[2 n]+HurwitzZeta[-1, 1+b] Log[2 n] +
2(-1)"n""HurwitzZeta[-1-m, 1+b]

2nHurwitzZetal[0, 1+b]Log[2n]+ Po-incareSum[ , {m, 1, oo}] +

1+m
) (- 1) 2™ N HurwitzZeta[-1-m, 1+ b]
PoincareSum » {m, 1, °°}]+
- 1+m
~(-1)" n"™ HurwitzZeta[-1-m, 1+b]
PoincareSum , {m, 1, oo}]+
. m (1 +m)
) (=11 2™ 0™ HurwitzZeta[-1-m, 1+b]
PoincareSum > {m, 1, °°}]+
. m (1 +m)
(=1 b n™™ HurwitzZeta[-m, 1+ b]
PoincareSum , {m, 1, m}]+
. m
1\m -m .
_(— ) bn™ HurwitzZeta[-m, 1+b]
. 2
PoincareSum , {m, 1, oo}]
. m

inf- 1= TMPO®4 [l. PoincareSumCollect
5n?

1
ouf- - =bn—-""+HurwitzZeta[-1, 1+b]- ~ b Log[n] - b? Log[n] -
4 2

3
n Log[n]-3bnLog[n]-— n? Log[n] - HurwitzZeta[-1, 1+ b]Log[n] -
2

1
nHurwitzZetal[®, 1+b]Log[n]+ ~— b Log[2n]+ b? Log[2 n]+n Log[2n]+4bn Log[2n]+
2

2n? Log[2 n]+ HurwitzZeta[-1, 1+b] Log[2 n]+ 2 nHurwitzZeta[®, 1+b]Log[2n]+
2(-1)"n"™HurwitzZeta[-1-m, 1+b] (-1)"*" 2™ n""HurwitzZeta[-1-m, 1+b]
Poinca reSum[ + +
1+m 1+m

(-1)"n™HurwitzZeta[-1-m, 1+b] (-1)*" 2™ n"HurwitzZeta[-1-m, 1+b]
+ +

m (1 +m) m (1 +m)

i\m, . - .
(1" b n™ HurwitzZeta[-m, 1+ b] (— 2) bn™™ HurwitzZeta[-m, 1+b]
+

i, 1, )

m m
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2(-1)"n™HurwitzZeta[-1-m, 1+b] (-1)'*" 2™ n™™HurwitzZeta[-1-m, 1+b]
Inf~ = TMP = + +
1+m 1+m

(-1)"n™HurwitzZeta[-1-m, 1+b] (-1)*" 2™ n™™ HurwitzZeta[-1-m, 1+b]
+ +
m(1+m) m(1+m)

m
(— ;) b n™ HurwitzZeta[-m, 1+b]
2
+ )
m m

(-1)""*"b n™ HurwitzZeta[-m, 1 +b]

FullSimplify[H, Assumptions » {m € Integers}] &

1 1\m
outf« J= ) (— _) n"
m(l+m)\ 2

(142" +(-1+2"") m) HurwitzZeta[-1-m, 1 +b]-(-1+2") b (1 +m)HurwitzZeta[-m, 1 +b])

1o m+1
-1)" 1-27"
inf- - TMP == HurwitzZeta[-m-1, b+ 1]-bHurwitzZeta[-m, b+1][(1-27")n™" /I
m m+1
FullSimplify
outf- |- True
5n? 1
inf- = TMPO@5 = =bn= """ + HurwitzZeta[-1, 1+b]- = b Log[n] - b? Log[n] = n Log[n] -3 b n Log[n] -
4 2
3
= n? Log[n] - HurwitzZeta[-1, 1+b] Log[n] - nHurwitzZeta[®, 1+b] Log[n] +
2
1
~ b Log[2n]+ b? Log[2 n]+nLog[2n]+4bnLog[2n]+2 n? Log[2 n] +
2
(-1)"
HurwitzZeta[-1, 1+b] Log[2 n]+ 2 nHurwitzZeta[0®, 1+ b]Log[2 n]+Poi ncareSum[
m
2-2"
= m+1
1-27"
HurwitzZeta[-m-1, b+ 1]-bHurwitzZeta[-m, b+1]|(1-2"")n™", {m, 1, oo}];
m+1

Leading terms
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Infe =

Outf« ]=

Inf+ J:=

Outf+ |=

Inf+ J:=

Outf+ |=

Inf+ J:=

Outf+ |=

In[+ ]:=

Inf+ J:=

In[+ ]:=

Outf+ |=

5 n? 1
TMP = —bn- """ +HurwitzZeta[-1, 1+b]- ~ b Log[n] - b? Log[n] - n Log[n] -3 b n Log[n] -
4 2
3
= n? Log[n] —HurwitzZeta[-1, 1+b] Log[n] - nHurwitzZeta[®, 1+b] Log[n] +
2

1
=~ b Log[2n] + b? Log[2 n]+nLog[2n]+4bnLog[2n]+2 n? Log[2 n] +
2

HurwitzZeta[-1, 1+b] Log[2 n]+ 2 nHurwitzZeta[®, 1+b]Log[2n] // Simplify

5n° 1
-bn- "+ " bLog[2]+ b? Log[2] + n Log[2] + HurwitzZeta[-1, 1+ b](1+ Log[2]) +
4 2

1
n? Log[4]+bn Log[16]+bn Log[n]+ — n? Log[n] + n HurwitzZeta[®, 1+b]Log[4 n]
2

Auxiliary results

5 n?
-=—+n? Log[4] /I Factor
4

1,
~n“(-5+4 Log[4])
4

+b n Log[n] + n HurwitzZeta[0®, 1+ b] Log[n] // FullSimplify

1
-~ nLog[n]
2

-bn+nLog[2]+bn Log[16]+ nHurwitzZeta[®0, 1+b]Log[4] // FullSimplify
bn(-1+Logl[4])
1

= b Log[2] + b? Log[2] + HurwitzZeta[-1, 1 +b] (1 + Log[2]) // FunctionExpand
2

1 1/5
= b Log[2] + b? Log[2] + (- (- +b-(1+ b)z)(l +Log[2]) /l Distri bute)
2 2 \6

5 b 1 5 Log[2] 1
—+T-"(1+ b)2 +|~ +blLog[2]+ b? Log[2]- — (1 + b)2 Log[2] /I Factor
12 2 2 12 2

5 b 1 1
— +=-=(1+b)® Il FullSimplify |+ — (-1+6 bz) Log[2]
12 2 2 12

1 1
—(-1-6b(1+b))+ — (-1+6b°) Log[2]
12 12
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1 5 1
Inf~ = TMP == = n? Log[n] + (2 Log[2] - ')n2 - T nlLog[n]+
2 2

4
1 1 1 1

(2 Log[2]1-1)bn + = |b? = = |Log[2]1- = | b(b+ 1)+ = | // FullSimplify
2 6 2 6

ouf-J=- True

1 5 1
TMPO6 = = n? Log[n] + (2 Log[2] - ')n2 - T nlLog[n]+

2 4 2
1 1 1 1 (-1)"
(2 Log[2]-1)bn + = b% - = Log[2]- " | b(b+1)+ — |+ Po-incareSum[
2 6 2 6 m
2=27"
= m+1
1-27"
HurwitzZeta[-m-1, b+1]-bHurwitzZeta[-m, b+1]|(1-2")n™", {m, 1, oo}];
m+1
Formula
1 5 1
inf-1=  ASYMPFracC[n_, b_] := — n? Log[n] +|2 Log[2] - — n-=n Log[n] +
2 4 2
1 1 1 1 (-1)"
(2 Log[2]-1)bn + ~ b% - = Log[2]- " | b(b+1)+ ~ |+ Po-incareSum[
2 6 2 6 m
2=27"
= m+1
1-27"

HurwitzZeta[-m-1, b+ 1]-bHurwitzZeta[-m, b+1]|(1-27")n™", {m, 1, oo}];

m+1
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Cross Check

inf- = REF = (2 n+b) Log[Pochhammer[n+b +1, n]]—Zeta(l’e)[-l, 2n+b+ 1]+Zeta(l’°)[-1, n+b+1];

K =40;
b=e-1;

ASYMP = ASYMPFracC[n, b] /. PoincareSumNormalize[K - 1];
LogLogPlot[{Abs[REF - ASYNP], n'K}, {n, 1, 100000}, WorkingPrecision - 256]

Clear[b, K];

1 0—40 L

-90
outej= 10

-140

10—190 L

10 100 1000 10* 10°

Asymptotics : Log Dﬁf"’ﬁ)

Application of asymptotics

- n(n-1)Log[2] + FracA2[n] + FracB2[n, a] + FracB2[n, B]+ FracC2[n, a + B];

(* for comparison %)
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inf- = TMPO1 = = n(n - 1) Log[2] + ASYMPFracA[n] +
ASYMPFracB[n, a]+ ASYMPFracB[n, B]+ASYMPFracC[n, a + B8]

1 5n? 1( 1 ) 1( 1 2)
ouf-]=="+ " +n(l+a)+n(1+B)+ |- -(a+B)(1+a+PB)|-(-1+n)nLog[2]+ — |-~ +(a+B) |Log[2]+
2 6 2 6

4
2( 5 ) ) 13 Log[n] 1 (1 2)
n“ |-~ +2Log[2])+n(a+B)(-1+2Log[2]) +3 Log[Glaisher]+ —— + |~ -(1+a)" |Log[n]+
12 2 \6

= (l -(1+ ,6)2) Log[n]+ Log[2 iT] - n (2 + Log[2 rT]) + (1 + @) Log[Gamma[l + a]] + (1 + B) Log[Gamma[l + B]] +

6

(=1)7LHM M (— Huryitezetal=lon,leal | (1+a)HurwitzZeta[-m, 1+ a])

PoincareSum — , {m, 1, oo}]+
. m

(=1)7LHM pm (— WW +(1+B)HurwitzZeta[-m, 1+ /3])

PoincareSum , {m, 1, m}]+

PoincareSum| = (-1)" (1-27")n™"

(2=2n

(l +
1-27"

)HurwitzZeta[—l—m, l1+a+p]

-(a + B)HurwitzZetal-m, 1+a +B]|, {m, 1, w}]+
1+m

—m { (1+2m) Zeta[-1-m]
(-1)"n" ( | +2 Zeta[-m]
+m

Poinca reSum[

i, 1, -

m
PolyGamma[-2, 1+ a]-PolyGamma[-2, 1+ f8]
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Simplification
inf- 7= TMPO1 /l. PoincareSumCollect

L sn2 1( 1 ) l( 1 2)

ouf - ="+ T _4n(l+a)+n(1+B)+ T |-T —(a+B)(L+a+pB)|-(-1+n)nLog[2]+ ~ |- +(a+p)" |Log[2] +
2\ 6 N

