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Abstract—In many industrial fields, one-bit signals play an
important role, such as improving the operational efficiency in
a wide range of applications. This paper introduces a mapping
function F(·) that converts real-valued discrete-time signals into
two-level discrete-time signals, i.e., one-bit signals. By introducing
an error function, we can evaluate the quality of the mapping
and can introduce different optimization strategies to minimize
the error. Mathematical analysis and numerical simulations
demonstrate that the optimization approach leads to specific
characteristics of the quantization. The well-known Sigma-Delta
modulator, for example, turns out to be a special case of the
introduced optimization. The approach has the potential to
introduce new ways of one-bit quantization, which can be tailored
to specific applications.

Index Terms—one-bit quantization, one-bit signal processing,
sigma-delta modulation, pulse width modulation, optimization-
based framework

I. INTRODUCTION

One-bit signals are either ”on” or ”off” at any given time. The
use of one-bit signals makes it easier to encode, decode, and
process signals with higher efficiency because the two-level
signal characteristic reduces the energy required for signal
processing as well as signal transmission [1]–[4].
For example, using one-bit signals in burst-mode RF trans-
mitters allows the power amplifiers to reach peak efficiency
and do not waste power during low-level periods, resulting
in a higher average efficiency compared to conventional linear
power amplifier [5]–[10]. In audio processing, a one-bit signal
enables high sampling rates crucial for superior sound quality.
It also simplifies audio processing by reducing the need for
complex filtering and signal processing [11]–[13].
To convert real-valued data into a one-bit signal, temporal
patterns such as pulse width, pulse position, and pulse density
modulation are used. Despite their utility, these methods
can have limitations in representation, reconstruction, noise
sensitivity, and dynamic range [1]. The Sigma-Delta Quantizer
(SDQ) achieves high resolution through oversampling and
via noise shaping [12], [14], but introduces high-frequency
switching that reduces the power efficiency for example
in switched-mode power amplifiers. Pulse-Width Modulation
(PWM) enables efficient power management but introduces
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Fig. 1. The real-valued signal x is mapped into a one-bit signal b.

distortion and aliasing due to the nonlinear PWM operator
[5]. Aliasing can be circumvented by aliasing-free digital
PWM (AFPWM) [5], [15], but at the cost of much higher
implementation complexity [6]. Click Modulation produces
a one-bit signal through equal clicks, creating a bandpass
signal recoverable with a low-pass filter [16], [17]. However,
uncertainties in the switching times can affect the performance,
i.e., the signal-to-noise ratio, and require high implementation
complexity to mitigate them [2].
This paper deals with the feasibility of an optimal one-
bit representation for real-valued signals. It introduces an
optimization-based one-bit-quantization (OBAQ) approach
that converts real signals to their two-level representation of
{-1,1}. This optimization produces an optimal one-bit signal
for a real-valued input, despite the problem’s general NP-hard
nature. The paper highlights that this framework can be used to
derive and explore less complex suboptimal solutions such as
iterative methods [18]–[20]. It turns out that our optimization
approach easily leads to the sigma-delta modulator as a
particular solution. This framework is therefore a starting point
for finding other optimal and suboptimal solutions for one-bit
quantization with specific properties in frequency and time.

II. PROBLEM DEFINITION

We consider a function F(·) mapping a real-valued
discrete-time signal x = [x0, x1, · · · , xn, · · · , xN−1]

T ∈
XN = [−α, α]N with α ∈ R+

0 and a signal
length N , into a discrete-time one-bit (two-level) signal
b = [b0, b1, · · · , bn, · · · , bN−1]

T ∈ BN = {−1, 1}N , that is

b = F(x). (1)

Furthermore, we introduce a measure E(x, b) between the sig-
nal x and the signal b. The measure E(x, b) could be arbitrarily
defined according to the given problem. For many practical
problems, however, the physical motivated minimization of an
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Fig. 2. General structure of the optimization-based mapping function F(·),
which generates a one-bit signal from a real-valued discrete-time signal.