LOg[n]Jrl(i—(l+a)2)|—0g[n]+

4
n’ (— 2 +2 Log[2])+ n(a+pB)(-1+2Log[2])+ 3 Log[Glaisher] +
6

12 2

(i -(1+ B)z) Log[n] + Log[2 rT] - n (2 + Log[2 rT]) + (1 + a) Log[Gamma[1l + a]] + (1 + B) Log[Gamma[1 + B]] +
6

—_ —_] i i Nl .
(-1)™"n m(— {=1=n,1:+0] +(1+a)HurwitzZeta[-m, 1+a])

. 1+m
Poinca reSum[ +

m

(—1)_l+m e (_Hu.md.tzZsIal:J;m..J..tﬁl +(1+ B)HurwitzZeta[-m, l+B]) 1
1 +7 (1" (1-27")nT"
m m

(l+ %M)HurwﬁtzZeta[—l—m, 1+a+p]
127"

—(a + B) HurwitzZeta[-m, 1+a +B] |+
1+m

_m [ (1+2.m) Zeta[-1-m]
(-0)"n™" ( +2 Zeta[—m])
— , {m, 1, oo}] - PolyGamma[-2, 1+ a]-PolyGamma[-2, 1+ ]
m




1 5n? 1(1
7= TMPO2 = ="+ =" +n(l+a)+n(1+B)+ ~ |-~

6 4 2 6
1

1 1
= |-=+(a+ B)*|Log[2] + n*

Log[n] + ~
2

-

5
= +2Log[2]
4

(1

13Log[n] 1

+
2

1
‘—(1+a)2

6 6

12

(1+ a) Log[Gamma[l + a]] + (1 + B) Log[Gamma[1l + B]] - PolyGamma[-2, 1+ a] - PolyGamma[-2, 1+ B8]+

- -(1+B)
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—-(a+B)(1+a+PB)]|-(-1+n)nLogl[2] +
)+ n(a+B)(-1+2Log[2])+3 Log[Glaisher] +

)Log[n] +Log[2 it]-n (2 + Log[2 mT]) +

—14m _—m HurwitzZeta[-1-m, 1+a] .
(-1) n™" (- +(1+ a)HurwitzZeta[-m, 1+ a]
1+m
Po-incareSum[ +
m
—14m _—m HurwitzZeta[-1-m,1+p] .
(-1) n |- +(1+ B)HurwitzZeta[-m, 1+ B] 1
1+m
+~ (-1)"(1-27")
m m
2-2"")m .
(1+ )Hurw1tzZeta[—1—m, l+a+ ]
1-27"
n™" - (a + B)HurwitzZeta[-m, 1+a+ B] |+
1+m
P (1+2 m! Zeta[-1-m]
(-1)"n +2 Zeta[-m]
1+m

m

s {m, 1, °°}];
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HurwitzZeta[-1-m,1l+a]

-1 - .
(=17 n™" (— +(1+a)HurwitzZeta[-m, 1+a])

inf~ = TMP =

1+m
+

m

HurwitzZeta[-1-m, 1+8]

+(1+ B)HurwitzZeta[-m, 1+ ﬁ]) 1

—_1\y-1m -m [
( 1) : ( 1+m n -m
+~ (-1)"(1-27")

m m

2-2"")m
(1+ '(_)_)HurwitzZeta[—l -m, 1+a+ f]

1-27"
- - (a + B)HurwitzZeta[-m, 1+a + B] |+

n
l1+m

P §1+2 m! Zeta[-1-m]
(-1)"n +2 Zeta[-m]

1+m

Il Simplify
m

1
outf- J- (-1)"n™" (HurwitzZeta[-1-m, 1+a]+
m (1 + m)

HurwitzZeta[-1-m, 1+ 8]+27" (—l+2m+(—l+2l+'")m) HurwitzZeta[-1-m, 1+a + 8] -

(L+m)(1+a)HurwitzZeta[-m, 1+a]-(1+m)(1+B)HurwitzZeta[-m, 1+ ]-
(1-2"") (1 +m) (a +B) HurwitzZeta[-m, 1+ a +B]+(1+2m) Zeta[-1-m]+2 (1 +m) Zeta[-m])

1
(Hurw-itzZeta[-l -m, 1+a]+HurwitzZeta[-1-m, 1+ B]+

nfe J:= =
(L+m)

27" (—1+2m+(—1+21+"')m) HurwitzZeta[-1-m, 1+a+ 8] -
(1+m)(1+a)HurwitzZeta[-m, 1+a]-(1+m)(1+ B)HurwitzZeta[-m, 1+ B]-(1-27")(1+m)

(a + B) HurwitzZeta[-m, 1+a + B]+(1+2m)Zeta[-1-m]+2 (1 +m) Zeta[—m]) Il Distribute

HurwitzZeta[-1-m, 1+a] HurwitzZeta[-1-m, 1+ f3]

Out[» ]= —
l1+m 1+m

27" (142" +(-1+ 21+m) m) HurwitzZeta[-1-m, 1+a + f]

+
1+m
(1+a)HurwitzZeta[-m, 1+ a]+ (1 +B)HurwitzZeta[-m, 1+ 6]+
(L+2m)Zeta[-1-m]

(1-2"")(a +B)HurwitzzZeta[-m, 1 +a +p] - -2 Zeta[-m]
1+m

=27 (=1 42"+ (-1 4 21+m) m) /l Distribute

- 1=2""4 (27" (=14 2™") // Distribute)m

o - 1=2""+(2=-2"")m



Br2021_completeAsympFinitelnterval_revision_TEST.nb | 43

(-1)™r( 2m+1
inf- = TMP == - Zeta[-m - 1] -2 Zeta[-m] + (a + 1) HurwitzZeta[-m, a + 1] -
m m+1

HurwitzZeta[-m-1, a +1]

+(B + 1) HurwitzzZeta[-m, B +1] -
m+1

HurwitzZeta[-m-1, B+1] (2-2")m+1-27"
- HurwitzZeta[-m-1, a+ B+ 1]+

m+1 m+1

(a+B)(1-2"")HurwitzZeta[-m, a+ B +1]|n™" // FullSimplify

ouf- - True
1 5n? 1{1

n-]7=TMPE3 ===+ " +n(l+a)+n(1+B)+ " |- -(a+B)(1+a+ B)|-(-1+n)n Log[2] +
6 4 2 6

1 1 5
=1-"+(a+ [3)2 Log[2] + n? (— = +2 Log[2])+ n(a+ B)(-1+2Log[2])+3 Log[Glaisher] +

2 6 4

13Log[n] 1 (1 1(1

- +~" |~ -(1+ a)2 Log[n]+ = |~ -(1+ p)2 Log[n] + Log[2 rt] = n (2 + Log[2 mt]) +
12 2 \6 2 \6

(1 + a) Log[Gamma[l + a]] + (1 + B) Log[Gamma[1 + B]] - PolyGamma[-2, 1+ a]-PolyGamma[-2, 1+ B8]+
(-1)™1( 2m+1
Poi ncareSum[ - Zeta[-m-1]-2 Zeta[-m] + (a + 1) HurwitzZeta[-m, a + 1] -
m m+1

HurwitzZeta[-m-1, a +1]

+(B + 1) HurwitzZeta[-m, B+ 1] -
m+1

HurwitzZeta[-m-1, B+1] (2-2")m+1-27"
- HurwitzZeta[-m-1, a+ B+ 1]+

m+1 m+1

(a+B)(1-2"")HurwitzZeta[-m, a+B+1]|n™", {m, 1, oo}];

Leading terms
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1 5n? 1(1
Inf+ J:= TMP=—_+_+n(1+a)+n(1+ﬁ)+_(—_—(a+[3)(1+a+ﬁ))—(—1+n)nLog[2]+
6

6 4 2
1 1 5
- (— “+(a+ B)z) Log[2] + n? (— —+2 Log[2])+ n(a+ B)(-1+2Log[2]) +3 Log[Glaisher] +
2 6 4
13Log[n] 1 /1 11
—— (‘ -(1+ a)z) Log[n] + — (‘ -(1+ B)z) Log[n] + Log[2 rt] = n (2 + Log[2 7t]) +
12 2 \6 2 \6

(1 + a) Log[Gamma[l + a]] + (1 + B) Log[Gamma[1l + B]] - PolyGamma[-2, 1+ a] - PolyGamma[-2, 1+ ]

5n? 1( 1 )
+ T +n(Al+a)+n(1+B)+ " |- -(a+B)(1+a+P)|-(-1+n)nLog[2] +
2 6

4

Out[» ]= —

I o |k

(— = +(a + B)z) Log[2] + n’ (— 2 +2 Log[2])+ n(a+pB)(-1+2Log[2])+3 Log[Glaisher]+
6 4

2

13 Log[n] 1 (1 2) 1 (1 2)
-  + 7| T-1+a)|Log[n]+ T | T -(1+B) |Log[n]+ Log[2 T]-n (2 + Log[2 mT]) +
12 2 \6 2 \6
(1+a) Log[Gamma[l + a]] + (1 + B) Log[Gamma[1 + B]] - PolyGamma[-2, 1+ a]-PolyGamma[-2, 1+ 8]

Auxiliary results

5n? 5
1=+ =(n)nLog[2] + n2|l-=+2 Log[2] | // Simplify
4 4

Outf+ J= n? Log[2]
m-j=+n(l+a)+n(l+ B)-(-1)nLog[2]+n(a+ B)(-1+2Log[2])-n (2 +Log[2 5t]) // FullSimplify /l Factor

inf- = n (a Log[4] + B Log[4] - Log[rr] // FullSimplify)

out- - n ((a + B) Log[4] - Log[r])

13Log[n] 1 /1 1/(1
RN S (— -(1+ a)z) Log[n]+ = (— -(1+ ﬁ)z) Log[n];

12 2 \6 2 \6
13 1/1 1/1
o=+ T -1+ a)2 +~ |7 -(1+ [3)2 Log[n];
12 2 \6 2 \6
13 1 1 1 1 1 1
=T+ T _-_(1+a)2+_ _—_(1+B)2 Log[n]
12 2 6 2 2 6 2

5 1 1
outf « J= (_ -~ (1+ oz)2 -~ +,3)2) Log[n]
4 2 2

1 1 1 1 1 1\2
njp==—"+"|-T-(@a+B)(1+a+P)|===-"=-"Ja+B+ "] /l FullSimplify
6 2 6 8 2 2

ouf = True
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1/5 1 1 1\2
i1~ TMP == Log[2] n® +(2 (a + B) Log[2] - Log[m]) n + ~ (- - (@+1)°- (B+ 1)2)Log[n1 -—-- (a +B+ -) +
2 \2 8 2 2

1/11
- (_ +(a+ [3)2) Log[2] + Log[ rt] + 3 Log[Glaisher] + (a + 1) Log[Gamma[a + 1]] -
2\6

PolyGamma[-2, a + 1]+ (B + 1) Log[Gamma[B + 1]] - PolyGamma[-2, B+ 1] // FullSimplify

outf- |- True

1
- (@+1)*- (B+ 1)2) Log[n] - ~ -
8

I »n

1
TMPO4 = Log[2] n® + (2 (a + B) Log[2] - Log[mT]) n + = (

2 \2

1 1\2 1{/11
= (a + 0+ ') += (_ +(a+ B)z) Log[2] + Log[ 7t] + 3 Log[Glaisher] + (a + 1) Log[Gamma[a + 1]] -
2 2 2\6

PolyGamma[-2, a + 1]+ (B + 1) Log[Gamma[B + 1]] - PolyGamma[-2, B+ 1]+

(1™ [ 2m+1
Poi ncareSum[ - Zeta[-m-1]-2 Zeta[-m] + (a + 1) HurwitzZeta[-m, a + 1] -

m m+1

HurwitzZeta[-m-1, a +1]

+ (B + 1) HurwitzZeta[-m, B+ 1] -
m+1
HurwitzZeta[-m-1, B+1] (2-2"")m+1-27"
- HurwitzZeta[-m-1, a+ B +1]+
m+1 m+1

(a+B)(1-2"")HurwitzZeta[-m, a+ B +1]|n™", {m, 1, oo}];
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Formula
inf-]=  ASYMPD[n_, a_, B_] :=

1l1/5 1 1 1
Log[2] n? + (2 (a + B) Log[2] - Log[rt]) n + — (‘ - (a+ 1)2 - (B+ 1)2) Log[n]- = -~ (a +08+~

)Z

2 \2 8 2 2
1/11
=1 +(a+ [3)2 Log[2] + Log[ 7t] + 3 Log[Glaisher] + (a + 1) Log[Gamma[a + 1]] -
2\6
PolyGamma[-2, a + 1]+ (B + 1) Log[Gamma[B + 1]] - PolyGamma[-2, B + 1]+
(-1)™1( 2m+1
Poi ncareSum[ - Zeta[-m-1] -2 Zeta[-m] + (a + 1) HurwitzZeta[-m, a + 1] -

m m+1

HurwitzZeta[-m-1, a +1]

+(B + 1) HurwitzzZeta[-m, B +1] -
m+1

HurwitzZeta[-m-1, B+1] (2-2")m+1-27"
- HurwitzZeta[-m-1, a+ B+ 1]+

m+1 m+1

(a+B)(1-2"")HurwitzZeta[-m, a+B+1]|n™", {m, 1, oo}];
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inf- = REF = = n(n=1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a + B];

K =40;
1

a="__;
el

B=e;

ASYMP = ASYMPD[n, a, 8] /. PoincareSumNormalize[K - 1];

LogLogPlot[{Abs[REF - ASYMP], n™"}, {n, 1, 100000}, WorkingPrecision - 512]

Clear[a, B, K];

10 |

1 0—40 L

-90
out[« ]= 10

-140 |
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Section 3
Proof of Theorem 1.1

Verification of starting point

Symbolic Cross Check (small degree n)

mj- AIn_, a_, B_] :=2""Binomial[2n+a+ B, n;

Discr[n_, a_, B_] :=2""(Y Product[v' 2™ (v+a)" ™ (v+ )" (ven+a+B)"", {v, 1, n}];

n=2; (x degree 3 already too large for reasonable time of evaluation %)

p=1/2;
q=7T;
a=2p-1;
B=2q-1;

zeros = Sort[x /. Solve[JacobiP[n, a, B, x] == 0, x]];

(* cf. (1.4) %)
REF = Product[(l—zeros[[‘i]])p, {i, 1, n}] Product[Abs[zeros[[j]] - zeros[[k]l],
{j, 1, n-1}, {k, j+1, n}] Product[(1+zeros[[e'L'l.]])q, {ell, 1, n}];

JacobiP[n, a, B, 1J° 'JD'iscr[n, a, ] ((-1)"3JacobiP[n, a, B, -1])*
RES = ;
Aln, a, BIP Aln, a, p]n—l Aln, a, BI°

RES == REF // FullSimplify

Clear[a, B, n, p, q, zeros];

ou-J=- True
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Numerical Cross Check (general degree n)

- AIn_, a_, B_] :=2""Binomial[2n+a+ B, n];

Discr[n_, a_, B_]:=2""("1 Product[v"'2 "2vra)t(v+B) T (ventra+B)"Y, {v, 1, n}];
Acc = 64;
n=38;

p=N[1/2, Acc];
q = N[, Acc];

a=2p-1;

B=2q-1;

zeros = Sort[x /. NSolve[JacobiP[n, a, B, x] == 0, x, WorkingPrecision - Acc]];
(* cf. (1.4) %)

REF = Product[(l—zeros[[‘i]])p, {i, 1, n}] Product[Abs[zeros[[]j]] - zeros[[k]l],
{j, 1, n-1}, {k, j+1, n}] « Product|(1 + zeros[[e11]])?, {ell, 1, n}];

JacobiP[n, a, B, 1J° 'JD'iscr[n, a, ] ((-1)"3JacobiP[n, a, B, -1])*

RES = H
Aln, a, BIP Aln, a, g™ Aln, a, B1°
RES - REF
{RES - REF,
REF

Clear[a, B, n, p, q, zeros];

our- - {0. x 107, 0. x 107°%}
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Verification of 2 nd Rmk after Thm 1.1

- AIn_, a_, B_] :=2""Binomial[2n+a+ B, n;

Discr[n_, a_, B_] :=2""(Y Product[v' 2™ (v+a)" ™ (v+ )" (ven+a+B)"", {v, 1, n}];
n=5;(x %)

p=.; 1/ 2;

q=.; 13

a=2p-1;
B=2q-1;

zeros = Sort[x /. Solve[JacobiP[n, a, B, x] == 0, x]];

2

JacobiP[n, a, B, 1P —JD'iscr[n, a, B] ((-1)"3JacobiP[n, a, B, -11)°

REF = 5
Aln, a, BIP Aln, a, BI"? Aln, a, B]°

Product[k® (k +2 p=-1)%*2P~! (k +2 q-1)**291, (K, 1, n}]

2 p+2q-1
RES:Zn(n+ p+2q-1) ;

Product[(k+2p+2q)k+2p+2q, {k,n-1,2(n-1)}]

RES == REF // FullSimplify[H, Assumptions » {p >0, q> 0}] &

Clear[a, B, n, p, q, zeros];

ouf-J= True

Application of asymptotics
2(n+p+q-1)LogAln, a, B]-LogD[n, a, B]-2p LogP[n, a, B]-2qLogP[n, B, al;
ASYMPA[n, a, Bl;
ASYMPJacobiPofOne[n, a, B];

ASYMPD[n, a, B];

(+ for comparison ... %)
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nf-]=a@=2p=13
B=2q-1;

TMPO1 = 2 (n+ p + q - 1) ASYMPA[n, a, B]-ASYMPD[n, a, B]-
2 p ASYMPJacobiPofOne[n, a, B]-2 qASYMPJacobiPofOne[n, B, a] /l Expand

Clear[a, Bl;

5 ) , 13 Log[2] 5
ouf- 1= — =3p+2p -3q+4pqg+29°+—  -2nlog[2]+n” Log[2]-4pLog[2]+2np Log[2]+
4 12
2 p2 Log[2]-4 g Log[2]+2nqlLog[2]+4pqLog[2]+2 q2 Log[2] - 3 Log[Glaisher] -
Log[n]

—n Log[n] + p Log[n] - 2 p” Log[n] + q Log[n] - 2 g° Log[n] - p Log[r] - q Log[T] -
4

1
Poinca reSum[_ (-1)

m

~1em o | HurwitzZeta[-1-m, 2 p] _ HurwitzZetal[-1-m, 2q] _
1+m 1+m

(1-2""+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2pHurwitzZeta[-m, 2 p] +
1+m

2 qHurwitzZeta[-m, 2]+ (1-2"")(-2+2p+2q) HurwitzZeta[-m, -1+2p+2q] -
(L+2m)Zeta[-1-m]

—2Zeta[-m]), {m, 1, OO}]_
1+m

(-1)"n™™ (HurwitzZeta[-m, 2 p] - Zeta[-m])
2p Po-incareSum[ , {m, 1, oo}] -

m
[(— 1)"n™" (HurwitzZeta[-m, 2 q] - Zeta[-m])

2 qPoincareSum

NUERSIE

m

(1) n™((1- 27" HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
2 Poi ncareSum[

_ ,{m,l,oo}]+

(=17 n™™((1 - 27") HurwitzZetal-m, -1+ 2 p + 2 g] + Zeta[-m])

2 nPoincareSum > {m, 1, oo}|+
I m ]
(-1 n ™ ((1 - 27") HurwitzZetal-m, -1+ 2 p +2 g] + Zeta[-m]) ;

2 p PoincareSum s {m, 1, oo}|+
I m ]
(=17 n™™((1 - 27") HurwitzZetal-m, -1+ 2 p +2 g] + Zeta[-m]) ;

2 g PoincareSum » {m, 1, oo} +
I m ]

PolyGamma[-2, 2 p]+ PolyGamma[-2, 2 q]
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Simplificat

ion

inf- - TMPO@2 = TMPO1 /. PoincareSumFactorUnderSum

5

13 Log[2]

outf« J= _—3p+2p2—3q+4pq+2q2+ — -2n Log[2]+n2 Log[2]-4 p Log[2]+2np Log[2]+
4 12
2 p2 Log[2] -4 q Log[2]+2nqLlog[2]+4pqlLog[2]+2 q2 Log[2] - 3 Log[Glaisher] -
Log(n]

Po-incareSum[_ (-1)"n™"

- nLog[n]+pLog[n]-2 p2 Log[n]+q Log[n] -2 q2 Log[n] - p Log[rt] - q Log[rT] +

1 B ( HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2(]

m 1+m 1+m

(1-2""+(2-2"")m)HurwitzZeta[-1-m, —1+2p+2(]

+2pHurwitzZeta[-m, 2 p] +
1+m

2 qHurwitzZeta[-m, 2]+ (1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(1+2m)Zeta[-1-m]

-2 Zeta[—m]), {m, 1, °°}] *

1+m

2(-1)"n""p (HurwitzZeta[-m, 2 p] - Zeta[-m])

PoincareSum|- , {m, 1, w}]+

PoincareSum
PoincareSum
PoincareSum

PoincareSum

PoincareSum

m

2(-1)"n""q (HurwitzZeta[-m, 2 q] - Zeta[-m])

- i ,{m,l,oo}]+

2 (-1)"M" M ((1- 27") HurwitzZeta[-m, -1+ 2 p + 2 g] + Zeta[-m])