error signal energy is used, leading to the squared l2-norm.
Therefore, for the remaining of this paper, we consider the
squared l2-norm which is given by

E(x, b) = ∥e∥22 =

N−1∑
n=0

|en|2 (2)

where the error signal e ∈ RN is defined as the difference
between x and b, weighted with matrix W , consisting of the
coefficients w = [w0, w1, · · · , wn, · · · , wN -1] ∈ RN , i.e.,

e = W · (x− b). (3)

The difference between x and b can be denoted as

d = x− b (4)

and results with (3) and (2) in

E(x, b) = ∥e∥22 = ∥W · (x− b)∥22 = ∥W · d∥22. (5)

Ideally, the mapping function (1) would minimize the error
function given in (5), but for practical cases the mapping
results in errors larger than the minimum error, therefore i.e.,
substituting the mapping function (1) into (5) results in

E(x,F(x)) ≥ min
b̂ ∈ BN

E(x, b̂), (6)

where b̂ ∈ BN is the one-bit solution obtained by the
optimization process.

III. GENERAL OPTIMIZATION

The mapping defined in (1) can be implemented by an
optimization approach as shown in Figure 2.
The function F(·) is nonlinear, as it maps an infinite to a
finite cardinality, specifically R → B. Finding an optimal one-
bit representation b, even when dealing with a single signal
x, has been shown to be a NP-hard problem [18]. Thus,
minimizing E(x, b̂) with a signal length of N introduces 2N

possible binary combinations to be considered, resulting in an
exponential growth of the search space and high computational
complexity. Hence, in practice, even with fast algorithms
from discrete optimization [21], [22] we are limited to small
signal lengths N . By using heuristic optimization like genetic
algorithms [23] and simulated annealing [24] we may find
good local optima, but still need substantial computational re-
sources. To significantly reduce the computational complexity,
we need to simplify our optimization problem for finding F(·).
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Fig. 3. The representation of F(·) sequential optimization process that
minimizes the error |en|2 at time instances n.

IV. SEQUENTIAL OPTIMIZATION

To obtain more feasible solutions, we replace (2) by the
Instantaneous error |en|2 and minimize over bn, i.e,

bn = arg min
b̂n

|en|2. (7)

At time instance n we assume all ek for k < n have
already been optimized and the corresponding bk have been
determined. In contrast to optimize all elements of b at once,
we sequentially optimize the Instantaneous error just by one
element bn at time n while, keeping the former coefficients
bk fixed. To end up with some realizable examples, we further
assume a causal time-invariant filter 1 with the coefficient
vector w reducing the matrix W to

W =



w0 0 · · · 0

w1 w0
. . .

...
...

. . . 0
wN−1 · · · w1 w0


w0 ̸= 0, (8)

where all elements above the main diagonal are zero, and
arbitrary entries over R are located on or below the main
diagonal.
With these simplifications the error in (3) reduces to

e0 = w0 · d0 + ê0

e1 = w0 · d1 + ê1
...

en = w0 · dn + ên = w0 · (xn − b̂n) + ên, (9)

where ên is the convolution of the differences dk = xk − bk,
determined by the already obtained bk of previous steps, with
the coefficients w = [w1, · · · , wN -1] of matrix W given by

ên =

n−1∑
k=0

wn−k · dk + einit, (10)

where einit is an optional initial offset. Applying (9) and (10)
to (7) leads to

bn = arg min
b̂n∈B

(
xn − b̂n +

ên
w0

)2

, (11)

1While this discussion assumes time-invariant filters for simplicity, the
principles can also be applied to time-varying filters.



where b̂n was made explicit by dividing w0. Since b̂n can take
only two values (i.e. −1 and 1), (11) can be shown to be

bn = sgn0
(
xn +

ên
w0

)
=

1,
(
xn + ên

w0

)
≥ 0

−1,
(
xn + ên

w0

)
< 0

, (12)

where each element b̂n is updated by mapping
(
xn + ên

w0

)
to

B, similarly to a comparator.
The lower-triangular structure of matrix W as well as the
sequential process yields an optimization similar to the Co-
ordinate Descent method outlined in [25]. The minimization
of the squared l2-norm of the error signal en in (7) contributes
to the minimization of the global l2-norm of the error signal as
given in (2) as well. It might therefore serve as a good initial
vector for a further general optimization. In the following, we
examine some examples exploiting the introduced sequential
optimization.