_ ,{m,l,oo}]+

2(-1)"""n™™((1 - 27" HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])

_ , {m, l,oo}]+

2 (-1)"""n""p ((1-27") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])

_ ,{m,l,oo}]+

2 (-1)""*"n""q ((1-27") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])

- ,{m,l,oo}]+

PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]
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5 13 Log[2]
- TMPO3 = = -3p+2p’-3q+4pq+2q°+ — -2nLog[2]+n” Log[2] -
4 12
4plLog[2]+2nplLog[2]+2 p2 Log[2] -4 g Log[2]+2nqLog[2]+4pqLog[2]+
Log[n]

2 q2 Log[2] - 3 Log[Gla1isher] - -nLog[n] +p Log[n] -2 p2 Log[n] + q Log[n] -

4
2 q2 Log[n] - p Log[rt] - q Log[rt] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +
1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
Poi ncareSum[_ (-1)"n"|- - -
m 1+m l1+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p] +
1+m
2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-2 Zeta[-m]|, {m, 1, oo}]+
1+m

2(=1)"n™p (HurwitzZeta[-m, 2 p] - Zeta[-m])

PoincareSum|- » {m, 1, °°}]+
m
2(-=1)"n™q (HurwitzZeta[-m, 2 q] - Zeta[-m])
PoincareSum|- > {m, 1, °°}]+
m

2(-1)""*"n'™ ((1-27") HurwitzZeta[-m, -1 +2 p + 2 q] + Zeta[-m])
Po-incareSum[ » {m, 1, °°}] [

PoincareSumIndexShiftUp[1] |+

2 (=1)y M pm ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])
PoincareSum[— y {m, 1, °°}] +
m

2(-1)"pMp ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])
Po-incareSum[ s {m, 1, oo}]+
m

2(-1)y Mg ((1-2"")HurwitzZeta[-m, —1+2 p +2 q] + Zeta[-m])
Poi ncareSum[ > {m, 1, °°}]
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5 ) , 13 Log[2] s
ouf-]= — =3p+2p°-3qg+4pqg+2q9°+— -2nlog[2]+n” Log[2]-4pLog[2]+2np Log[2]+
4 12
2 p2 Log[2]-4 g lLog[2]+2nqlog[2]+4pqLog[2]+2 q2 Log[2] - 3 Log[Glaisher] -
Log[n]

-nLog[n]+pLog[n]-2 p2 Log[n]+q Log[n] -2 q2 Log[n] - p Log[r] - q Log[rT] +

2(-1)"n™((1-27'"")HurwitzZeta[-1-m, -1 +2 p +2q] + Zeta[-1-m])

Po-incareSum[ , {m, 0, w}]+

1+m

( HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2(]

1
Poinca reSum[_ (-1)"n™"

m 1+m 1+m

(1-2"+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p]+
1+m

2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-
(L+2m)Zeta[-1-m]

-zZeta[—m]), {m, 1, °°}]+

l1+m
] 2(-1)"n"p (HurwitzZeta[-m, 2 p] - Zeta[-m])
PoincareSum|- , {m, 1, w}]+
- m
] - 2(-1)"n"q (HurwitzZeta[-m, 2 q] - Zeta[-m])
PoincareSum|- s {m, 1, w}]+
- m
2(-1)™"n"™((1 - 27") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])
PoincareSum|- » {m, 1, °°}]+
- m
2 (=1 n™p((1-27") HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
PoincareSum y {m, 1, m}]+
- m
‘ 2 (-1)"""n""q((1-27") HurwitzZeta[-m, -1+ 2 p + 2 g] + Zeta[-m])
PoincareSum , {m, 1, °°}]+
- m

PolyGamma[-2, 2 p]+ PolyGamma[-2, 2 q]
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5 13 Log[2]
Inf- = TMPO4 = '-3p+2p2-3q+4pq+2q2+ _—2nLog[2]+n2 Log[2] -4 p Log[2]+2 np Log[2] +
4 12
2 p2 Log[2] -4 g Log[2]+2nqLog[2]+4pqLog[2]+2 q2 Log[2] - 3 Log[Glaisher] -
Log[n]
- n Log[n] +p Logn] - 2 p? Log[n] + q Log[n] - 2 g° Log[n] - p Log[r] - q Log[r] +
4
2(-1)"n™"((1-27"") HurwitzZeta[-1-m, -1 +2 p +2 q] + Zeta[-1 - m])
Poi ncareSum[ ’

l+m
{m, o, oo}] /. PoincareSumsplitoffTerms[1] |+

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]

Poi ncareSum[_ (-1)"n™"|- - -

m 1l1+m 1l+4+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+ 2 p HurwitzZeta[-m, 2 p] +
1+m

2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-2 Zeta[-m]|, {m, 1, oo}]+
1+m

2(=1)"n™p (HurwitzZeta[-m, 2 p] - Zeta[-m])

Poi ncareSum[— » {m, 1, °°}]+
m
2(-=1)"n™q (HurwitzZeta[-m, 2 q] - Zeta[-m])
Po-incareSum[— y {m, 1, °°}]+
m

2 (=1)y M pm ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])
Poi ncareSum[— 5 {m, 1, oo}] +

m
2(-1)" M p ((1-2"")HurwitzZeta[-m, —1+2 p +2 q] + Zeta[-m])
Po-incareSum[ s {m, 1, oo}]+
m

2(-1)"*"n™"q((1-2"") HurwitzZeta[-m, -1 +2 p + 2 q] + Zeta[-m])
Po-incareSum[ » {m, 1, °°}]+

PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]
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5 1 1
Outf J= _—3p+2p2—3q+4pq+2q2+2(—_+_HurwitzZeta[—l, —1+2p+2q])+

4 12 2
13 Log[2] ) )
—  -2nlLlog[2]+n° Log[2]-4 p Log[2]+2np Log[2]+2 p”° Log[2]-
12
5 Log[n]
4qlog[2]+2nqlog[2]+4pqglog[2]+2qg” Log[2]-3 Log[Glaisher]- -
4

n Log[n]+ p Log[n] -2 p2 Log[n]+ g Log[n] -2 q2 Log[n] - p Log[rT] - q Log[rT] +
2(-1)"n"((1-27""" HurwitzZeta[-1-m, -1+2p +2 gl + Zeta[-1 - m])

PoincareSum[ y {m, 1, °°}]+

l1+m

PoincareSum[— (-1)"n™"
m

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
14+m 1+m

(1-2""+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p]+
1+m

2 qHurwitzZeta[-m, 2]+ (1-27")(-2+2p+2q) HurwitzZeta[-m, -1+2p+2q] -
(L+2m)Zeta[-1-m]

—ZZeta[—m]), {m, 1, oo}]+

1+m
2(-1)"n""p (HurwitzZeta[-m, 2 p] - Zeta[-m])
PoincareSum|- » {m, 1, °°}]+
. m
- 2(-1)"n""q (HurwitzZeta[-m, 2 q] - Zeta[-m])
PoincareSum|- , {m, 1, oo}]+
. m
2(-1)"""n™™((1 - 27" HurwitzZeta[-m, -1 +2p +2 q] + Zeta[-m])
PoincareSum|- , {m, 1, °°}]+
. m

2 (-1)"""n™"p ((1-27") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])
PoincareSum

_ ,{m,l,oo}]+

2 (-1 n™q((1-27") HurwitzZeta[-m, -1+2 p +2 q] + Zeta[-m])
PoincareSum

_ ,{m,l,oo}]+

PolyGamma[-2, 2 p]+ PolyGamma[-2, 2 q]
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nf- 7= TMPO4 [l. PoincareSumCollect

5 5 , 1 1 13 Log[2]
ouf-]= — =3p+2p°-3q+4pq+2q +2|-" + T HurwitzZeta[-1, -1+2p+2q]]+—  -2nlog[2]+
4 12 2 12

n’ Log[2]-4 p Log[2]+2np Log[2]+2 p2 Log[2]-4 g lLog[2]+2nqlLog[2]+4pqLog[2]+2 q2 Log[2] -

o, Log[n] + p Log[n] - 2 p* Log[n] + q Log[n] - 2 g° Log[n] - p Log[n] -

Lo
3 Log[Glaisher] -

2(-1)"n™™((1-27'"")HurwitzZeta[-1-m, -1 +2 p+2q]+Zeta[-1-m])

q Log[r] + Po-incareSum[ +
1+m

1
= (- l)m nm

HurwitzZeta[-1-m, 2 p] HurwitzZetal-1-m, 2q]
m

1+m 1+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2(]

+
1+m
2 pHurwitzZeta[-m, 2 p]+2 qHurwitzZeta[-m, 2 q]+
(L+2m)Zeta[-1-m]

(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]- -2 Zeta[-m] |-
1+m

2(-1)"n""p (HurwitzZeta[-m, 2 p]-Zeta[-m]) 2(-1)"n""q(HurwitzZeta[-m, 2 q] - Zeta[-m])

m m

2 (=1)y MM ((1-2"")HurwitzZeta[-m, -1+ 2 p+2 q]+ Zeta[-m])

+
m

2(-1)""n""p((1-27") HurwitzZeta[-m, -1 +2 p + 2 q] + Zeta[-m])
+

m

2(-1)""n™q((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])

’
m

{m, 1, oo}] + PolyGamma[-2, 2 p]+ PolyGamma[-2, 2 q]
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5 11 13 Log[2]
inf- = TMPO5 = '-3p+2p2-3q+4pq+2q2+2(—_+ = HurwitzZeta[-1, —1+2p+2q])+ -
4 12 2 12
2nLog[2] + n? Log[2] -4 p Log[2]+2 np Log[2] +2 p2 Log[2] -4 q Log[2]+2 nq Log[2] +
Log[n]

4pglog[2]+2 q2 Log[2] - 3 Log[Glaisher] - -nLog[n] +p Log[n] -2 p2 Log[n] +
4
q Log[n] -2 q2 Log[n] - p Log[rt] - q Log[rt] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +

2(-1)"n™"((1-27""") HurwitzZeta[-1-m, -1 +2 p+2 q] + Zeta[-1 -m])

PoincareSum +
1+m
1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
- (- l)m n~m - _ _
m l1+m l1+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+2 p HurwitzZeta[-m, 2 p] +
1+m

2 qHurwitzZeta[-m, 2q]+(1-27")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(1+2m)Zeta[-1-m] 2(=1)"n™"p (HurwitzZeta[-m, 2 p] - Zeta[-m])

-2 Zeta[-m] |- -

1+m m

2(-1)"n"q (HurwitzzZeta[-m, 2 q] - Zeta[-m])

m

2(=1)y M pm ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])

+

m

2(-1)" M p ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])

+

m

2(-1) "M g ((1-2"")HurwitzZeta[-m, -1+ 2 p+2 q] + Zeta[-m])

» {m, 1, °°}];
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2(-1)"n™((1-2"""") HurwitzZeta[-1-m, -1 +2 p +2 q] + Zeta[-1 - m])
Inf~ = TMP = +
1+m

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
- (- l)m - _ _

m 1+m 1l+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+
1+m
2 pHurwitzZeta[-m, 2 p]+2 qHurwitzZeta[-m, 2q]+
(L+2m)Zeta[-1-m]
(1-27"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]- -2 Zeta[-m] |-
1+m

2(-1)"n™p (HurwitzZeta[-m, 2 p]-Zeta[-m]) 2(-1)"n™" q(HurwitzZeta[-m, 2 q]-Zeta[-m])

m m

2(-1)y M pm ((1-2"")HurwitzZeta[-m, -1+2p+2 q] + Zeta[-m])

+

m

2(-1)M"pMp ((1-2"")HurwitzZeta[-m, —1+2 p+2 q] + Zeta[-m])

+

m

2(-1)"*"n™q((1-2"") HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])

Il Simplify
m

1
our - T (=)™ 27" n™" (2" HurwitzZeta[-1-m, 2 p] + 2" HurwitzZeta[-1-m, 2 q] -

m (1 +m)
HurwitzZeta[-1-m, -1+2p+2q]+2" HurwitzZeta[-1-m, -1+2p+2q]+2" Zeta[—l—m])
Auxiliary results
- 27" (2" HurwitzZeta[-1-m, 2 p]+2" HurwitzZeta[-1-m, 2 ] -HurwitzZeta[-1-m, -1+2p+2q]+
2" HurwitzZeta[-1-m, -1+2p+2q]+2" Zeta[-1-m]) // Expand
ouf- - HurwitzZeta[-1-m, 2 p]+HurwitzZeta[-1-m, 2q]+
HurwitzZeta[-1-m, -1+2p+2q]-2"HurwitzZeta[-1-m, -1+2p+2q]+Zeta[-1-m]
- - +HurwitzZeta[-1-m, =1+2p+2q]-2"" HurwitzZeta[-1-m, —=1+2p+2q] // Simplify

our- - 27" (-1 +2") HurwitzZeta[-1-m, —1+2p+2(]

- (27" (-1+2") /I Distribute) HurwitzZeta[-1-m, -1+2p+2q]

our- - (L=2"")HurwitzZeta[-1-m, -1+2p+2d]
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(_ 1)m—1
= TMP == = (Zeta[—m - 1]+ HurwitzZeta[-m -1, 2 p] + HurwitzZeta[-m-1, 2q] +
m(m+1)

(1-2"")HurwitzzZeta[-1-m, -1+2p+2q])n™" // FullSimplify

outf- |- True

5 1 1
in[- = TMPO6 = ‘—3p+2p2—3q+4pq+2q2+2(—_+‘Hurw-itzZeta[—l, —1+2p+2q])+
12

4 2
13 Log[2]
-2nLog[2] + n? Log[2] -4 p Log[2]+2 np Log[2] +2 p2 Log[2] -4 q Log[2] +
12
Log[n]
2nqlog[2]+4pqlog[2]+2 q2 Log[2] - 3 Log[Glaisher] - -nLog[n] +p Log[n] -
4

2 p2 Log[n] + q Log[n] - 2 q2 Log[n] - p Log[rt] - q Log[rt] + PolyGamma[-2, 2 p] +

(_ l)m—l
PolyGamma[-2, 2 q] + Poi ncareSum[_ (Zeta[—m - 1]+ HurwitzZeta[-m-1, 2 p] +
m (m + 1)

HurwitzZeta[-m-1, 2q]+(1-2")HurwitzZeta[-1-m, -1+2p+2q])n™", {m, 1, oo}];

Leading terms

5 11 13 Log[2]
Inf ].:TMP:_—3p+2p2—3q+4pq+2q2+2 -~ + T HurwitzZeta[-1, -1+2p+2ql|+— -

4 12 2 12
2nLog[2] + n? Log[2] -4 p Log[2]+ 2 np Log[2] +2 p2 Log[2] -4 q Log[2]+2 nq Log[2] +
Log(n]

4pqlog[2]+2 q2 Log[2] - 3 Log[Glaisher] - —-nLog[n] +p Log[n] -2 p2 Log[n] +

4
g Log[n] -2 q2 Log[n] - p Log[rt] - q Log[rt] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q];

Auxiliary results
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5 11 13 Log[2]
Inf J:= ‘-3p+2p2—3q+4pq+2q2+2 - + T HurwitzZeta[-1, -1+2p+2q] |+~ -2nlLog[2]+
4 12 2 12

n? Log[2] -4 p Log[2]+2 np Log[2] +2 p2 Log[2] -4 qLog[2]+2nqLog[2]+4pqLog[2]+

Log[n]

2 qz Log[2] - 3 Log[Glaisher] - -nLog[n] +p Log[n] -2 p2 Log[n] + q Log[n] -2 q2 Log[n] -

4
p Log[rt] - q Log[rt] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] // FunctionExpand // Expand

13 Log[2] > )
ouf- 1= — . —2nlLog[2]+n” Log[2]-4p Log[2]+2np Log[2]+2p” Log[2]-4 qLog[2]+2nqgLog[2]+
12

n]

Lo
4pqlog[2]+2 q2 Log[2] - 3 Log[Glaisher] - -nLog[n]+pLog[n]-2 p2 Log[n] +

g Log[n] -2 q2 Log[n] - p Log[rt] - q Log[rT] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]

inf- = =2nLog[2]+2 np Log[2] + 2 nq Log[2] // Simplify
ouf-]-2n(-=1+p+q)Log[2]
13 Log[2]

=" —4pLog[2]+2 p2 Log[2] -4 q Log[2]+4 pqLog[2]+2 q2 Log[2] -
12

Log[n]

3 Log[Glaisher] - +p Log[n] -2 p2 Log[n] + q Log[n] - 2 q2 Log[n] - p Log[rT] -
4
q Log[r] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] // Collect[H, {Log[n]}] &

13 Log[2]

ouf- 1= — . —4plog[2]+2 p2 Log[2]-4 g Log[2]+4 pqglLog[2]+2 q2 Log[2] - 3 Log[Glaisher] +
12
1
(— “+p-2 p2 +q-2 qz) Log[n] - p Log[rT] - q Log[rT] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]
4
1 1\2 1\2
Inf« J:= + —_+p—2p2+q—2q2 ==2|lp=-"1 +|9-" Il FullSimplify
4 4 4
ouf- - True
13 Log[2]
=T —4pLog[2]+2 p2 Log[2] -4 q Log[2]+4 pqLog[2]+2 q2 Log[2] -
12

3 Log[Glaisher]-p Log[rr] - q Log[rr] // Collect[H, {Log[2], Log[rr]}] &

13
Outf « J= (_ -4p+2 p2 -4q+4pg+2 qz) Log[2] - 3 Log[Glaisher] +(-p-q) Log[rT]
12

13
Inf+ J:= ——4p+2p2—4q+4pq+2q2 ==2((p+q—1)2—
12

11
= | // FullSimplify
24

ouf-J- True
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inf- = TMP == Log[2] n? -n Log[n] +2 Log[2](p+q-1)n-

1\2 1\2 11
2 ((p— ') +(q— ') )Log[n] +2 ((p+q -1)*- _)Log[2]—(p+q) Log[rr] -
4 4 24

3 Log[Glaisher] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] // FullSimplify

outf- |- True

TMPO7 = Log[2] n? -n Log[n] +2 Log[2](p+q-1)n-

1\ 1\2 11
2 ((p— ') +(q— ') )Log[n] +2 ((p+q -1)° - _)Log[2]—(p+q) Log[r] -
4 4 24

3 Log[Glaisher] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +

(_ 1)m—1
PoincareSum|— (Zeta[—m - 1]+ HurwitzZeta[-m -1, 2 p] + HurwitzZeta[-m-1, 2q] +
m (m + 1)

(1-2"")Hurwitzzeta[-1-m, -1+2p+2q])n™", {m, 1, oo}];

Formula

- 7=  ASYMPL[n_, q_, p_] := Log[2] n’ -n Log[n] +

1\2 1\2 11
2 Log[2](p+q—1)n-2((p-') +(q—'))Log[n]+2((p+q—1)2—_)Log[2]—
24

4 4
(p + q) Log[rr] - 3 Log[Glaisher] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +
(_ 1)m—1
Poi ncareSum[_ (Zeta[—m — 1] +HurwitzZeta[-m -1, 2 p] + HurwitzZeta[-m-1, 2q] +
m(m+ 1)

m

(1-2"")HurwitzzZeta[-1-m, -1+2p+2q])n™", {m, 1, oo}];

Cross Check

2(n+p+q-1)LogAln, a, B]-LogD[n, a, B]-2pLogP[n, a, Bl-2qLogP[n, B, al;
(* for comparison %)
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- AIn_, a_, B_] :=2""Binomial[2n+a+ B, n];

Discr[n_, a_, B_] :=2""("1) Product[v"'2 "2vra)t(v+B)  H(ventra+B)"Y, {v, 1, n}];

=1/2;

=17}
a=2p-1;
B=2q-1;

REFLogA = - Log[2] n + Log[Gamma[2 n+ a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];
REFLogD = = n(n-1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a+ B];
REFLogP[n_, a_, B_] := - Log[Gamma[a + 1]] + Log[Gamma[n + a + 1]] - Log[Gamma[n + 1]];

REF=2(n+p+q-1)REFLogA-REFLogD -2 p REFLogP[n, a, B]-2 qREFLogP[n, B, al;

2
JacobiP[n,a, 8,1]° alD'iscrin;a;éi ((=1)"JacobiP[n,a, g ,-1])
(+ ~Log] ] »
Aln,a, B° A[n,ayﬁ]n_l Aln,a, B]°
K =203

ASYMP = ASYMPL[n, q, p] /. PoincareSumNormalize[K - 1];
LogLogPlot[{Abs[REF - ASYNP], n™}, {n, 1, 100000}, WorkingPrecision - 512]

Clear[a, B, n, p, q, zeros, K];

1
Outf+ |=
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Proof of Theorem 1.3

Verification of starting point

Formula clear by definition of logarithmic energy and definition of discriminant.