A. Identity Matrix

We investigate the filter matrix W being the identity matrix
I, where all coefficients on the main diagonal are 1, and all
other elements are 0 such that

WI =



1 0 · · · 0

0 1
. . .

...
...

. . . . . . 0
0 · · · 0 1


. (13)

Employing WI in (11) and setting einit = 0 yields

bn = arg min
b̂n∈B

(
xn − b̂n

)2
, (14)

where ên = 0, since all coefficients wn−k in (10) are zero as
well. Consequently, (12) results in

bn = sgn0
(
xn

)
=

{
1, xn ≥ 0

−1, xn < 0
. (15)

This is the simply two-level quantization of the signal x. It
is, however, remarkable that for the identity matrix WI the
sequential optimization achieves also a global optimum in (6),
i.e.,

E(x, F (x)) = min
b ∈ BN

E(x, b) for W = WI , (16)

since in (5) any error en only depends on bn.

B. Lower Triangular Matrix

We consider a lower-triangular matrix as filter matrix W
given by

W =



1 0 · · · 0
... 1

. . .
...

...
. . . 0

1 · · · · · · 1


, (17)
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Fig. 4. General structure of a first-order Sigma-Delta Quantizer (SDQ).

where all coefficients on or below the main diagonal are set to
1, all other elements are set to 0. Plugging W into (9) leads
to

en = xn − b̂n + ên, (18)

and into (11) yields

bn = arg min
b̂n∈B

(xn − b̂n + ên)
2, (19)

where the error ên in (10) is obtained by

ên =

n−1∑
k=0

dk + einit =

n−1∑
k=0

xk −
n−1∑
k=0

b̂k + einit. (20)

Accordingly, by employing W to (12) and (11) we get

bn = sgn0
(
xn + ên

)
=

{
1, xn + ên ≥ 0

−1, xn + ên < 0
. (21)

The resulting error of the sequential optimization in (18) and
the resulting binary output is identical to that of the first-order
Sigma-Delta Quantizer (SDQ) shown in Figure 4 and given
by [12]

eSDQ
n+1 = xn − bSDQ

n + eSDQ
n (22)

bSDQ
n = sgn0(e

SDQ
n ) =

{
1, eSDQ

n ≥ 0

−1, eSDQ
n < 0

. (23)

By using the current error eSDQ
n and current binary value bSDQ

n

of the Sigma-Delta Quantizer (highlighted by ⋆ in Figure 4)
as the initial value ê0 in (18), i.e., ê0 = einit = eSDQ

0 − bSDQ
0 , we

can rewrite (18) with (22) as

e20 = (x0 + eSDQ
0 − bSDQ

0 − b̂0)
2 = (eSDQ

1 − b̂0)
2

e21 = (eSDQ
2 − b̂1)

2

...
e2n = (eSDQ

n+1 − b̂n)
2. (24)

Thus, we obtain the next one-bit sample of the first-order
SDQ by applying the sequential optimization at time n, i.e.,
b̂n = bSDQ

n+1 . Therefore, the first-order SDQ can be seen as
the sequential optimization using the weighting matrix W .
Hence, the optimization approach may lead to new structures,
which maybe have for example a better trade-off between
noise shaping and filter complexity.