Application of asymptotics

2(n-1)LogAln, a, B]-LogD[n, a, Bl;

ASYMPA[n, a, Bl;
ASYMPD[n, a, B];

(* for comparison ... %)
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nf-]=a@=2p=13
B=2q-1;

TMPO1 = 2 (n = 1) ASYMPA[n, a, B]-ASYMPD[n, a, B] // Expand

Clear[a, Bl;

5 2 , 13 Log[2]
ouf-]= — =3p+2p°-3q+4pqg+2q9°+ -2nlog[2]+
4 12
) ) 2 Log[n]
n“ Log[2] -2 p” Log[2] -4 p g Log[2]-2qg“ Log[2] - 3 Log[Glaisher]- -
4
n Log[n]+2 p2 Log[n]+ 2 q2 Log[n] - 2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] -

1 )—l+m o (_ HurwitzZeta[-1-m, 2 p] B HurwitzZeta[-1-m, 2q] B

Poinca reSum[_ (-1

m l1+m 1l+m

(1-2""+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p]+
1+m

2 qHurwitzZeta[-m, 2]+ (1-27")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-2 Zeta[—m]), {m, 1, °°}] B
1+m

(1) n™™((1- 27" HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
2 Poi ncareSum[

_ ,{m,l,oo}]+

, {m, 1, oo}]+

(-1)™"*"n™((1-27") HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
2 nPoinca reSum[

m
PolyGamma[-2, 2 p] +
PolyGamma[-2, 2q]
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Simplification
inf- = TMPO1 /. PoincareSumFactorUnderSum

5 5 , 13 Log[2]
ouf-]=- T =3p+2p°-3q+4pq+29°+ -2nlLog[2]+

4 12

2 2 2 Log[n]
n“ Log[2] -2 p“ Log[2]-4 pgLog[2]-2q” Log[2] - 3 Log[Glaisher]- -
4

n Log[n]+2 p2 Log[n]+2 q2 Log[n] -2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] +
1 B ( HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2(]

Po-incareSum[_ (-1)"n™"
m

(1-2""+(2-2"")m)HurwitzZeta[-1-m, —1+2p+2(]

1+m 1+m

+2pHurwitzZeta[-m, 2 p] +

1+m
2 qHurwitzZeta[-m, 2]+ (1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(1+2m)Zeta[-1-m]

-2 Zeta[—m]), {m, 1, °°}]+
1+m

2(-1)"""nt" ((1 - 27") HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
[ ) {m’ 1, m}]+

PoincareSum
m

2(-1)™"n™™((1 - 27") HurwitzZeta[-m, -1+ 2 p + 2 g] + Zeta[-m])
» {m, 1, °°}]+

Poinca reSum[—
m

PolyGamma[-2, 2 p] +
PolyGamma[-2, 2 q]
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5 13 Log[2]
inf = TMPO2 = '-3p+2p2-3q+4pq+2q2+ = -2nlog[2]+
4 12
Log[n]
n? Log[2] -2 p2 Log[2] -4 p q Log[2] -2 q2 Log[2] - 3 Log[Glaisher] - -
4

n Log[n] +2 p2 Log[n] + 2 q2 Log[n] - 2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] +

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
Poi ncareSum[— (-1)"n™"|- - -

m 1l1+m 1+4+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+2 p HurwitzZeta[-m, 2 p] +
l1+m
2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-2 Zeta[-m]|, {m, 1, oo}]+
1+m

2 (=1)" M plom ((1-2"")HurwitzZeta[-m, -1+ 2 p +2 q] + Zeta[-m])
PoincareSum y {m, 1, °°}] I.

PoincareSumIndexShiftUp[1] |+

2(-1)""*"n™((1-2™") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])
Poi ncareSum[— s {m, 1, oo}] +

PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]
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5 ) , 13 Log[2]
ouf-]= — =3p+2p°-3q+4pq+29°+—  -2nlog[2]+
4 12
n“ Log[2] -2 p“ Log[2]-4 pqgLog[2]-2q” Log[2] - 3 Log[Glaisher]- -
4

n Log[n]+2 p2 Log[n]+2 q2 Log[n] -2 p Log[Gamma[2 p]] - 2 g Log[Gamma[2 q]] +
2(-1)"n™((1-27'"")HurwitzZeta[-1-m, -1 +2 p +2q] + Zeta[-1-m])

Po-incareSum[ , {m, 0, w}]+

1+m

( HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2(]

1
Poinca reSum[_ (-1)"n™"

m 1+m 1+m

(1-2"+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p]+
1+m

2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-zZeta[—m]), {m, 1, °°}]+
1+m

2 (=1) MM (1-2"")HurwitzZeta[-m, -1+2 p + 2 q] + Zeta[-m])

PoincareSum[— , {m, 1, w}]+

m
PolyGamma[-2, 2 p]+
PolyGamma[-2, 2 q]
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5 13 Log[2]
in[ = TMPO3 = '-3p+2p2-3q+4pq+2q2+ = -2nlog[2]+
4 12
Log[n]
n? Log[2] -2 p2 Log[2] -4 p q Log[2] -2 q2 Log[2] - 3 Log[Glaisher] - -
4

n Log[n] +2 p2 Log[n] + 2 q2 Log[n] - 2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] +

2(-1)"n™"((1-27"") HurwitzZeta[-1-m, -1 +2 p +2 q] + Zeta[-1 - m])
Poi ncareSum[ s

l+m
{m, o, oo}] /. PoincareSumsplitoffTerms[1] |+

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]

Poi ncareSum[_ (-1)"n™"|- - -

m 1l1+m 1l+4+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]

+ 2 p HurwitzZeta[-m, 2 p] +
1+m

2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-

(L+2m)Zeta[-1-m]

-2 Zeta[-m]|, {m, 1, oo}]+
1+m

2(-1)""*"n™((1-2™") HurwitzZeta[-m, -1+ 2 p + 2 q] + Zeta[-m])
Poi ncareSum[— s {m, 1, oo}] +

PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]



70 | Br2021_completeAsympFinitelnterval_revision_TEST.nb

5 5 , 1 1 13 Log[2]
ouf-]= — =3p+2p°-3q+4pq+2qg°+2|-" + ~ HurwitzZeta[-1, -1+2p+2q])]+— -
4 12 2 12
2nLog[2]+ n? Log[2]-2 p2 Log[2]-4 pqlLog[2]-2 q2 Log[2] - 3 Log[Glaisher] -

Log[n]

-nLog[n]+2 p2 Log[n]+2 q2 Log[n] -2 p Log[Gamma[2 p]] - 2 g Log[Gamma[2 q]] +

2(-1)"n™((1-27'"")HurwitzZeta[-1-m, -1 +2 p +2q] + Zeta[-1-m])

Po-incareSum[ , {m, 1, w}]+

1+m

( HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2(]

1
Poinca reSum[_ (-1)"n™"

m 1+m 1+m

(1-2"+(2-2"")m)HurwitzZeta[-1-m, -1+2p+2q]

+2 pHurwitzZeta[-m, 2 p]+
1+m

2 qHurwitzZeta[-m, 2q]+(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-
(L+2m)Zeta[-1-m]

-zZeta[—m]), {m, 1, °°}]+
1+m

2 (=1) MM (1-2"")HurwitzZeta[-m, -1+2 p + 2 q] + Zeta[-m])

PoincareSum[— , {m, 1, w}]+

m
PolyGamma[-2, 2 p] +
PolyGamma[-2, 2 q]
[~ = TMPO3 //. PoincareSumCollect
5 5 5 1 1 13 Log[2]
ouf-]= —=3p+2p°-3q+4pq+2qg°+2|-" + T HurwitzZeta[-1, -1+2p+2q])+— -
4 12 2 12
2nLog[2]+ n’ Log[2]-2 p2 Log[2]-4 pqLog[2]-2 q2 Log[2] - 3 Log[Glaisher] -
Log[n] 5 )
-nLog[n]+2p”° Log[n]+2q” Log[n] -2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] +
4
2(-1)"n"((1-2"""" HurwitzZeta[-1-m, -1+2p+2 ]+ Zeta[-1 - m])
Poinca reSum[ +
1+m
1 1) HurwitzZeta[-1-m, 2 p] HurwitzZeta[-1-m, 2q]
= 1"n"]- - -
m 1+m 1+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1 +2p+2(]

+
1+m

2 pHurwitzZeta[-m, 2 p]+2 qHurwitzZeta[-m, 2 q]+
(L+2m)Zeta[-1-m]

(1-2"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]- -2 Zeta[—m])—

l1+m

2 (=1)y MM ((1-2"")HurwitzZeta[-m, -1+ 2 p+2 q] + Zeta[-m])

i ,{m,l,oo}]+

PolyGamma[-2, 2 p]+ PolyGamma[-2, 2 q]



Br2021_completeAsympFinitelnterval_revision_TEST.nb

5 1 1
in[ = TMPO4 = '—3p+2p2—3q+4pq+2q2+2 -~ + T HurwitzZeta[-1, —1+2p+2q])+
4 12 2
13 Log[2]
-2nLog[2] + n? Log[2] -2 p2 Log[2] -4 p q Log[2] -2 q2 Log[2] -
12
Log[n]
3 Log[Glaisher] - -nLog[n] +2 p2 Log[n] + 2 q2 Log[n] - 2 p Log[Gamma[2 p]] -
4

2 g Log[Gamma[2 q]] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +

2(-1)"n™"((1-27""") HurwitzZeta[-1-m, -1 +2 p +2 q] + Zeta[-1 - m])
+

PoincareSum
1+m

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
- (- l)m n~m - _ _
m l1+m l1+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]
+

1+m

2 pHurwitzZeta[-m, 2 p] +2 qHurwitzZeta[-m, 2 q] +
(L+2m)Zeta[-1-m]

-2 Zeta[-m] |-

(1-27")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]-
1+m

2(-=1)™*"n™"((1-2"") HurwitzZeta[-m, -1 +2 p +2 q] + Zeta[-m])
s {m, 1, °°}];
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2(-1)"n™((1-2"""") HurwitzZeta[-1-m, -1 +2 p +2 q] + Zeta[-1 - m])
Inf~ = TMP = +

1l1+m

1 HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q]
- (- l)m - _ _

m 1+m 1l+m

(1-2"+(2-2"")m) HurwitzZeta[-1-m, -1+2p+2q]
+

1+m

2 pHurwitzZeta[-m, 2 p]+2 qHurwitzZeta[-m, 2q]+

(L+2m)Zeta[-1-m]
(1-27"")(-2+2p+2q)HurwitzZeta[-m, -1+2p+2q]- -2 Zeta[-m] |-

l1+m

2(-1)™*"n™((1-2"") HurwitzZeta[-m, -1 +2 p + 2 q] + Zeta[-m])

Il Simplify

1 1+m _-m
ouf-]- —_(=1)7""'n
m (1 + m)

(HurwitzZeta[—l—m, 2 p]l+HurwitzZeta[-1-m, 2q]+HurwitzZeta[-1-m, -1+2p+2q]-
2" HurwitzZeta[-1-m, —1+2p+2q]-2(1+m)pHurwitzZeta[-m, 2 p]-
2(1+m)qHurwitzZeta[-m, 2qg]-2(1+m)pHurwitzZeta[-m, —1+2p+2q]+
21 (L+m)pHurwitzZetal-m, —1+2p+2q]-2(1+m)qHurwitzZeta[-m, -1+2p+2q]+
2t (L+m)gHurwitzZetal-m, —1+2p+2q]+Zeta[-1- m])