V. NUMERICAL SIMULATIONS AND ENHANCEMENTS

To verify and evaluate the derivations for the sequential
optimization-based mapping function F(·) in Section IV,
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Fig. 5. Applying WI we obtain the One-bit Quantizer (left), while applying
W yields the first-order SDQ, for einit = 0.

numerical simulations have been performed. Based on the
choice of W in Section IV-A and Section IV-B we obtain
the One-bit Quantizer and the first-order SDQ (as shown
in Figure 5) respectively. To demonstrate the optimization-
based approach for one-bit-quantization (OBAQ), we exem-
plify a basic extension of the structure by simply plugging
the coefficients of a causal non-ideal FIR lowpass filter
h = [h0, h1, · · · , hL-1]

T ∈ RN , where the filter length L =
83 < N , into the matrix W to create the convolution matrix
WH . For our simulations, we use four sets of different signal
lengths N , specifically N = [29, 210, 211, 212]. Each set con-
tains 1000 band-limited test signals x ∈ [−1, 1]N , comprising
frequency bins from 1 to 131, in steps of 3. Therefore, we scale
both, the oversampling factor and the number of samples N .
The oversampling factor varies within each set, maintaining
the maximum frequency bin at 131. The cut-off for h is defined
as wc =

262
N π.

For all implementations, einit has been set to 0. The one-bit
quantization results are evaluated by investigating the Signal-
to-Noise Ratio (SNR) [26], incorporating an ideal reconstruc-
tion filter at wr = 264

N π for the SNR calculation. The obtained
results are averaged over all 1000 SNR for each length set, as
shown in Table I.

TABLE I
PERFORMANCE OF THE ONE-BIT QUANTIZATION METHODS

Average over 1000 results per signal length N

N = 29 N = 210 N = 211 N = 212

SNROBAQ W (dB) -0.46 7.16 15.79 24.76

SNROBAQ WH (dB) 2.92 9.77 17.70 26.05

Oversampl. Factor 1.95 3.91 7.82 15.63

The use of WH , in particular the lowpass filter characteristics,
of course leads the OBAQ to push the noise outside of the
band specified by wc. Based on Figure 6 and Table I, it can
be seen that even at lower oversampling rates, the SNR of the
quantized signal can be further improved.
The results indicate that, in the case of OBAQ, the selection
of W can simulate the behavior of the quantizer without re-
modifying the algorithmic structure of the system.
We further examine the use of 3 initial vectors: a random
vector vrand, OBAQ with W , as well as WH for the general
optimization process, MATLAB’s Genetic Algorithm (GA)
[27], with a limited processing time of 60 seconds.
Therefore, future works could benefit from a quick first
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Fig. 6. The outputs of the proposed quantization process using W (top) and
WH (bottom). Comparing both spectra shows that employing WH tends to
process the noise to the frequency bins grater than wc. The red dashed line
depicts an ideal reconstruction filter, employed for the SNR calculation.

guess, as the sequentially generated signal bWH
offers an

advantageous initial vector for the optimization process, where
a robust local minimum can be achieved in a short time
that would have taken many times longer using random
initialization.

VI. CONCLUSIONS

We presented a framework, specified as F(·), for mapping
real-valued discrete-time signals to their one-bit representa-
tions. The framework employs an optimization-based approach
that minimizes the error function E(x, b), quantifying the
difference between the original signal x and its one-bit repre-
sentation b using the squared l2-norm.
To obtain a one-bit signal, discrete optimization toolboxes such
as Gurobi, CVX toolbox, for the MATLAB global optimiza-
tion toolbox can be used, but their suitability for real-time
applications may be limited as they need more computational
resources to find a good local optimum. In addressing this
issue, we present a sequential optimization approach with
complexity O(N). In general, the presented approach allows to
model the characteristic of the quantization process (behavior
of the introduced harmonics) just by employing particular
structures for filter matrix W .
Future works could employ the fast sequential quantization re-
sult as a initial vector for a general optimization. Furthermore,
converting the filter matrix W to its block recursive form may
have the potential to decrease complexity and mitigate the NP-
hard problem due to more independent filter coefficients.
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