Auxiliary results

1
O = — (Hurw-itzZeta[—l—m, 2 p] + HurwitzZeta[-1-m, 2 q] + HurwitzZeta[-1-m, -1+2p+2q] -
(1 +m)
2" HurwitzZeta[-1-m, —-1+2p+2q]-2(1+m)pHurwitzZeta[-m, 2 p] -
2(1+m)qHurwitzZeta[-m, 2q]-2(1+m)pHurwitzZeta[-m, -1+2p+2q]+
21" (L+m)pHurwitzZeta[-m, -1+2p+2q]-2(1+m)qHurwitzZeta[-m, -1+2p+2q]+
21" (L+m)qHurwitzZeta[-m, -1+2 p+2q]+Zeta[—1—m]) Il Expand
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HurwitzZeta[-1-m, 2p] HurwitzZeta[-1-m, 2q] HurwitzZeta[-1-m, -1+2p+2(q]
In[+ ]:= + + -

1+m 1+m 1+m

2™ HurwitzZeta[-1-m, =1+2p+2q] 2pHurwitzZeta[-m, 2p] 2mpHurwitzZeta[-m, 2 p]

1+m 1+m 1+m

2 qHurwitzZeta[-m, 2q] 2mqHurwitzZeta[-m, 2q] 2pHurwitzZeta[-m, -1+2p+2q]
- - +

1+m 1+m 1+m

21" p HurwitzZeta[-m, -1+2p+2q] 2mpHurwitzZeta[-m, -1+2p+2q]

- +
1+m 1+m
21" m p HurwitzZeta[-m, -1+2p+2q] 2qHurwitzZeta[-m, -1+2p+2q]
- +
1+m 1+m
21" q HurwitzZeta[-m, -1+2p+2q] 2mqHurwitzZeta[-m, -1+2p+2q]
- +

1+m 1+m

21" m qHurwitzZeta[-m, -1+2p+2q] Zeta[-1-m] _
+ 1l Co'l'Lect[tt, {_}, S'imp'l.'ify] &
1+m 1+m m+1

i - =2Y"™ (=14 2") p HurwitzzZeta[-m, -1+2p+2q] -
21" (-1+2") qHurwitzZeta[-m, -1+2p+2q] // FullSimplify

1= =2(27" (=1 +2") Il Expand) (p + q) HurwitzZeta[-m, -1+2p+2q]

our- - =2(1=2"") (p + ) HurwitzZeta[-m, -1 +2 p + 2 q]

(_ 1)m—1 1
nf-j= TMP == —
m m+1

(1-2"")HurwitzZeta[-m-1, 2p+2q=-1])-2p HurwitzZeta[-m, 2p]-2q

(Zeta[-m — 1]+ HurwitzZeta[-m -1, 2 p] + HurwitzZeta[-m-1, 2q] +

HurwitzZeta[-m, 2q]-2(1-2"")(p+q) HurwitzZeta[-m, -1+2p+2q]|n™" // FullSimplify

ou-J- True
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5 1 1
in[- = TMPO5 = '—3p+2p2—3q+4pq+2q2+2 -~ + T HurwitzZeta[-1, —1+2p+2q])+

4 12 2
13 Log[2]
-2nLog[2] + n? Log[2] -2 p2 Log[2] -4 p q Log[2] -2 q2 Log[2] -
12

Log[n]

3 Log[Glaisher] - -nLog[n] +2 p2 Log[n] + 2 q2 Log[n] - 2 p Log[Gamma[2 p]] -

4
2 g Log[Gamma[2 q]] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] +

(_ l)m—l 1
Po-incareSum[ (Zeta[—m - 1] +HurwitzZeta[-m-1, 2 p]+HurwitzZeta[-m-1, 2q] +
m m+1

(1-2"")HurwitzZeta[-m-1, 2p+2q-1])-2p HurwitzZeta[-m, 2 p] -
2 qHurwitzZeta[-m, 2q]-2(1-2"")(p+q) HurwitzZeta[-m, -1+2 p+2q])n_m, {m, 1, oo}];
Leading terms

Inf- = TMP =

5 1 1 13 Log[2]
'—3p+2p2—3q+4pq+2q2+2 -~ + T HurwitzZeta[-1, -1+2p+2q]|+ — -2nlLog[2]+
4 12 2 12

Log[n]

n? Log[2] - 2 p2 Log[2] -4 p q Log[2] -2 q2 Log[2] - 3 Log[Glaisher] - -nLog[n] +
4

2 p2 Log[n] +2 q2 Log[n] - 2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] +

PolyGamma[-2, 2 p]+PolyGamma[-2, 2 q] // FunctionExpand // Expand

13 Log[2] 2 2
ouf- 1= — . —2nlLog[2]+n” Log[2]-2p” Log[2]-4 pqLog[2]-
12

) Log[n] 2 )
2 q° Log[2] - 3 Log[Glaisher] - -nLog[n]+2p° Log[n]+2q“ Log[n] -
4

2 p Log[Gamma[2 p]] - 2 g Log[Gamma[2 q]] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]

Auxiliary results

13 Log[2]
=T =2 p2 Log[2] -4 p qLog[2]-2 q2 Log[2] - 3 Log[Glaisher] -
12

Log[n]

+2 p2 Log[n] + 2 q2 Log[n] - 2 p Log[Gamma[2 p]] - 2 g Log[Gamma[2 q]] +
4

PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q] // Collect[H, {Log[n], Log[2]}] &
13 2 2 . 1 2 2
outf« = -2p°-4pqg-29°)Log[2]-3 Log[Glaisher]+|-—+2p“+2q°)Log[n]-
12 4
2 p Log[Gamma[2 p]] - 2 q Log[Gamma[2 q]] + PolyGamma[-2, 2 p] + PolyGamma[-2, 2 q]



Inf+ J:=

(13 \
—-2p*-4pq-2¢°
\12 /
2 q Log[Gamma[2 q]] + P

(13 \
—-2p*-4pq-2¢°
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Log[2] - 3 Log[Glaisher] -2 p Log[Gamma[2 p]] -

olyGamma[-2, 2 p] + PolyGamma[-2, 2 q]

\12 /

outf- |- True

13
Log[2] == -2 ((p +q)° - _) Log[2] /I FullSimplify
24

1

inf- = TMP == Log[2] n? -n Log[n] -2 Log[2] n +2 (+ p2 + qz - ')Log[n] -

13

8

2 ((p + q)2 - _) Log[2] - 3 Log[Glaisher] -2 p Log[Gamma[2 p]] +

24
PolyGamma[-2, 2 p]

ouf- = True

-2 g Log[Gamma[2 q]] + PolyGamma[-2, 2 q] // FullSimplify

1

inf- = TMPO6 = Log[2] n® -n Log[n] -2 Log[2] n +2 (+ p2 + q2 - _)Log[n] -

13

8

2 ((p + q)2 - _) Log[2] - 3 Log[Glaisher] -2 p Log[Gamma[2 p]] +

24
PolyGamma[-2, 2 p]
(=1)"

Poi ncareSum[
m

-2 q Log[Gamma[2 q]] + PolyGamma[-2, 2 q] +

-1

1

( (Zeta[—m - 1]+ HurwitzZeta[-m -1, 2 p] + HurwitzZeta[-m-1, 2q] +
m+1

(1-2"")HurwitzZeta[-m-1, 2 p+2q=-1])-2 p HurwitzZeta[-m, 2 p]-

2 g HurwitzZe

ta[-m, 2q]-2(1-27")(p+q) HurwitzZeta[-m, —1+2p+2q])n'm, {m, 1, oo}];
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Formula
inf-1=  ASYMPEO[n_, q_, p_] :=
1 13
Log[2] n? -n Log[n] -2 Log[2] n +2 (+ p2 + q2 - ') Log[n] - 2 ((p + q)2 - _) Log[2] -
8 24

3 Log[Glaisher] -2 p Log[Gamma[2 p]] + PolyGamma[-2, 2 p] - 2 q Log[Gamma[2 q]] +

(_ 1)m—1 1
PolyGamma[-2, 2 q] + Po-incar'eSum[ (Zeta[—m — 1]+ HurwitzZeta[-m-1, 2 p]+

m m+1

HurwitzZeta[-m-1, 2 q]+(1-2"") HurwitzZeta[-m-1, 2p+2q-1])-
2 pHurwitzZeta[-m, 2 p] -2 qHurwitzZeta[-m, 2 q] -

2(1-2"")(p +q) HurwitzZeta[-m, -1+2p+2q])n'm, {m, 1, oo}];

Cross Check

2(n-1)LogAln, a, B]-LogD[n, a, B]; (+ for comparison %)
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- AIn_, a_, B_] :=2""Binomial[2n+a+ B, n];

Discr[n_, a_, B_] :=2""("1) Product[v"'2 "2vra)t(v+B)  H(ventra+B)"Y, {v, 1, n}];

=1/2;

=17}
a=2p-1;
B=2q-1;

REFLogA = - Log[2] n + Log[Gamma[2 n+ a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];
REFLogD = = n(n-1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a+ B];

REF =2 (n-1) REFLogA - REFLogD;

K =40;

ASYMP = ASYMPEO[n, q, p] /. PoincareSumNormalize[K - 1];

LogLogPlot[{Abs[REF - ASYNP], n™}, {n, 1, 100000}, WorkingPrecision - 512]

Clear[a, B, n, p, q, zeros, K];

10780

Outf+ |=

10—110

10—160
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Proof of Theorem 1.4

Cross check of starting point

Formula clear by definition of logarithmic energy, potential energy, and definition of discriminant.

n-j=n=M=23 (¥ M instead of N which is used in Mathematica %)

B=2q-1;

REFLogA = - Log[2] n + Log[Gamma[2 n+ a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];
REFLogD = = n(n-1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a+ B];
REFLogP[n_, a_, B_] := - Log[Gamma[a + 1]] + Log[Gamma[n + a + 1]] - Log[Gamma[n + 1]];

REF =2 (n+ 1) REFLogA - REFLogD - 4 REFLogP[n, a, B]-2 Log[2];

AmM = 2" "D M product[k®¥, {k, 1, M=-1}] « Product[k™, {k, M=1, 2 (M- 1)}];

RES = - Log[AM];

Table[RES == REF // FullSimplify, {M, 2, 16}]

Clear[a, B, n, p, q, zeros, K];

ouf-J- {True, True, True, True, True, True, True, True, True}
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n-j=n=M=23 (¥ M instead of N which is used in Mathematica %)

p=1;
q=1;
a=2p-1;
B=2q-1;

REFLogA = - Log[2] n + Log[Gamma[2 n+ a + B + 1]] - Log[Gamma[n + a + B + 1]] - Log[Gamma[n + 1]];
REFLogD = — n(n-1) Log[2] + FracA2[n] + FracB2[n, a]+ FracB2[n, B]+ FracC2[n, a+ B];
REFLogP[n_, a_, B_] := - Log[Gamma[a + 1]] + Log[Gamma[n + a + 1]] - Log[Gamma[n + 1]];

REF =2 (n+ 1) REFLogA - REFLogD - 4 REFLogP[n, a, B]-2 Log[2];

RES = —M (M- 1) Log[2] - M Log[M] + 3 Zeta»*®[-1, 1] -
3Zeta'V' V-1, M] - zeta'V V-1, M- 1]+ zetaVO[-1, 2M-1];

Table[RES == REF // FullSimplify, {M, 2, 16}]

Clear[a, B, n, p, q, zeros, K];

ouf- - {True, True, True, True, True, True, True, True, True}

Application of asymptotics

-M (M- 1) Log[2] - M Log[M] + 3 Zeta»»®[-1, 1] -
3ZetaV -1, M]-zeta'V' V-1, M- 1]+ Zeta't V-1, 2 M- 1];

AsymptoticsLogGamma[a, x];

AsymptoticsHurwitzZetaPrime[a, x];

(* for comparison ... %)
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inf- = TMPO1L = =M (M- 1) Log[2] - M Log[M] + 3 Zeta(l’e)[—l, 1] - 3 AsymptoticsHurwitzZetaPrime[0, M] -
AsymptoticsHurwitzZetaPrime[-1, M] + AsymptoticsHurwitzZetaPrime[-1, 2 M] // Expand

Clear[a, Bl;

1 2 4 Log[M] 2 13
ouf-]- =~ +MLog[2] -M" Log[2]- —  +2MLog[M]-2M" Log[M]+ — Log[2M]-
4 3 12

(-1)"M™HurwitzZeta[-1-m, —-1]

3 M Log[2 M] + 2 M? Log[2 M] - Po-incareSum[ , {m, 1, oo}] +

m (1 + m)

(— 'L)m M™™ HurwitzZeta[-1-m, -1]

PoincareSum[ , {m, 1, w}]—

m (1 +m)

(-1)"M™HurwitzZeta[-1-m, 0]

3 Po‘lncareSum[ s {m, 1, m}]+3 Zeta(l’o)[—l, 1]

m (1 + m)

Simplification
in[- = TMPO@2 = TMPO1 /. PoincareSumFactorUnderSum
1 5 4 Log[M] 5 13
ouf- - == +MLog[2] -M“ Log[2]- =  +2MLog[M] -2M" Log[M]+ — Log[2M]-3MLog[2M]+
4 3 12

()" M ™ HurwitzZeta[-1-m, -1]

2 M% Log[2 M] + Po-incareSum[ , {m, 1, °°}] +

m (1 + m)

- 'L)m M™™ HurwitzZeta[-1-m, -1]

Po-incareSum[ , {m, 1, w}]+

m (1 + m)

-1)"M " HurwitzZeta[-1-m, 0]

- 3 (1,0)
Po1ncareSum[— y {m, 1, oo}]+3Zeta -1, 1]

m (1 +m)

inf- = TMPO2 /l. PoincareSumCollect

1 , 4 Log[M] , 13 ,
ouf-]- =~ +MLog[2] -M" Log[2]- —  +2MLog[M] -2M" Log[M]+ — Log[2M]-3 MLog[2M]+2M" Log[2 M] +
4 3 12

\™ m .
(- l)1+m M™ HurwitzzZeta[-1-m, —1] (— 2) M™ HurwitzZeta[-1-m, -1]
+

Po-incareSum[
m (1 + m) m (1 +m)

3(=1)"M ™HurwitzZeta[-1-m, 0]

,{m, 1, oo}]+3Zeta(l’0)[—1, 1]
m (1 + m)
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1 4 Log[M]
TMPO3 = -~ + M Log[2] - M2 Log[2]- — +
4 3
13
2 M Log[M] - 2 M* Log[M] + = Log[2 M] - 3 M Log[2 M] + 2 M Log[2 M] +
12

I\
(=1)™" M HurwitzZeta[-1-m, -1] (' 2) W HurwitzZeta[-1-m, -1]

PoincareSum + -
m (1 +m) m(1+m)

3(-1)"M™™HurwitzZeta[-1-m, 0]

, {m, 1, oo}]+32eta(1’°)[-1, 1];
m (1 +m)

(-1)"*"M™HurwitzZeta[-1-m, —-1]
Inf~ = TMP = +
m (1 +m)

I\" m .
(_ 2) M Hurwitzzetal-1-m, =11 5 qymy-m gy rwitzzeta[-1-m, 0]
- Il Factor

m (1 +m) m (1 +m)

; 1+m H-m ,,—m
outf« J= (-1 27M
m (1 +m)

(-HurwitzZeta[-1-m, -1]+2" HurwitzZeta[-1-m, -1]+ 3 » 2" HurwitzZeta[-1-m, 0])
- 27" (~HurwitzZeta[-1-m, —1]+2" HurwitzZeta[-1-m, —1]+3 » 2" HurwitzZeta[-1-m, 0]) //
Expand
i1~ (HurwitzZeta[-1-m, =1] - 27" HurwitzZeta[-1-m, -1] // Simplify)+ 3 HurwitzZeta[-1-m, 0]
1= (27" (-1+2") /I Distribute) HurwitzZeta[-1-m, -1]+ 3 HurwitzZeta[-1-m, 0]
our- - (1=2"")HurwitzZeta[-1-m, -1]+ 3 HurwitzZeta[-1-m, 0]
(-1)"*

i1~ TMP == = (3 HurwitzZeta[-1-m, 0]+ (1-27") HurwitzZeta[-1-m, —1])M™" // FullSimplify
m(1+m)

outf- |- True
HurwitzZeta functions of given type can be changed to Bernoulli numbers and polynomials ...
-1~ 3HurwitzZeta[-1-m, 0] +(1-2"") HurwitzZeta[-1-m, -1] // FullSimplify
our- - 3(=1)"+(4 - 27" HurwitzZeta[-1-m, -1]
n- - Table[3 HurwitzZeta[-1-m, 0]+ (1-27") HurwitzZeta[-1-m, -1] ==
3(-1)"+(4-2"")HurwitzZeta[-1-m, -1], {m, 1, 106}]

ouf- - {True, True, True, True, True, True, True, True, True, True}
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Inf+ J= Tab'Le[3 HurwitzZeta[-1-m, 0]+ (1-2"")HurwitzZeta[-1-m, -1] ==

BernoulliB[m + 2] BernoulliB[m +2, -1]
-3 -(1-2™") , {m, 1, 10}]
m+2 m+2

ouf- - {True, True, True, True, True, True, True, True, True, True}

-1~ 3HurwitzZeta[-1-m, 0]+ (1-2"") HurwitzZeta[-1-m, -1] ==

BernoulliB[m + 2] BernoulliB[m +2, -1]
-3 -(1-2" I
m+2 m+2

FullSimplify[H, Assumptions -» {m € Integers, m > 0}] &

ouf- - True

Since

i - BernoulliB[n, =1] == BernoulliB[n] +(-=1)" n // FullSimplify[H, Assumptions = {n € Integers}] &

outf- |- True
BernoulliB[m + 2] BernoulliB[m +2, -1]
Inf+]= =3 —(1—2_m) ==
m+2 m+2
BernoulliB[m + 2]
)™ (1-27") +(4-27") I
m+2

FullSimplify[H, Assumptions » {m € Integers, m > 0}] &

ou- - (=1 + (- l)m) BernoulliB[2 +m] ==

... which is true for integers >= 0.

1 BernoulliB[m + 2]
o= TMP == = |(1-27") +(4-27") M=l
m(1+m) m+2

FullSimplify[H, Assumptions - {m € Integers, m = 0}] &

(-1+(-1)")M " BernoulliB[2 + m]
Outf» |= ==
m

1 4 Log[M]
TMPO4 = - = + M Log[2] - M? Log[2] - ™ +2 M Log[M] -
4 3
13
2 M? Log[M] + — Log[2 M] - 3 M Log[2 M] + 2 M2 Log[2 M] + 3 Zeta»»®[-1, 1]+
12
1 BernoulliB[m + 2]
Po-incareSum[_ (1-27") +(4-27") M™, {m, 1, oo}];
m(1+m) m+2

Leading terms
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1 4 Log[M]
- TMP = = = + M Log[2] = M? Log[2] - = +2 M Log[M] - 2 M? Log[M] +
4 3
13
— Log[2 M] - 3 M Log[2 M] + 2 M? Log[2 M] + 3 Zeta»®[-1, 1] // FullSimplify
12
13 Log[2] ) Log[M]
ouf- 1= — . +M Log[2]-3 Log[Glaisher]- -MLog[4 M]
12 4
1 13 Log[2]
inf- = TMP == Log[2] M2 - M Log[M] -2 Log[2]M - = Log[M]l+ = -3 Log[Glaisher] // FullSimplify
4 12
outf- |- True
1 13 Log[2]
inf- 1= TMPO5 = Log[2] M2 - M Log[M] -2 Log[2]M - = Log[M]+ = -3 Log[Glaisher] +
4 12
1 BernoulliB[m + 2]
Po-incareSum[_ (1-27") +(4-27") M™, {m, 1, oo}];
m (1 +m) m+2
Formula
1 13 Log[2]
inf- 1=  ASYMPminEG[M_] := Log[2] M2 - M Log[M] -2 Log[2]M - = Log[M]+ — -3 Log[Glaisher] +
4 12
1 BernoulliB[m + 2]
Po-incareSum[_ (1-27") +(4-27") M, {m, 1, oo}];

m (1 +m) m+2
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Cross Check

i - REF = =M (M= 1) Log[2] - M Log[M] + 3 Zeta(*»®[-1, 1] -
3Zeta'V' V-1, M]- Zeta'V' V-1, M- 1]+ ZetaVO[-1, 2M-1];

K =40;
ASYMP = ASYMPminE®[M] /. PoincareSumNormalize[K - 1];

LogLogPlot[{Abs[REF - ASYMP], M}, {M, 1, 100000}, WorkingPrecision - 512]

Clear[a, B, n, p, q, zeros, K];

1010

1 0740 L

-90 |
oufe - 10

10—140 L

10—190 L

10 100 1000 10* 10°

Misc

Katsurada's Formula

1
oo~ modStirlingS[i_, k_, x_] := — D[(l-z)‘s (-Log[l - z])}, {z, k}] I.z- 0
j!
(s-1)wy
nf- = AuxP[m_, s_, w_] := Sum[_, {j, 0, m}];

j!
modStirlingS[m=-3j, k, s] )
AuxQ[m_, k_’ s_, W_] o= Sum[ (_W):| ’ {j, o, m}];
j!




